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I  ftKe  leave  to  inscribe  this  Work  to  you,  in  the 
Im  place,  SB  a  tribute  of  afiection  to  one  of  my  best 
ad  dearest  ftiends :  in  the  second  place,  as  an  expres- 
HB  of  my  gratitude  for  your  instructions  when  I  was 
yiMir  pupil,  and  for  your  kindness  and  encouragement 
A  a  period  of  my  life  when  they  were  invaluable  to  me: 
mi  lastly,  as  the  most  public  testimony  which  I  can 
ffW  of  the  respect  which  I  feci  for  your  learning  and 
far  those  various  happy  art.i  of  cummunicaling  knowledge 
to  others  for  which  you  arc  so  greatly  and  so  justly 
nkfaratcd. 


I  trust  that  you  will  be  pleased  to  find  some  topics 
of  ditcusaion  in  the  following  Work,  which  will  recall 
to  vour  mind  the  subject  of  many  interesting  conver- 
tttitrm^  with  you,  both  when  I  was  your  pupil,  and  on 
■nbwquml  occasions;  aDd  I  feel  gratifie<l  in  being  able 
to  nfer  some  portion  of  my  own  fondness  for  such  spe- 
culation* to  the  same  person  to  wliom  I  am  under  so 
mmy  other  obligation*. 
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That  you  may  long  live  to  enjoy  health  and 
piness,   and  to  receive  the  wdl-merited  homage  o 
affection  imd  respect  of  your  friends  and  of  the 
ration  of  your  numerous  pupils,  is  the  prayer  of 
sincere  friend  and  grateful  pupil 
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Tee  Work  vrhich  I  have  now  the  honour  of  presenting 

•  tfae  public,  -was  written  with  a  view  of  conferring  upon 

ilpbrs   the    character  of   a   demonstrative    science,    by 

■ddng  its  first  principles  co-extensive  with  the  conclusions 

•Uch  were  founded  upon  them  :   and  it  was  in  consequence 

rf  dw  verv   particular  examination  of  those  principles  to 

«Ucfc  I  was  ted  in  the  course  of  this  enquiry,  that  I  have 

Hi  arself  compelled  to  depart  ao  very  widely  from  the 

fas  mder   iwhich    they  have  been   commonly   cxliibitcd. 

TV  object  ivhich  I  proposed  to  effect  is  undoubtedly  one 

d  great  importance,  and  of  no  small  difficulty,  inasmuch 

■  it  brought  mc  into  immediate  contact  with  the  discussion 

rf  ■■Tiy  subjects  of  dittpute  and  controversy,  which  have 

Mt  hitherto  been   settled  upon  satisfactory  j^ounds :  and 

ibm^  X  am  very  sensible  of  the  great  responsibility  which 

I  inatr  by  an  attempt  of  this  nature,  accompanied  as  it  is 

Iw  tht  proposal   of  so  many  innovations,  yet   I  shall   be 

wrfvrtlv   satisfied  if  I  may  be  considered  as  having  suc- 

onlcd   in    remo^'ing  any  difficulties  or  imperfections  from 

<k  dements    of   this   beautiful    and   most  comprehensive 


If  the   fir¥*t   principles  of  Algebra  had  been  consistent 
wMi  ihemscl^P^t  c  had  led  to  no  difficulties  either  in  the 
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reasoning  immediately  connected  with  tliem,  or  in  their 
remoter  consequences,  which  did  not  admit  of  a  simple 
and  uniform  explanation,  wo  should  very  properly  hesitate 
before  we  acceded  to  any  iiinoYationa  in  those  principles 
or  in  their  exposition :  for  under  such  circumstances,  the 
perfect  union  and  attachment  of  the  parts  of  the  fabric 
would  furnish  the  best  evidence  of  the  sufficiency  of  the 
foundations:  but  it  is  the  admitted  existence  of  difficulties 
in  the  consequences  of  the  principles  of  Alpjbra,  as  they 
are  commonly  stated,  Imth  immediate  and  remote,  which 
naturally,  and  indeed  necessarily,  induces  us  to  suspect  the 
existence  likewise  of  imperfections  or  inaccuracies  in  the 
principles  themselves  i  a  suspicion  which  becomes  con- 
firmed when  it  appears,  after  the  most  careful  examination 
of  them,  that  the  difficulties  in  question  are  not  referable 
to  tlieir  imperfect  developeinent. 

Algebra  bag  always  been  considered  as  nierely  such  a 
modification  of  Arithmetic  as.  arose  from  the  use  of  sym^ 
liolicat  language,  and  the  operations  of  one  science  han  ' 
been  transferred  to  the  other  without  any  statement  of  an 
extension  of  their  meaning  and  application:  thus  symbols 
are  assumed  to  be  the  general  and  unlimited  representatives 
of  every  spcciea  of  quantity :  the  operations  of  Addition 
and  Subtraction  in  their  simple  arithmetical  sense,  are 
assumed  to  be  denoted  by  the  signs  +  and  —  ,  and  to  be 
used  in  connecting  such  symbols  with  each  other :  Multi- 
plication and  Uivision,  two  inverse  operations  in  Arithmetic, 
are  supposed  to  be  equally  applicable  to  all  quantitiea 
wiiich  symljols  may  denote,  without  any  necessary  modifi- 
cation of  their  meaning :  but  at  the  same  time  that  the 
primitive  assuniptiun  of  such  signs  and  operations  is  thus 
carefully  limited  in  the  extent  of  their  signification,  there  U 
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no  »uc)i  limitation  imposotl  upon  the  extent  of  tliuir  applica- 
tion :  thus  it  is  not  considered  necessary  that  the  operations 
of  Addition  and  Subtraction  should  be  confined  to  quan- 
tities of  the  same  kind,  or  that  the  quantities  subtracted 
should  he  less  than  the  quantities  from  which  they  are 
subtracted:  and  when  the  violation  of  this  restriction,  which 
would  appear  to  be  rendered  necessary  by  the  primitive 
meaning  of  those  operations,  has  led  to  the  independent 
existence  of  the  signs  +  and  — ,  as  an  assumption  which 
is  also  necessary  in  order  to  preserve  the  assumed  univer- 
sality of  the  values  of  the  symbols  and  of  the  possibility  of 
the  operations  which  they  designate,  it  is  not  I'onsidered 
that  by  this  additional  usage  of  them,  we  have  altogether 
abandone<l  the  deflnitions  of  those  operations  in  practice, 
though  we  have  retained  them  in  name:  for  the  conse- 
quences of  lho!ie  operationti,  and  of  the  assumptions  con- 
nected with  them,  must  be  determined  by  the  fundament^ 
rules  for  performing  them,  which  arc  independent  of  each 
other,  or  whose  necessary  connection  is  dependent  upon 
their  assumed  universality  only :  and  the  imposition  of  the 
names  of  Addition  and  Subtraction  upon  such  operations, 
and  even  their  immediate  derivation  from  a  science  iti 
which  their  meaning  and  applications  are  perfectly  under- 
stood and  strictly  limited,  can  exercise  no  inHuence  upon 
the  results  of  a  science,  whiuh  regards  the  combinations  of 
signs  and  symbols  only,  according  to  determinate  laws, 
which  are  altogether  independent  of  the  specific  values  of 
the  symbols  themselves. 


It  is  this  immediate  derivation  of  Algebra  from  Arith- 
metic, and  the  close  connection  which  it  has  been  attempted 
to  preserve  between  those  sciences,  which  has  led  to  the 
fctfinatiuu  of  the  opinion,  that  one  is  really  fimnded  upon 
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the  other:  there  is  one  sense,  which  we  shall  afterwards 
examine,  in  which  this  opinion  ia  true:  but  in  the  strict 
and  proper  sense  in  which  we  speak  of  the  principles  of  a 
demonstrative  science,  which  constitute  the  foundation  of  its 
propositions,  it  would  appear  from  wliat  we  have  already 
stated,  that  such  an  opinion  would  cease  to  be  maintain- 
able: in  order  however  to  establish  this  conclusion  more 
comp.  ely,  it  may  be  proper  to  exhibit  at  some  length  the 
successive  transitions  wliich  are  made  from  the  principles 
and  operations  of  Arithmetic  to  those  of  Algebra,  in  order  to 
shew  that  their  connection  is  not  necessary  but  conventional, 
and  that  Arithmetic  can  only  be  considered  as  a  Science 
of  Suggestion,  to  which  the  principles  and  operations  of 
Algebra  arc  adapted,  but  by  which  they  are  neither  limited 
nor  determined. 

In  our  first  transition  from  Arithmetic  to  Algebra,  we 
consider  symbols  as  the  general  representatives  of  numb^s, 
and  the  signs  of  operation  and  other  modes  of  combining 
them  as  designating  operations  with  arithmetical  names  • 
and  arithmetical  meanings:  but  in  the  very  first  appli- 
cations of  such  operations,  the  mere  use  oi  general  symbols 
renders  the  proper  limitation  of  their  vuiues,  which  is 
necessary  in  order  to  prevent  the  exhibition  or  performance 
of  impossible  operations  or  of  such  as  have  no  prototypes  in 
Arithmetic,  extremely  difBcutt  and  embarrassing,  inasmuch 
as  such  limitations  can  very  rarely  be  conveyed  to  the  eye 
or  to  the  mind  by  the  symbols  themselves  :  thus  a~{a+b) 
would  ob«ously  express  an  impossible  operation  in  such 
a  system  of  Algebra ;  but  if  a  +  i  was  replaced  by  a  single 
symbol  r,  the  expression  a  —  c,  though  equally  impossible 
with  a  —  {a  +  b),  would  cease  to  express  it.  The  assump- 
tion however  of  the  independent  existence  of  the  signs  + 
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tOMTCS    this   limitation,  and  renders  tlie  perform- 

tfe  operation  denoted  by  —  equally  possible  in  all 

it  is  this  assumptiou  which  effects  the  separation 

and  symbolical  Algebra,  and  which  renders 

to  4!»tabli&h  the  principles  of  this  science  upon 

of  their   own  :   fur  the  assumption  in  question  can 

process  of  reasoning  from  the  principles  or 

of  Arithmetic^  and  if  considered  as  a  generaliza- 

is  not  the  last  result  of  a  series  of  propo- 

with  them  :  it  must  be  considered  therefore 

lent  principle,  which  is  suggested  as  a  means 

m   difficulty  which  results  from  the  application 

operations  (o  general  symbols. 


It  B  the  ■dmiseion  of  this  principle,  in  whatever  manner 
K  mt  led  to  it,  which  makes  it  necessary  to  consider 
ik  DoC  merely  as  the  general  representatives  of  num- 
Ivh  hM  of  every  Epecies  of  quantity,  and  likewise  to  give  a 
tmm  ki  the  definitions  of  the  operations  of  Algebra,  which 
wmi  render  tbein  independent  of  any  subordinate  science . 
(k  is  the  fint  place  the  symbob,  whatever  they  denote, 
■■t  fac  unlimited  in  value,  and  it  is  only  by  their  ceasing 
B  be  abstract  numbers  that  we  shall  be  enabled  to  interpret 
'tx^Kctioag  which  the  signs  +  or  —  (or  any  other  signs) 
■iiliillll  attached  to  them  may  be  supposed  to  express : 
mi  im  the  st!cand  place,  in  framing  the  definitions  of  alge- 
y^mf  onefmUutu,  to  which  symbols  thus  afiected  are  sub- 
fmiii  we  must  necessarily  omit  every  condition  which  is 
M  My  way  connected  with  their  specific  value  or  repre- 
iMbon  :  in  other  words,  the  definitions  of  those  operations 
MM  resard  the  laws  of  their  comhinatioD  on/^.-  thus  the 
matitrnt*  denoteii  by  +  and  —  must  regard  the  offer- 
igia  of    aymbolfi   (with   their   proper  signs    +   and    — , 
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whutlirt  accompanieJ  or  iw)t  by  any  oilier  signs  cif  affection 
which  they  are  capable  of  recdving)  by  them,  according  to 
an  assumed  law  for  tlie  cmwurrence  of  those  signs :  and  the 
operations  denoted  by  x  and  -i- ,  or  equivalent  modes  of 
denoting  them,  must  regard  in  the  first  place  the  result  of 
the  combinations  of  the  symbols,  and  in  the  second  place 
the  result  of  the  combination  of  the  peculiar  signs  which 
belong  to  them.  Again,  in  order  that  such  operations 
may  possess  an  invariable  meaning  and  character,  when  Uie 
symbols  with  their  proper  signs,  which  are  submitted  to 
them,  are  the  same,  we  shall  suppose  them  independent  of 
any  mere  accident  of  position,  or  order  of  succession  ;  or, 
in  other  words,  when  any  number  of  such  operations  are  to 
be  performed  and  of  symbols  to  be  combined  by  means  of 
them,  we  shall  suppose  the  results  to  be  the  same,  in  what- 
ever order  those  operations  succeed  each  other. 


If  we  should  rest  satisfied  with  such  assumed  rules  for 
the  combinations  of  symbols  and  of  signs  by  such  operations, 
which  are  perfectly  independent  of  any  interpretation  of 
their  meaning,  or  of  their  relation  to  each  other,  we  should 
retain  in  the  results  obtained  all  the  symbols  which  were 
incorporated,  without  possessing  the  power  of  any  further 
simplification  :  it  is  as  a  first  step  to  effect  such  further 
reduction  of  the  results,  and  in  order  to  define  the  sym- 
bolical relation  of  pairs  of  those  operations  to  each  other, 
that  we  assume  the  operation  denoted  by  +  to  be  the 
inverse  of  that  which  is  denoted  by  —  ,  and  conversely ; 
and  the  operation  denoted  by  x  to  be  the  inverse  of  that 
which  is  denoted  by  -^ ,  or  conversely  :  or,  in  other  words, 
we  consider  n  +  A  — 6  and  a— fc  +  6,  axb-i-h  or  a-i-b  x  bar 
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mple  symbol  a 
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Vaia  such    a    form,    the   fundamental   operations   of 

f^n  we  altogether  symbolical,  and  we  might  proceed 

Mae   cymboUcal    results    and   equivalent   forms   by 

■■I  of  tbem   'without  any  regard  to  the  principles  of 

^4Aer  aaence ;    and  it  would  merely  require  the  intro- 

of  aome   such  sign  as  =  in  the  place  of  the  words 

Te9T*lt   of,  or,  algebraicalltf  equivalent  to,  to 

the   results   obtained  with   the  symbolical  repre- 

of  the  operations  which  produce  them,  in  order 

altogether  the  uw  of  ordinary  language. 


It  is  at  this  point  that  the  essential  connexion  of 
ilpfan  and  Arithmetic  may  properly  be  said  to  com- 
■■Ec:  for  a  science  of  mere  signs  and  symbols  must 
— Mt*  in  the  consequences  of  their  laws  of  combina- 
HL^deas  they  can  be  associated  by  interpretation,  with 
^BBnatioiis  upon  real  magnitudes  with  specific  repre- 
^MMms  :  and  it  is  with  a  view  to  such  applications  of 
ihtoeoce  that  we  have  considered,  even  in  the  asaump- 
liM^dch  we  ha^'e  hitlierto  made.  Arithmetic  or  Arith- 
Mtal  Alfctn-A  as  the  grterire  of  suggestion :  that  is,  as 
ifaffifMi^  ^vhose  operations  and  the  general  consequences 
rf  diaai  should  ser\-e  as  the  guides  to  the  assumptions 
ne  the  foimdation  of  symbolical  Algebra :  thus 
r  assuming  in  the  first  instance  the  universality  of 
Ihrnhw*  and  of  the  representations  of  the  symbols  and  alsti 
ik  iadlepeiulent  existence  of  the  signs  +  and  — ,  assump- 
ifaM  10  which  there  is  nothing  corresponding  in  Arithmetic, 
Kamnne  likewise  the  existence  of  operations  denoted  by 
J  _ijj  _  X  arul  -i-  in  other  cases,  which  in  anticipation 
f  tl,^  snhsefiumt  and  ordinary  interpretation,  we  call 
liUitian  Subtraction,  Multiplication  and  Division:  in 
Algebra   where   signs   do   not  exist  indepen- 


dently,  the  operations  of  Addition  and  Subtraction  lead 
to  a  rule  for  the  change  of  signs  in  the  quantities  to  be 
subtracted,  which  suggests  the  assumed  rule  for  their 
ctmcurrenee  in  sym)>olicaI  Algebra,  and  which  to  that 
extent  defines  the  corresponding  operations:  in  a  dmiUr 
manner,  the  operation  of  multiplication  in  arithmetical 
Algebra  leads  to  a  rule  for  the  incorporation  of  the  signs 
+  and  — ,  which  suggests  likewise  the  assumption  of  a 
corresjjonding  rule  in  symbolical  Algebra :  it  appears  also 
in  Arithmetic  and  arithmetical  Algebra,  that  the  result 
of  any  number  of  operations  is  the  same  in  whatever  order 
they  are  taken,  and  when  symbols  are  used,  in  whatever 
order  they  are  written:  it  is  therefore  assumed  in  order 
to  preserve  this  accordance  between  the  two  sciences,  and 
to  render  the  operations  themselves  independent  of  any 
accident  of  position,  that  the  same  rule  should  prevail  in 
symbolical  Algebra  likewise ;  lastly,  the  pairs  of  operations 
of  Addition  and  Subtraction,  Multiplication  and  Division, 
are  respectively  the  inverse  of  each  other  in  Arithmetic 
and  arithmetical  Algebra,  and  the  relation  of  the  corres- 
ponding operations  in  symbolical  Algebra  is  determined 
by  being  defined  likewise  to  be  respectively  the  inverse 
of  each  other. 

Having  thus  established  the  necessary  identity  of  the 
results  of  arithmetical  and  symbolical  Algebra,  as  far  m 
this  agreement  can  extend  without  violating  the  necessary 
limitations  of  the  first  of  these  sciences,  we  may  legiti- 
mately assume  the  operations  denoted  by  +  and  — , 
X  and  -i-  in  symbolical  Algebra,  to  coincide  strictly  in 
meaning  with  the  operations  of  Addition  and  Subtraction, 
Multiplication  and  Division  in  Arithmetic,  when  the  quan< 
titics  which  arc  submitled  lo  them  arc  arithmetical;  and 


b  ihor  ordinary  meaniiig  are  applicable  (o  all  quantities 
tf  die  mune  kintl.  whether  aritlimetical  or  not;  and  inas- 
■nch  OB  Multiplication  and  Division  are  operations,  when 
the  multiplier  or  divisor  is  a  number  or  numerical  fraction, 
«Ucb  are  equally  applicable  to  all  quantities  whatever  be 
Mr  tuture,  we  may  legitimately  extend  this  interpretation 
rf  the  tm-n¥iiTig  of  such  operations  to  all  such  eases  like- 
ms:  it  is  only  when  the  quantities  which  are  subjected 
bndi  cq>eratioDS  are  of  a  different  nature,  whether  that 
CCvenoe  arises  from  their  possessing  diiferent  algebraical 
dgM,  ar  diffierent  specific  properties  independently  of 
mA  aigins,  that  we  are  obliged  to  seek  for  an  interpre- 
tation, when  possible,  of  the  meaning  of  such  operations 
ad  of  their  results,  which  may  be  in  strict  accordance 
vitb  the  different  assumptions  which  have  been  made 
them. 


Tfans  a  +  o  will  mean  the  double  of  n  and  —  n  +  (  — o) 
a  —a  —  a  will  mean  the  double  of  —a,  for  a  and  a  in 
Me  case,  sod  —a  and  —a  in  the  other,  are  quantities  of 
the  Hunc  kind,  whatever  they  may  denote:  also  2a  will 
ddtote  a  +  a  or  the  double  of  a,  and  2(  —  n)  or  —  2a,  will 
iatau:  —  a  —  «  or  the  double  of  —  a,  in  conformity  with 
At  interpretation  of  simple  numerical  factors  in  muItipU- 
OAioD  which  has  been  given  above :  in  a  similar  manner 
m+o  +  a  -t-  a  +  Of  where  the  same  symbol  is  repeated  five 
ttun,  will  mean  five  times  a  and  will  be  denoted  by  So 
ad   -«  +  (-'')  +  (-°)  +  (-«)  +  {-'')  or  -a-a-a 

«.^ a^  where  —a,  subjected  to  the  sign  +,  is  repeated 

he  tiniea*    "ill  mean  5  times  —  a,  and  will  be  denoted  by 

If a)  or   —  So :  in  a  similar  manner  we  may  derive  the 

rule  f«5r  the  collection  of  H/ee  terms  into  one :  thus  5a  +  3a 


bef|ut' 


ivalcnt  ut  8a;  for 


a  +  o  +  a + ffl  +  a  +  («  +  o  +  «) 

where  8  is  the  arithmetical  sum  of  the  coefficients  of  &a 
and  Sa;  and  5a  — 3a  =  2a;  for  da  — 3a 


-(«-^a 


<•) 


ohliterating  a  —  a  whenever  it  appears;  it  is  not  necessary 
to  proceed  further  with  such  reductions  which  may  be  eanly 
generalized  so  as  to  lead  to  the  common  rule  which  ia 
pTen  for  effecting  them. 


Again,  in  conGidering  the  interpretation  of  the  meaning 
of  the  result  of  any  operation  or  operations,  it  is  to  the 
final  result  only  that  we  are  required  to  look,  and  not  to 
its  form  or  state  at  any  intermediate  part  of  the  process 
which  leads  to  it ;  for  the  connection  of  such  successive 
forms  is  algebraically  necessary,  and  is  governed  by  laws 
which  must  likewise  govern,  and  to  a  certain  extent  deter- 
mine, thcdr  interpretation,  and  not  conversely :  thus  the 
expression  —  b  +  a  is  algebraically  equivalent  to  o  —  6 1 
if  a  and  b  be  quantities  of  the  same  kind,  and  if  a  be 
greater  than  b,  then  a  —  b  admits  of  an  immediate  and 
simple  interpretation  :  but  it  is  only  by  a  reference  to  this 
second  and  equivalent  form  that  we  are  properly  enabled 
to  interpret  the  first:  in  a  similar  manner  —5a  is  alge- 
braically equivalent  to  5(  —  a),  and  inasmuch  as  the  second 
form  means  ^ve  times  —  a,  the  first  must  or  may  admit 
likewise  of  the  same  interpretation. 


■  If  bowrver  the  general  laws  of  the  combiDation  of 
I  fabols  or  &gas  should  lead  to  identical  results  from 
MfennC  sources,  we  should  no  longer  be  enabled  to  infer 
H^  Hf  ritjr  of  those  fiources  from  the  identity  of  the 
PHlli:^-Buch  cases  present  themselves  continually  in  arith- 
I  Ktie,  where  ttu*  incorporation  of  the  digits  leads  to  residts 
I  tkidi  bear  no  visible  or  discoverable  traces  of  their  origin ; 
I  i»  the  Dumber  S4  may  be  the  product  of  12x2,  or 
I  tx  3,  or  6  X  4,  or  3  X  3  X  4,  and  in  passmg  from  the  result 
I  bib  Actors  there  is  no  indication  which  should  direct 
I  ■  Id  the  selection  of  one  of  them  in  preference  to  any 
tAa:  in  Aigehrst  however  symbols  which  are  not  sub- 
^>kd  to  inverse  operations,  or  which  do  not  appear  in 
oaMquence  of  them,  are  indestructible  and  must  equally 
fRHAt  themselves  in  every  possible  equivalent  form :  but 
in  mte  observation  does  not  apply  tu  the  signs,  which 
lUt  at  iooorporation  according  to  determinate  laws,  when 
lU^ny  agn  may  result  from  different  combinations:  thus 

-f  —  and    +    ^i^  replaced  in  all  cases  by  the  single  sign 

-,«id  +  -I-  ""'i  -  -  by  the  single  sign  +,  and  simi- 
y,  [gf  other  combinations  of  these  and  other  signs  whose 
tasuaix  is  recognized  in  Algebra :  it  is  for  this  reason 
tkit  direct  and  inverse  processes  in  Algebra  are  not  co- 
okiuiTe,  and  ambiguities  which  have  no  existence  in  the 
te  will  necessarily  present  themselves  in  the  second : 
'^a—b  may  arise  from  a +^-6)  or  o-(  +  6):  ab 
MT  ari*e  from  +  a  X  +  6,  or  from  —ox  —  b:  —ab 
I  Mr  ariac  from  +  a  x  -  A,  or  —  a  x  -i- b,  and  similarly 
•  other  instances  which  are  of  perpetual  occurrence  in 
Alccbra  •  tite:  tame  ambiguities  must  present  themselves 
,1^^  £ii  the  corresponding  interpretations,  when  they  are 
to  be  determined  from  the  result  alone,  and  not  from  its 
|Ktmitiv« 


elements. 


It  is  only  when  the  signs  of  operation  of  Al( 
present  themselves  under  circumstances  which  have 
totypes  in  Arithmetic,  that  ximple  and  direct  intep 
tions  of  the  results  can  be  deduced  by  their  identity 
arithmetical  operations :  in  all  other  cases  interpretat 
when  possible,  are  merely  limited  by  their  accordanc 
non-accordance  with  tlie  general  laws  of  Algebra,  and 
the  possibility  of  the  symbols  degenerating  into  arith 
tical  values ;  it  is  upon  this  prindple  that  we  inter, 
ab  or  ~ab  when  a  and  A  are  lines,  or  when  one  of  tl 
is  a  line  and  the  other  an  area,  or  when  one  of  thei 
time,  and  the  other  velocity,  and  so  on  in  all  other  cat 
it  is  upon  this  principle  likewise  that  we  shall  be  enab 
to  interpret 

a  +  b<^^l  and  a-b^'^,  a  (cos0  +  ^  -1  sin 
and  similar  quantitieis,  when  the  symbolical  laws  of  the  si 
^  —  1  have  once  been  determined. 


The  repetition  of  the  operation  of  addition  has  be 
shewn,  from  the  primary  association  of  Algebra  with  Arit 
metic,  to  be  denoted  by  multiplying  the  symbol  affect 
with  the  sign  +  by  a  number  or  coefficient  which  is  equ 
to  the  number  of  repetitions  of  the  symbol  itself:  in 
similar  manner,  the  repetition  of  the  operation  of  Multipl 
cation  with  the  same  symbol  may  be  denoted  by  writin 
this  symbol  with  an  index  equal  to  the  number  of  rep« 
titions  of  the  synilwl  in  the  expression  written  at  fu 
length :  the  simplifications  of  expressions  which  are  thu 
aSected  arc  in  both  cases  equally  independent  of  the  specili 
nature  of  the  quantity  which  the  symbol  denotes :  and  o 
in  one  case,  if  m  and  n  be  whole  numbers,  then 
mo  +  no  =  (»!  +  «)  a, 


FBKFAUit  XtH     ' 

vice  io  the  other,  under  thu  same  circumstances 


much    as  in  one  case,  the  principle  of  the  permti- 
w  <^  equivai^nt  forms  would  shew  that 
ma  -!-  na  =  (m  -1-  n)  a. 
1  Biu]  n  are  general  symbols  aflectet!  with  any  signs 
rrcT.  so  likewise  in  the  other,  the  same  principle,  imder 
e  circumstances,  would  equally  shew  that 


uf  the  meaning  of  particular  values  of 
whetliM"  fractional  or  negative,  is  invulvcd  in 
I  coDclusion,  which  bccunies  the  principle  of  indices; 
I  it  beccnncs  therefore  the  general  principle  which  must 
■K  only  detennine  the  interjM'etation  of  indices  when  tliey 
mt  Miiiiiirfl.  but  must  guide  its  conversely  to  the  deter- 
■Htin  of  the  indices,  which  must  lie  assumed  to  Huit 
a  specific  interpretation. 

Tka  prineiple  of  the  permanence  of  equienleitt  forma, 
«Mch  afifxarn  to  nif  so  important  in  generalising  the  re- 
^bi  of  algvhraical  operations,  must  derive  itH  authority 
ftiHi  tbc  \iew  which  I  have  taken  of  the  principles  of 
Alcvbrm  uid  of  tlieir  connection  with  Arithmetic,  con- 
iifan^l  att  a  Mience  of  suggestion :  for  ia  the  fin>t  place, 
t^t  principle  assumes  the  ofterations  of  Algebra  and  their 
faults  ■«  altogrther  independent  of  the  l^pet^itic  values  of 
^  cvvnbol*,  and  equivalent  forms  us  existing  therefore 
r  valuvn  meh  symbols  may  be  supposed  to  pomess, 
MH  th«^  are  general  in  form :  and  in  the  second 
t  «oabltii  us  to  consider  liie  equivalent  forms 
ia  arithmetical  Algebra,  where  the  symbols  are 
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general  in  form,  though  specific  in  value,  as  nece^ 
the  name  likewise  in  symbolical  Algebra,  if  any  such 
exist  as  the  result  of  algebraical  operations,  wht?thi 
finable  or  not :  the  necessity  and  use  of  this  principle 
been  shewn  in  the  generalization  of  the  principle  of  in 
which  we  have  noticed  in  the  last  paragraph,  in  pr 
(o")''s=a"",  in  the  developement  of  the  Binomial  Thei 
when  the  index  is  a  general  symbol,  and  in  establi: 
the  general  existence  of  equivalent  series  in  many 
cases  where  the  operations  which  produce  them  art 
definable  in  words:  so  many  occasions  however  have 
sented  themselves  in  the  course  of  this  Work  of  discu 
this  most  comprehensive  principle,  both  on  its  first 
blishment  and  in  many  of  its  applications,  that  I  do 
fee!  it  necessary  to  resume  the  general  consideration 
in  this  place:  there  is  one  subject,  however,  whic 
essentially  connected  with  it,  which  is  of  such  great 
portance  and  of  such  peculiar  delicacy  and  difficulty, 
I  shall  proceed  to  notice  it  somewhat  in  detail. 

When  an  equivalent  form  results  from  the  perform! 
of  de^nahle  operations,  its  existence  is  necessary,  as  a  < 
sequence  of  them :  but  if  an  equivalent  form  exists,  i. 
supposed  to  exist,  when  the  operations  which  produc 
are  not  definable,  its  existence  is  no  longer  necessary, 
the  sense  in  which  mathematical  necessity  is  commonly 


derstood,  in  whatever  manner  such  existence 


may  be  f 


sumed  :  thus  if  n  be  a  whole  number,  the  existence  of 
equivalent  series  for  (1  +  .v)"  is  ■necessary,  inasmuch  as  i 
operation  which  produces  it  may  be  completely  define 
but  if  n  be  a  general  symbol,  we  are  unable  to  define  t 
operation  by  which  we  pass  from  (1  +  *)'  to  its  equivslt 
series,  which  exists  therefore  under  such  circumstances,  oi 


■  fntueof  the  principle  of  the  permanence  of  ecjuivalent 
iifB»:  the  connection  between  one  and  the  other  therefore 
^f  besHnes  necessary,  when  its  existence  is  assumed :  in 
if  such  an  equivalent  series  does  exist,  it  must 
■  in  question,  and  no  other ;  and  if  such  a  series 
it  >rill  be  an  equivalent  series,  in  the  most  ex- 
use  of  the  word :  so  far,  therefore,  as  the  con- 
of  the  existence  of  such  a  series  are  concerned, 
s  a  matter  of  indifference  whether  it  exists  by 
necessity  or  not. 


Agnn,  if  we  suppose  u  to  represent  any  expression 
nlnafC  the  symbol  .t,  whose  form  is  neither  defined  or 
ihAited,  and  if  we  suppose  u  to  denote  the  same  ex- 
naon,  when  x  becomes  ^  +  A,  then  the  existence  of  the 
■Ml  which  is  equivalent  to  rt',  or 


■9  he  necessary,  when  the  connection  of  u  and  Du,  Du 

aid  B^tt,   I^u  and  D^u,  &c.   is   necessary:    but   if  the 

opnvtions    which  connect  these  successive   derivative   ex- 

pnsnnns  be  nut  definable  in  the  general  form  which  they 

«K  cuppo«cd  to  pmsess,  and  the  law  of  their  connection  be 

detmninable  from  the  application  of  the  principle  of  eqkii- 

nitni  forms  only,  then  the  existence  of  the  series  ceases  to 

he  neoeoaaryt  though  possible,  and  it  is  the  equivalence  of 

•'hkI    the  aeries  which  thus  results,  which  alone  can  he 

^^tAervA  a»  detcruiined  by  a  mathematical  net-essity ;  the 

^f  rrmaining  case  would  In;  that  in  whicii  the  operations 

aflieli    connected  u  and  Du  were  definable  under  no  cir- 

>hich  could  furnish  a  foundation  for  tlic  appU- 

thc  Uw  of  the  permanence  of  equivalent  foroiH, 


when  the  existence  of  nn  equivalent  series  may  or  ma 
be  possible,  and  whon  a  necessary  mathematical  conne 
can  only  exist  between  «'  find  this  hypothetical  se 
under  such  circumstances,  the  assumption  of  its  exist 
unless  discoverable  from  other  sources,  must  terraina 
general  reasoning  concerning  it,  and  lead  to  no  conclu 
which  do  not  equally  belong  to  all  series  of  the  same  I 

The  preceding  obserrations  are  important,  inasn 
as  we  are  frequently  obliged  to  reason  concerning  hyp( 
tical  equivalent  forms,  as  if  they  were  really  existing, 
s  view  to  discover  some  property  in  the  forms  themsei 
Or  in  others  derived  from  them,  by  which  their  possibl 
necessary  existence  may  be  ascertained:  the  discovery 
fcUch  properties  for  such  purposes  constitutes  a  great 
of  the  substance  of  the  investigations  and  artifices 
Algebra,  and  it  becomes  a  question  of  the  greatest  co 
qiience,  not  merely  to  ascertain  whether  such  forms  e 
by  mathematical  necessity  or  not,  but  likewise  to  shew  i 
the  nature  of  that  connection  will  exercise  no  influence  u 
the  conclusions  which  are  founded  upon  them. 

One  of  the  most  innportant  consequences  of  this  view 
the  principles  and  operations  of  Algebra,  is  the  compl 
separation  which  it  effects  of  tlie  laws  for  the  combinat 
of  symbols  from  the  principles  of  their  interpretation : 
common  systems  of  Algebra,  the  previous  interpretatii 
assumed  or  imderstood,  of  the  operations  of  Algebra,  ( 
termincs,  or  is  supposed  to  determine,  the  results  which  i 
obtained,  and  the  laws  of  symbolical  combinations:  h 
the  case  is  reversed  in  the  system  which  I  have  ventur 
to  propose,  where  the  laws  of  symbolical  combinations  * 
assumed,    nol   arbitrarily,   but  with    a    general    i-eferen 


jpated  interpretation  in  the  subordinate  scieiiCL- 
whilst  the  interpretations  of  the  results  ob- 
itirely  determined  in  aocordonce  with  those 
to  the  specific  values  of  the  syiubulti : 
the  interpoetatiuas  of  the  signs  +  and  —  will  be 
for  all  dilferont  values  of  the  symbols  afTected 
ky  tlteim  and  tlie  detenuinatioa  uf  them  wheu  passible,  in 
ik  and  other  cases,  will  constitute  a  distinct  and  most 
■Iportant  subject  of  investigation :  it  being  kept  in  nnind 
inever,  that  Buch  interpretations  are  never  mathematically 
igle  esse,  though  the  conneetton  of  the 
na  of  a  series  of  dependent  results  may  become 
•t  <■*«  in  other  words,  the  admitted  interpretation  of  any 
iw  of  them  upon  which  the  others  depend  may  impose 
■■mfagmatirnl  necessity  upon  all  the  others  in  the  series, 
kat  Bat  conTersely. 


h  is  by  means  of  such  interpretations,  and  the  prin- 
i^lii  vbich  limit  and  govern  them,  that  Algebra  becomes 
■  iiwiiiiuiliifi  rl  to  the  form  aiul  peculiar  character  of  everr 
MbonfinnCe  science :  to  Aritiunetic  in  the  first  instance,  as 
ri^  Iftmeral  seient^  of  »uggestioti :  to  Geometry,  as  defining 
ikc  rvlatioBa  of  lines  to  each  other,  with  respect  to  magni- 
tndm  md  poaitioii:  to  Mechanics  and  Dynamics,  as  deftning 
ffTTtfi  their  directions  and  efiects,  whether  to  produce  rest 
or  motifHi  :  and  similarly  to  every  other  branch  of  natural 
einlcMophv*  which  can  be  made  to  depend,  by  approxima- 
tioi.  ml  liMst,  upon  fixed  and  invariable  principles. 


J  jiMvC  chongbt  it  prtqier  to  give  the  preceding  general 
1    of  my  views  respecting  the   first  principles  of 
in    order  to  explain,    and  in    some  measure   to 
Ok-  emuM:  which  I  hnw  folhuvcil  in  elating  them: 


I  had  imagined  that  it  woiili!  be  possible  to  exhibit  than 
in  a  form,  particularly  when  illustrated  by  a  series  of  care- 
fully selected  examples,  which  would  make  them  perfectly 
accessible  to  a  Student  who  possessed  sufficient  lircmess  of 
purpose  and  steadiness  of  attention  to  labour  cautiously 
through  them :  and  I  continued  to  indulge  the  same  hope 
until  a  considerable  part  of  the  work  was  printed :  I  had 
not,  however,  wlien  I  formed  lliis  expectation,  suffideotly 
considered  the  difficulty  of  uniting  the  characters  of  a 
controverter  of  old  opinions  and  principles  and  of  an  expo- 
sitor of  new  ones :  nor  had  I  made  proper  allowance  for 
the  irresistible  tendency  which  an  Author  feels  to  adapt  his 
arguments  and  reasonings,  particularly  upon  topics  of  con- 
troversy,  so  as  to  satisfy  the  matured  judgement  of  a  reader 
who  is  familiar  with  the  flubject,  rather  than  to  guide  the 
hesitating  and  uncertain  steps  of  a  novice  in  such  studies, 
where  every  path  appears  dark  and  entangled,  and  where 
every  form  appears  strange  and  unusual.  But  though 
I  must  abandon  the  hope  of  having  reduced  some  of  the 
Chapters  of  the  following  Work  to  a  form  which  a  Student 
may  readily  understand,  yet  there  are  many  others  in 
which  he  will  experience  no  difficulty,  whether  he  assumes 
and  understands  the  iirst  principles  of  Algebra,  as  stated 
in  this  Work,  or  contents  himself  with  the  more  obvious 
and  intelligible  form  in  which  they  are  given  in  commcMi 
books  on  this  subject. 

The  first  Chapter  contains  the  statement  of  the  first 
principles  of  Algebra,  not  in  their  most  abstract  form,  but 
modified  by  such  references  to  their  subsequent  interpre- 
tations, as  wa"!  considered  requisite  to  make  them  more 
easily  understood:  the  second  Chapter  contains  the  rules 
for  performing   the   fundamental   operations   of  Algebra, 


i 
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flustTsted  by  &  great  number  of  examples  uf  their  appli- 
oCku:  the  third  Chapter  contains  a  very  lengthened 
of  the  principles  of  Algebra  in  their  most 
fenn,  of  their  connection  with  Arithmetic  and 
Algebra,  of  some  of  the  most  important 
|B(n)  principles  of  mathematical  reasoning  to  which 
i>T  lead,  and  most  particularly  of  the  principles  of 
Mcrpretation  of  algebraical  signs  and  operations:  it  is 
■Madsd  that  this  Chapter  should  be  taken  immediately 
B  nnjunctioQ  with  the  two  first  Chapters,  in  order 
le  eiphun  and  justify  the  want  of  perfect  logical  sequence 
IB  (amc  of  the  conclusions  which  would  otherwise  appear, 

■  ease    the    Articles   were   taken   and  finally   considered 

■  the    precise  order   of   succession   in   which    they   first 


The    fourth    and   fifth    Chapters    consider   the   appli- 
otioi  of  Algebra  to  the  theory  of  numerical  fractions,  and 
(D  the    reduction   of  algebraical   fractions   to   their   most 
■■pie  farms,   which  form  corresponding  branches  of  arith- 
metical   and    symbolical   Algebra:    the  processes   in   both 
^ear  Chapters  possess,  in  many  cases,  an  analogy  so  very 
dcMe  and   remarkable,  as  to  have  led  to  their  being  con- 
Mtn^    as   resting  upon    a   common   foundation,    and   as 
jiHtifled  bv  a  eommon  demonstration:  of  this  kind  are  the 
nilv    for    finding   the  greatest   common   measure   of  two 
yi^|i^    and    the  highest   common  divisor  of  two  alge- 
^y^ifl  expresaions,  the  necessity  for  whose  separate  and 
dependent    consideration  we  have  had  particular  a 
to  poitit    out. 


The  aixth  Chapter  is  devoted  to  the  complete  develope- 
^■M  of   ^^*^   general  principle  of  indices,  and  to  tlie  reduc- 


tion  uf  tfxpreHsiuns  which  involve  them,  wliether  in 
diately  or  by  interpretation,  to  their  most  Himple  fot 
Ae  seventh  Chapter  is  occupieil  with  the  theory  of  Dec 
Fractions,  with  tlieir  generaticm  from,  and  reconversior 
both  when  finite  or  recurring,  equivalent  numerical  f 
dons :  the  eighth  Chapter  gives  the  rules  for  the  extrac 
'  square  and  other  roots  in  Algebra  and  ia  Arithmt 
together  with  some  obsurvationa  on  the  resolution  of  sym 
trical  and  other  expressions  into  their  component  facb 
when  such  resolution  is  practicable  without  the  introduct 
of  any  other  Mgns  than    +  and  —  . 


The    ninth    Chapter    contains   the   exposition   of 
Theory    of   Permutations    and    Combinations,    with 
First     Elements    of    tl>e     Theory    of    the    Calculation 
Chances:   it  includes  also  some  of  thf  most  important  p 
positions  in  the  Combinational  Analysis,  which  lias  be 
8o  extensively  cultivated  in   Gcnnany :    I   have  not  c( 
sidered  it  expedient  however  to  enter  upon  the  discussi 
of  the  various   I'onventionat  notations,  the  formation  ai 
theory    of   which    form    ao    considerable,  and,  in    fact, 
essential  a  part  of  this  species  of  Analysis :  for  though  I  a 
not   disposed  to  deny  the  comprehensive  character  of  sui 
notations,  and  the  power  which  they  afford  of  condensii 
the  most  complicated  formulEC  into  expressions  which  ai 
easily  written,  and  when  once  understood,  are  easily  inte. 
preted,    yet    inasmuch    as    they    necessarily    violate   in 
greatCT"  or  Jess  degree  the  general  laws  for  the  combinatio 
and  interpretation  of  algebraical   quantities,  they  shoul 
be  sparingly  and  cautiously  used,  jMrticularly  in  a  Worl 
like    the    present,    the    object    of    which    is    to    teach    th^ 
prineifdes  of  Algebra  and  to  follow  out  their  consequences 
according  to  their  ordinary  usage  and  acceptation. 


The  Binomial  and  Polynomial  Theorems,  with  the  pro- 
fdtiet  of  the  coefficients  of  the  resulting  series,  and  the 
Tfc«B«y  of  the  Algebraical  and  Arithmetical  Values  of 
Ssio,  form  the  subjects  of  the  tenth  Chapter.  The 
■Mmoe  and  form  of  the  binomial  series,  when  the  index 
BigcBerml  symbol,  I  have  shewn,  by  means  of  the  prin- 
^irof  the  permanence  of  equivalent  Forms,  to  be  depen- 
^  opoQ  the  general  form  of  the  series,  when  the  index  is 
i*Me  number:  and  I  hnve  pointed  out  on  other  oeca. 
Mb  tlic  necessity  of  this  mode  of  proof  in  all  cases  where 
Ike  peculiar  connection  between  the  primitive  expression 
■d  its  equivalent  series  was  not  capable  of  being  pre- 
•^■■Ij'  defined :  the  theory  of  the  aritlimetica)  and  alge- 
hacal  values  c^  serieo,  which  follows,  forms  one  of  the 
■■t  anburaAsing  questions  in  Algebra;  and  though  the 
which  I  have  pointed  out  between  them  is  very 
yet  I  am  by  no  means  satisfied  that  I  have 
removed   (he   difficulties   which   encumber  this 


la  the  derenth  Chapter,  I  have  endeavoured  to  point 
the  eMentiai  distinction  which  must  exist  between  the 
of  Proportion,  as  used  in  Arithmetic  and  in 
:  in  Arithmetic,  there  exists  an  absolute  definition 
which  perfectly  embodies  the  ])Dpular  notions  which 
Mv  attached  to  the  term,  and  the  same  definition  may  be 
Mmved  likewi*e  in  Algebra:  it  is  sufficient  therefore  to 
^  that  a  Proportion  consists  in  the  equality  of  ratios,  in 
0riv  «anipleteiy  to  define  it :  in  Geometry  however  there 
eiHIa  BO  abaolute  definition  of  a  ratio,  or  rather  there  exists 
mode  of  expressing  its  value;  it  follows 
that  in  this  science  we  mnst  commence  by  an 
definition  of  proportion  and  subsequently 
d 


determine  our  notions  of  ratios  by  siwerting  that 
are  equal  to  each  other,  when  they  form  the  terms 
proportion. 

The  general  views  and  opinions  which  are  propose 
the  very  various  siibjectff which  are  embraced  in  the  twi 
Chapter  are  so  different  from  those  which  have  comm 
been  admitted  aa  well  founded,  that  I  feel  it  to  be  eqi 
duo  to  myself  and  to  my  reader  to  give  some  explana 
of  the  nature  of  those  opinions,  and  of  the  reasons  w 
have  induced  me  to  adopt  them. 


The  practice  of  making  the  operations  of  Algebra 
the  results  obtained  dependent  upon  a  previous  inter 
tation   of  their    meaning,    without    any    reference    to 
essential  generality  of  symbolical  language,  both  in  vi 
and  representation,  leads  constantly  to  results  which  ar 
variance  with  such  interpretations :  such  results,  if  affei 
with  a  negative  sign  merely,  were  not  considered  iuipossi 
inasmuch  as  it  was  sometimes  practicable  to  assign   I) 
a  meaning,  by   a  more   or  less  forcible    violation    of 
primitive  assumptions  of  the  meanings  of  algebraical  c 
rations ;  but  a  similar  indulgence  was  never  granted  to 
reEults  involving  the  square  or  any  even  roots  of  a  negal 
quantity,  inasmuch  as  their  existence  was  apparently 
variance  with  the  rule,  whether  assumed  or  proved,  for 
incorporation  of  signs:   such  quantities  therefore  were  c 
sidered  as  possessing  a  symbolical  existence  merely,  in 
much  as  no  really  existing  quantities  could  bear  to  a 
quantities  affected  with  the  signs  +  and  — ,  the  relatic 
which  could  satisfy  the  required  conditions:   and  even  t 
use  of  the  term  impossible,  as  characterizing  such  results  h 
a  powerful  tendency  to  divert  the  attention  both  of  auth< 
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I  ad  of  readers,  from  any  enquiries  which  miglit  be  directed 
I  •  iad  a  ooosistent  interpretation  of  their  meaning. 

The  first  attempt  which  I  can  fiod  of  an  interpretation 
ik  nesning  of  such  quantities  was  giveD  by  M.  Buee  in 
fk  Pkiioaophical  '  Transactions  for  1806,  in  a  Memoir 
ikkh  contains  some  original  views  on  the  use  and  signifi- 
tfioB  of  the  signs  of  Algebra,  though  presented  in  a  very 
n^  and  unscientitic  form ;  it  was  limited  however  to  the 
aspretation  of  the  sign  ^  —  1,  as  indicating  perpendi- 
adgritg  in  Geometry,  and  of  its  signification  in  one 
w  two  other  cases,  though  accompanied  by  many  other 
Mcaipta  which  were  eitlier  imperfect  or  altogether  erro- 
■hm:  and  even  in  those  cases  in  which  his  conclusions 
■ov  correct,  his  reasonings  were  insufticient  to  establish 
iktm:  I  feel  bound  however  to  acknowledge  my  obliga- 
In*  to  this  paper,  as  having  (irst  directed  my  attention  to 
lb  id>ject. 

At  a  much  later  period,  when  ilic  greatest  part  of  the 
int  three  Chapters  of  this  work  were  written  and  sent  to 
the  Preas,  though  before  I  was  in  coiiq>lete  and  satisfactory 
pHKanoo  of  my  present  views  on  this  subject,  the  work  of 
Mr.  Warren*  of  Jesus  College  appeared,  on  the  Geometrical 
Btpwcntation  of  the  Square  Roots  of  Negative  Quantities ; 
n  ifaia  work  which  is  distinguished  for  great  originality 
w)d  for  extreme  boldness  in  the  use  of  definitions,  Mr. 
Varren  baa  oompletely  succeeded  in  giving  an  interpre- 
btiaa  t^  the  roots  of  unity,  when  attaclied  to  symbols  which 
litUM   in   Geometry,  or  any  quantities  which  such 


■  ■•  A  IVv^ti"  on  (he  CcomcUtcul  RepreMnlalion  a(  (lit  Square  RoM* 
H^B li«c    Ui*«NtUi».'  by  ihe   Ituv.  John  Wairen.   SI.  A.    Fdlow   inH 
Tif  Jr*»»^   t'ollt?T.  Ciinbri'lEi',  1838. 


XXTfii 


lines  may  represent :  in  so  doing  however  lie  has  adhi 
strictly  to  the  practice  of  alt  writers  on  Algebra,  in  n 
ing  the  interpretation  govern  the  results  and  not  the  res 
the  interpretation;  thus  he  commences  by  defining 
atmi  oi  two  lines  making  any  angle  with  each  other,  tc 
the  diagonal  of  the  parallelogram  which  they  include, 
their  difference  to  be  the  inverse  of  the  sum :  and  at 
therefore  from  the  very  proposition  which  is  the  concluf 
of  my  own  researches  on  this  subject,  (Art-  513):  he  tl 
proceeds  to  a  definition  of  the  proportion  of  lines  to  ei 
other  which  are  not  ia  the  same  direction,  which  invol 
the  determination  of  the  meaning  of  the  product  or  quoti 
of  the  signs  of  affection  of  two  or  more  lines :  he  sub 
quently  examines  the  consequences  of  these  and  other  di 
nitions  and  shews  their  perfect  accordance  with  the  resu 
of  the  combinations  of  symbols  according  to  the  ordini 
definition  of  what  is  meant  by  aum,  difference,  product  a 
qnotient:  his  final  conclusions  agree  generally  with  the 
which  I  have  given,  some  of  the  more  remarkable  of  whi 
I  shall  now  proceed  to  notice 


by  pointing  out  the  distinction  whii 
exists  between  arithmetical  and  symbolical  values,  at 
therefore  between  arithmetical  and  symbolical  roots,  tl 
first  being  altogether  independent  of  the  signs  of  tl 
affection  of  the  quantities  whose  roots  are  required : 
therefore  the  primitive  and  recognized  signs  of  afi'ectio 
be  4-  and  —  or  +1  and  —1,  considered  as  symbolici 
multipliers  of  the  syntbob  or  quantities  they  precede, 
assume  1"  or  (—1)"  or  any  other  expressions  which  ari 
symbolically  equivalent  to  them,  to  represent  the  appro 
priate  signs  of  affection  of  the  corresponding  arithmetical 
;§:  we  shall  thus  no  longer  be  confined  to  +   and  - 
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r  signs  of  affection,  inasmuch  as  we  have  created 

I,  which  are  necessary  to  preserve  the  algebraical 

'  of  every  operation  whether  of  Addition,  Sub- 

B  Bod  extraction  of  roots,  or  whether  it  be  definable 

I  •  not,  to  which   we  are  conducted  by  the  laws  of  sym- 

I  axnbiixations*:   the  theory   of  their  origin  and  os- 

being;   precisely  similar  to  that  of  the  indepen- 

•  erf  the  signs  +  and  — . 


Again,  in  determining  the  e^^plicit  symbolical  forma 
Jmit^  signs  of  affection,  we  consider  the  syraboUcal  con- 
MoDA  which  they  must  satisfy :  thus,  if  1"  be  a  sign  of 
Jiftinn,  it  must  be  of  such  a  kind  that  (l")  may  be 
^■1  to  +1  :  and  whatever  be  the  number  of  such  forms, 
iej  are  all  of  them  equally  the  appropriate  signs  of' 
Actkn,  which  the  operation  denoted  by  the  index  may 
■gvfvi  and  inasmuch  as  it  will  be  made  to  appear  that 
if  •  be  a  ivbole  number,  there  are  n  different  symbolical 
nbtn  of  1'  and  no  more,  there  must  therefore  be  n 
filicrent  symbolical  values  and  no  more  of  any  such 
ymtity  as  a";  in  a  similar  manner  there  are  n  different 
^mbolical  TsJues  of  (  —  1)"  and  therefore  n  different  sym- 
boBcal  values  of  (  —  a)" . 


Upon  further  examination  it  will  likewise  appear  that 
my  integral  power  of  any  one  of  these  symbolical  values 
flfl"  or  (_  — 1)",  will  reproduce  a  symbobeal  value  of  1"  or 

( 1^  respectively,  and  therefore  the  symbolical  values  of 

!•  and  (  —  1)"  where  m  is  a  whole  numlwr,  are  precisely  the 

:  in  number  and  in  form  with  those  of  1"  and  (  -  1}«. 


Haviag  ascertained  the  symbolical  properties  of  I 
signs  of  affection,  wc  then  proceed  to  their  interpreta 
when  attached  to  symbols  with  specific  values,  in 
any  such  interpretations  can  be  discovered  which  are 
fectly  conformable  to  such  properties ;  we  thus  shew 
if  a  represent  a  line  in  a  given  position,  that  the  diffe: 
symbolical  values  of  (l)"o,  when  n  is  a  whole  number, 
represent  a  series  of  equal  lines  making  angles  equal  to  e 
other  and  to  -  th  part  of  four  right  angles  successively  v 

each  other:  thus,  if  m.  =  4,  then  (1)"=1,  or  ^  — 1, 
-1,  or  ~^/Z^,  and  a,  J^^A.a,  -a,  -  J^^ 
will  denote  four  lines  equal  to  o,  of  which  a  and  —  a 
in  opposite  directions,  and  y/  —\  .a  and  —  ^  —1 
are  in  opposite  directions  likewise,  but  at  right  ang 
to  the  former ;  it  is  not  however  necessary  to  enter  ii 
any  further  statement  in  this  place,  of  the  interpretatic 
of  such  signs,  when  attached  to  symbols  which  dent 
lines  or  other  quantities,  inasmuch  as  they  are  given 
great  detail  in  the  Chapter  to  which  we  are  referring 


Having  thus  ascertained  that  such  signs  of  affectit 
find  their  most  appropriate  interpretation  in  designating  tl 
positions  of  lines,  our  attention  is  naturally  directed  to  tl 
invention  or  determination  of  a  sign  which  would  designat 
position  generally,  or  in  other  words,  the  position  of  a  lin 
inclined  at  any  angle  to  the  direction  of  a  primitive  line 
for  it  is  evident  that  the  values  of  (l)"  when  n  is  a  wholi 
number,  must  correspond  to  determinate  positions  of  h'ne 
only,  though  if  n  be  indefinitely  great,  there  will  alway 
exist  values  of  (l)"  which  may  correspond  as  nearly  as  w 
choose  to  any  assigned  position ;  such  a  sign  is 


CO*  O  +  ^  —  1  sin  tf, 

tOa  the  angle  made  by  the  line,  whose  jwRilion  n,  to 
■  kcila^giiated,  with  a  primitive  line:  but  as  the  process  by 
I  (Wk  I  was  le3  to  the  discovery  and  determination  of 
IAb  nrj  comprehensive  sign,  by  which  Geometry  is 
I  tH^ibt  within  almost  entirely  the  dominion  of  Algebra, 
I  add  not  easily  be  made  intelligible  without  a  constant 
I  fpol  to  almost  every  step  of  the  mvestigation,  I  feel 
tterttmry   to   refer  to  it  for  that  purpose. 

Tbe  conclusions  which  follow  from  the  introduction 
rflkii  sign,  are  of  very  great  importance,  and  are  caU 
•Uttd  to  thro^v  a  new  light  upon  the  theory  of  tlie  inter- 
fnwkn  of  algebraical  results :  and  though  they  receive 
oat  t;o[nplele  and  satisfactory  illustration  in  the 
of  lines  and  of  planes,  they  are  by  no  means  con- 
tv  them,  inasmuch  as  many  other  quantities  are  su&- 
mptible  of  affections  which  correspond  to  general  or  par- 
mlir  values  of  this  sign :  it  enables  us  to  consider,  like- 
fit,  the  signs  +  and  —  or  +  1  and  —  1,  as  particuUr 
nboUcal  values  merely  of  a  more  general  sign,  and  to 
^  that  the  operations  which  they  denote,  arc  merely 
lb  Bost  rimple  cases  of  affectationa  which  correspond  to 
tbdifferenC  values. 

Tbe  uac  of  the  sign  cos  0  -|-  ^  — 1  sin  0,  and  the 
of  position  as  designated  by  it,  have  made 
for  mc  to  incorporate  the  science  of  Trigo- 
with  Algebra,  assuming,  in  this  instance,  Geo- 
■(try  as  tl«c  sdcnce  of  auggeation,  instead  of  Arithmetic: 
■e  b^^n>  therefore,  with  the  geometrical  deiinition  of 
ll^Hiie  oDcl  c^wme  of  an  auglc,  and  determiae  their  fun- 


damental  properties  by  means  of  it,  and,  sultsequcntly, 
transfer  chem,  by  assumption,  to  the  algebraical  definition 
of  quantitiee  to  which  we  give  the  same  names :  we  from 
hence  obtain  the  exponential  expressions 

—  and  - 


v-r 

(where  e  =  e  ^  —  1)  for  the  cosine  and  ane  of  6,  and 
determine  by  means  of  them  all  the  formula  which  may 
be  said  to  constitute  the  science  of  Goniometry ;  we  are 
thus  enabled  to  confer  upon  such  quantities  a  perfectly 
algebraical  character,  and  also  to  interpret,  when  required, 
the  results  which  are  obtained,  by  an  immediate  reference 
to  Geometry. 


Inasmuch  an  the  angle  at  the  base  of  a  right-angled 
triangle  is  determined  by  the  ratio  of  the  base  or  per- 
pendicular to  the  hypotbenuse,  I  have  called  the  first 
the  comni,  and  the  second  the  sine  of  the  angle  in  ques- 
tion :  these  definitions  form  the  proper  foundation  of  the 
science  of  Goniometry  when  considered  as  an  immediate 
branch  of  Geometry :  and  by  considering  sines  and  cosines 
as  ratios  and  not  lines,  we  are  at  once  liberated  from 
the  embarrassment  which  is  caused  in  formulce  which  in- 
volve them  by  the  radius  of  the  circle  to  which  they  are 
commonly  referred  :  it  is  by  pursuing  the  same  analogy, 
that  we  consider  angles  as  measured  by  the  ratio  of  the 
arc  of  any  circle,  which  subtends  them  at  its  centre,  to  its 
radius,  and,  consequently,  circles  are  merely  used  or  in- 
troduced into  this  science  as  furnishing  measures  of  angles : 
we  are  thus  enabled  to  disencumber  this  science  of  the 
ordinary  definitions  nf  tangents  and  co-tangents,  seeants 
and  co-ttecantm   versed  ^ines  and  stiversed  sines,  as  linM 


described  in  and  about  a  circle  in  connection  with  the 
angle  to  which  they  correspond,  and  to  consider  them  as 
merely  abbreviated  expressions  for  the  ratios  uF  the  sine  to 
the  cosine,  and  of  the  cosine  to  the  sine,  for  the  reciprocal 
of  the  cosine  and  the  reciprocal  of  the  sine,  for  the  alge- 
braical difference  or  the  algebraical  sum  of  unity  and  the 
cosine:  in  whatever  manner  the  formula  of  Goniometry 
are  afterwards  deduced,  whether  from  the  exponential  ex- 
pressions for  the  sine  and  cosine,  as  in  Algebra,  or  from 
the  fundamental  formulae  for  the  sine  and  cosine  of  the 
sum  and  difference  of  two  angles,  as  in  Geometry,  this 
modification  of  the  definitions  of  the  quantities  which  form 
the  objects  of  the  science,  will  greatly  simplify  the  neces- 
sary investigations,  and  facilitate  their  adaptation  to  the 
purposes  of  calculation. 

As  one  of  the  great  objects  of  this  Chapter  has  been 
to  explain  the  nature  of  the  connection  between  Geometry 
and  Algebra,  I  have  thought  it  necessary  to  enter  into 
a  very  minute  examination  of  the  definitions  and  first  prin- 
ciples of  Geometry,  with  a  view  to  determine  the  extent 
to  which  one  science  might  be  superseded  by  the  other : 
some  of  the  results  of  this  examination  are  important,  par- 
ticularly with  regard  to  the  definitions  of  equality  and  of 
parallel  lines:  it  is  the  definition  of  parallel  lines  which 
muat  be  made  use  of  in  Algebra,  which  appears  to  me 
to  furnish  one  of  the  most  conclusive  arguments  in  favour 
of  the  alteration  which   I   have  proposed. 


I  connder  some  apology  due  to  the  reader,  for  the 
introduction  into  a  work  on  this  subject,  of  an  enquiry 
into  the  mathematical  first  principles  of  Statical  Equili- 
waa  anxious,  however,  to   give  an  example  of 


L 
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principles  of  auggealimi,  as,  distinguislie<l  tVom  assu 
and  mathematical  principles  of  reasoning,  in  urn,-  of 
branches  of  Natural  Philosophy,  and  of  the  nweesit; 
separating  thcni  from  each  other:  and  it  also  fiirnii 
me  with  an  excellent  illustration  of  my  own  syster 
Algebraic  Geometry. 

The  thirteenth  Chapter  is  occupied  with  the  sub 
of  Indeterminate  Coefficients,  and  enters  at  Rome  let 
likewise  into  the  nature  of  the  series  which  arc  or  i 
be  equivalent  to  algebraical  expressions  when  the  nal 
of  the  operation  which  leads  from  one  to  the  other  is 
defined:  it  contains  Ultewise,  an  investigation  of  Tayl 
Series,  which  is  the  foundation  of  the  Differential  Ca! 
lua,  upon  principles  which  would  appear  to  give  a  v 
close  algebraical  connection  between  the  doctrine  of  lie 
and  the  method  of  Lagrange. 

The   fourteenth   Chapter   is  devoted  to   the   expla 
tion  of  the  Theory   of  Logarithms,  of  the  use   and 
plications   of    Logarithmic   Tables,    of    the   reduction 
formula  to  Logarithmic  Computation,  of  the  series  « 
methods   for   calculating   Logarithms,    and   la.ttly,  of  i 
Theory  of  symbolical,  as  distinguished  from  arithmetic 
Logarithms ;   the   enlarged  view   which  I    have   taken 
the  theory  of  signs  of  affection  in  the  twelfth  Chapt< 
enables    us    to    settle,    very    easily,    the    long    disput 
question   of   the  Logarithms  of  Negative  Quantities,  ai 
to  shew  the  particular   cases  in   which   they  can  posst 
an   arithmetical  It^arithm. 

The  three  last  Chapters  cimtain  all  that   I  conaiden 
myself  allowed  to  say,  in  consequence  of  the  great  extei 


PKEPAL-E.  Tl 

rf  ihe  Other  parts  of  ihe  Work,  on  thD  subject  of  Equtu 
lioas  and  their  solution:  I  have  entirely  omitted  the 
of  their  general  theory,  confining  myself  to 
of  the  fourth  degree,  and  such  others  as  were 
icAiciUe  to  them,  in  consequence  pf  a  particular  relation 
rf  thdr  coefficients :  the  first  of  these  Chapters  is  confined  to 
the  Scdutjon  of  Equations  involving  one  unknown  quantity 
oWy :  the  second  considers  the  Properties  of  Simultaneous 
IS,  and  gives  the  first  elements  of  the  theory  of 
the  last  considers  the  Solution  of  Problems 
vibch  lead  to  equations,  with  a  particular  view  to  the 
■leipretation  of  their  roots.  They  may  be  considered  as 
nrv  imperfect  sketches  of  very  important  subjects,  and 
«■»  apology  is  due  to  the  Reader  for  the  form  in  which 
t^  are  presented  to  him  :  but  I  considered  myself  pledged 
lo  ntjr  Publishers  for  the  early  appearance  of  the  Work, 
aad  I  therefore  felt  myself  embarrassed  by  the  hasty 
maa^r  in  which  I  was  compelled  to  prepare  them,  which 
dU  aot  enable  me  to  confine  all  that  I  wished  to  say 
witlim  the  very  narrow  limits  which  were  allowed  to  me. 
With  this  petition  for  indidgencc  with  respect  to  a  par- 
tirular  port  of  this  Book,  which  I  should  most  gladly 
otrfxl  to  the  whole  of  it,  I  beg  leave  to  conclude  this 
h^flf^^  wtrich,  like  the  book  itself,  has  already  exceeded 
Jk  proper  limits. 
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CHAP.  I. 


DsriKlTIONS    AhD   FISBT   PrINCIPLI 


'  THB  Science. 


1-  Aluebsa  may  be  defined  to  be,  the  »cience  of 
fmeral  reaaonittg  by  symbolical  language. 

It  is  impossible  however,  by  any  simple  definition,  to 
optess  fuller  its  objects  and  applications,  which  can  only 
k  clearly  comprehended  by  a  person  acquainted  with  the 
■ience :  it  has  been  tenned  Universal  Arithmetic ;  but  this 
Mmtioa  is  defective,  inasmuch  as  it  assigns  for  the  general 
dbject  of  the  science,  what  can  only  be  considered  as  one  of 
itt  applications. 

2,  The  8j-nibols  of  Algebra  may  he  made  the  repre- 
otsliTes  of  e*-ery  species  of  quantity,  whether  abstract  or 
tmcntc :  the  operations  to  which  they  are  subject  are 
pecfectly  general,  and  are  in  no  respect  affected  by  the 
Mture  of  the  quantities  which  the  symbob  denote,  being 
dHemined  solely  by  llie  definitions  and  assumptions  which 
caudtute  the  first  principles  of  the  science. 

3,  The  symbols  most  commonly  used  are  the  letters 
tt  ibe  alphabet  great  or  small :  as  the  choice  of  them  is 
pafcctly  arbitrary,  those  are  most  commonly  adopted, 
vhich  arc  most  easily  written :  in  some  cases,  in  order  to 
dhibit  to  the  eye  the  connection  between  the  symbol  and 
Ae  thing  signified,  we  make  use  of  the  initial  letter  of  the 
tma  which  designates  the  quantity  represented:  in  other 
^m,  when  different  quantities  of  the  same  kind  are  in- 
i^ed  in  an  algebraical  operation,  we  denote  tiiem,  in  order 
toiodicate  their  connection  with  each  other,  by  the  same 
Utter  with  different  accents,  a.%  a ,  a" ,  a" ,  a" ,  ttc;  or  by 
tfe  mtfiwi  letter  with  numbers  written  undemealh  to  the 
i%bt  hand»  «a  <",,  a^,  a.^,  a^,  &c. ;  or  by  the  same  letter 
■ -  nlphabrts,  us  «,  A,  a,  a,  Stc. 


I 

oU  of  A1. 
ebn. 


Symbola 
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4.  In  many  of  the  operations  of  Algebrt,  it  is  ttei 
sary  to  distinguish  such  quantities  as  are  known  and  del 

'  Ttuaaie,  from  such  as  -are  u/nktiown,  or  whose  values 
found  by  means  of  algebraical  operations:  it  is  usual 
make  use  of  the  first  letters  of  the  alphabet,  such  as  a,  b. 
&c.  to  denote  tlic  former,  and  of  the  last  letters  of  i 
alphabet,  such  as  r,  «,  ai,  y.  kc.  to  denote  the  latter 
It  is  also  convenient  sometimes  to  distinguish  indel 

'  minate  quantities,  whose  values  are  arbitrary  and  assignal 
at  the  pleasure  of  the  operator,  from  such  as  are  deti 
minate,  whether  known,  or  unknown:  they  are  common 
represented  by  the  middle  letters  of  the  alphabet,  such 
t,  m,  n,  py  q,  r,  &c. 

Variable  quantities,  admitting  of  every  value  betwe 
g^ven  limits,  when  the  variation  is  continuous,  or  of  a  ce 
tain  number  of  such  intermediate  values,  wlien  the  chanj 
is  discontinuous,  are  commonly  distinguished  from  such  . 
are  invariable,  whether  assigned  or  not,  in  the  same  maniu 
as  unknown  quantities  are  distinguished  from  such  as  ai 
known,  by  representing  them  respectively  by  the  lost  aL 
first  letters  of  the  alphabet- 

5.  AH  quantities  of  the  sante  kind  atlntit  of  bein 
,  added  to  or  subtracted  from,  each  other:  and  the  operatioi 
e  of  addition  and  subtraction,  which  are  of  all  others  the  moi 

used  in  considering  the  relations  of  quantity,  are  denote 
by  the  signs  +  and  —  :  the  first  denoting  Addition,  am 
called  phis  or  the  positive  sign :  and  the  second  denoting 
Subtraction,  and  called  minua  or  the  tiegaiive  sign. 

e  6.  In  symbols  of  concrete  quantities  of  the  same  kind 
other  relations  besides  those  of  greater  or  less,  may  be  ton 

il  sidered  :  thus,  if  the  symbols  represented  lines,  some  niaj 
represent  lines  drawn  in  one  direction,  and  others  linei 
drawn  in  the  direction  opposite :  if  they  represented  por 
tions  of  time,  some  may  represent  time  past,  others  time  tt 
come:  if  they  denoted  forces  in  the  same  direction,  oni 
symbol  may  designate  a  force  which  pushes,  another  a  forct 
which  pulls ;  and  similarly,  in  other  coses :  in  order  thai 


may  be  capalile  of  rq)rescntiiig  such  relations,  they 
«•  ta  mU  ctmea    supposed  to  be  affected  by  one  of  the 
rigna  +  or   —  ,    wliich   are  likewise   used   to   denote   the  i 
lyitinna  of  Addition  and  Subtraction. 

The  sign  +  is  generally  omitted  before  a  Rymbo], 
MA  lua  no  other  symbol  preceding  it ;  but  in  such  cases 
ii*  >]«ays  understood,  though  not  expressed,  and  la  only 
■pfccsscd  in  order  to  save  trouble  to  the  writer. 

7-  S^-xnbols  may  be  incorporated  into  each  other,  so  as 
lorvjtresent  a  new  quantity  of  the  same  or  a  different  kind, 
b  in  the  operations  of  Multiplication  and  Division :  in 
Un  ca*e,  the  qiuuitity  which  is  the  result  of  the  operation, 
Biut  have  s<»ne  determinate  sign,  dependent  upon  the 
E^  of  the  K^iiibols  incorporated.  In  like  manner,  in 
AMAuun^'  symbols  together  by  the  operations  of  Addition 
■nj  S«jbrraction,  which  are  denoted  by  the  same  signs  + 
■  — ,  by  irhich  the  symbols  themselves  are  affected,  simi- 
i»  or  dittaimUAT  signs  must  come  together,  which  it  is  cxpe- 
iiM,  in  order  to  pre%-ent  confusion,  to  incorporate  into 
tat.  In  both  cases,  tbey  are  subject  to  the  following 
maal  rule,  which  is  assumed  and  not  proved,  and  which 
Mr  be  considered  ss  constituting  one  of  the  most  important 
Int  principles  of  this  science. 

fVhenevcr  by  Ike  incorporation  or  combination  of  two 
Hwfiftfn.  (tco  ifimUar  aigmt  come  together,  whether  +  and 
^  ^  ,—  and  —  1  they  are  replaced  ly  the  single  sign  +  : 
hi  if  the  ttr^>  signs  are  dissimilar,  whether  +  and  —  or 
-  and  +  ,   they  are  replaced  fty  the  single  sign  — . 

g.  The  operations  commonly  called  Multiplication  and 
PJTiaon,  aro  denoted  by  the  signs  x  and  -i-  respectively : 
Am  a  X  b  tueans  the  product  of  a  multiplied  into  b :  and 
»—b  mcoxis  the  quotient  of  a  divided  by  fc:  it  is  more 
nmmuQ  to  denote  the  first  operation  by  interjiosing  a  dot 
belwccn  tbe  ^mbols,  as  a.fi;  and  still  more  common 
■erdy  to  w^tc  them  consecutively  as  ab.  The  second 
cpenttion  i»  usually  denoted  by  writing  the  divisor  beneath 

*  dfpHfa'fMf  with  a  line  between  them,  as  - .  '*' 


Signs  of  iht 
operaUon* 
ofAf>fIlf>A. 


UvUm.      I 


IiUindir-  9,     In  incorjjorating  symbols  such  as  a  and  ft  by  the 

wtuiorfcT  operation  of  multiplication,  it  is  indifferent  in  whatortler  the 
thesymbola  symbols  succeed  each  other,  whether  ab  or  da,  though  the 
pnuion  alphabetical  arrangement  is  most  commonly  adopted:  the 
JJ|]^^^_  same  remark  applies  to  any  number  of  symbols  thus  incor- 
porated :  and  it  may  be  assumed  as  a  general  principle, 
that  in  alt  the  four  operations  of  addition,  subtraction^ 
multiplication  and  division,  in  which  symbols  are  combined 
or  incorporated  with  each  other,  it  is  indifferent  in  what 
order  the  symbols  in  the  result  are  written,  or  when  more 
operations  than  one  are  performed,  in  what  order  theg 
succeed  each  other. 

Thus  a  -f-  6  is  identical  with  b  +  a  and  a  —  b  with 
—  b  +  a:  a  +  b  —  c  is  identical  with  n  —  c  +  6,  or 
b+  a  —  c,  or  b — c+  a,  or  ^  c  +  a  +  h,  or  —c  +  b  +  a: 
abc  ia  identical  with  bac,  or  acb,  or  cab,  or  cba  or  bcai 
a  divided  by  h,  multiplied  by  c,  and  then  divided  by  if,  or 

~  —oxc-T-d,  or-x-,  1 
D      a 

or  -— ,  or  — -:    and  similarly  whatever  be  the  number  of 

symbols  involved  or  of  operations  performed. 

10.  The  operation  of  Division  is  the  inverse  of  that  of 
Multiplication;  by  which  we  mean,  that  if  a  symbol  or 
quantity  be  first  multiplied  and  then  divided  by  the  smne 
symbol  or  quantity,  or  conversely,  its  value  is  not  altered : 
thus  a  multiplied  by  6,  and  then  divided  by  6,  or  a  x  6  -j-ft, 

ab  .  . 
or  —  IS  identical  with  a.  In  a  similar  sense,  the  opera- 
tions of  addition  and  subtraction  are  the  inverse  of  each 
other  :  thus  if  to  a  we  add  6,  and  then  subtract  it,  or  cmo- 
versely,  its  value  is  not  altered :  in  other  words  n  +  fr  —  6, 
or  0  —  6  +  6  is  identical  with  a. 

f        11.     The  quantity  or  algebraical  expression  a  x  a,  or 

[  •qniR,        oo  is  written  a*,  and  is  called  the  square  or  the  second 

~''"  '"     power  of  n :  the  expression  aaa,  ia  written  a*,  and  is  called 

the  cube  or  third  power  o(  a:  aaaa,  where  the  symbol  u 


I  tor  times  repeated,  i&  written  a*,  and  is  called  the  fourth 
fmtr  of  a ;  and  if  the  symbol  a  be  repeated  any  number 
rflBiMK  (ft)  in  the  expression  aaa...&c„..,  it  is  written  a", 
■d  is  called  the  n"*  potcer  of  a,  and  the  number  n  is  called 
At  nirfear  or  exponent  of  the  power. 

12.  "When  a=  is  multiplied  into  a',  the  result  n*  x  a'  ^ 
'  bidratica]  with  aaaaa  or  a',  since  n  is  repeated  5  times  in  di 
Ac  product  written  at  full  length  :  the  index  5  is  the  sum 
tf  the  indices  of  the  two  factors  a'  and  a'  of  the  product : 
■  the  same  manner,  when  a*  is  multiplied  into  a^,  the  result 
^  X  o'  is  identical  with  a",  since  o  is  repeated  1 1  times  in 
Ae  product  written  at  full  length  ;  the  index  11  is  the  sum 
of  the  indices  4  and  7  "f  'he  two  factors  n'  and  a'  of  the 
pndoct :  nicjre  generally,  if  n  and  m  represent  any  whole 
ambers  (4),  and  if  n"  be  multiplied  into  a."',  the  pro- 
fact  «"  X  d",  if  written  at  full  length,  would  exhibit  the 
ktter  a  repeated  a  number  of  times  equal  to  n  +  *" :  it  is 
llarrfbre  identical,  upon  the  principle  of  the  notation  of 
infiees  atstcd  in  the  last  Article,  with  a'*'":  or,  in  other 
VMib,  the  product  of  the  n""  poteer  of  a  eymliol  a,  into  the 
»*  potcrr  of  ihe  enme  eymbol,  is  a  power  of  a  whose  index 
if  e^ttal  to  the  8tim  nf  the  indices  of  the  powers  of  a,  trhtck 
mr  incorporated  together. 

As  we  have  assumed  an  index  to  denote  the  continued  f 
product  of  the  quantity  above  which  it  is  placed,  repeated  * 
m  often  as  unity  is  contained  in  it,  we  may  likewise  assume  " 
other  indices,  both  fractional  and  negative,  to  denote  the 
twult   <tf  other  operations  to  which  the  same  symbol  or 
foantity  is  subjected :  hut  in  order  that  indices  may  never 
ImJ  to  results  inconsistent  with  the  rule  already  established 
vith  respect  to  indices  which  are  positive  whole  numhers, 
wc  agsutne  it  to  be  true  in  its  most  general  form,  whatever 
ifaow  indices  may  be,  whether  whole  numbers  or  fractions, 
witive  or  negative,  or  in  short  any  quantities  whatsoever : 
thct  ia,  o"  X  a"  =  a"*",  when  n  and  m  are  general  symbols; 
•r  tAe  product  of  any  power  whatever  of  a  symbol  into  any 
of  the  same,  is-  denoted  by  writing  the  game 


eifmbol  with  an  index  equal  to  the  8um  of  the  indices  of 

^antities  which  are  incorporated. 

of        13.     The  square  root  of  any  proposed  quantity  is  tl 

quantity  whose  square  or  second  power  gives  the  propoi 

"■  quantity  as  its  result :  it  is  denoted  by  prefixing  the  si 

J  V^  to  the  quantity  :  thus  \/a  means  the  square  root  of 

t/o*  means  the  square  root  of  a*;  and  simihirly  in  otf 

cases. 

Another  and  more  algebraical  mode  of  denoting  t 
square  root  by  means  of  an  index,  is  derived  from  t 
general  principle  of  indices  mentioned  in  the  lost  Articl 
the  symliol  a  may  be  considercti  as  identical  with  a}^  who 
index  is  unity  :  if  we  assume  therefore  oi  to  represent  V* 
the  principle  referred  to  would  give  us 


ni  • 


«*  = 


ai^l  =  a'  =  t 


the  requisite  condition  is  therefore  satisfied,  and  oi  co 
rectly  represents  the  square  root  of  a. 

In  the  some  manner  al  represents  v'o''>  or  the  squai 
root  of  a"" :  ai  represents  i/a",  or  the  square  root  of  a" 
a^  represents  l/o*,  or  v'  Va,  or  the  square  root  of  th 
square  root  of  a  \  and  similaj-ly  in  other  cases. 

The  cuhe  root  of  any  proposed  quantity  is  that  quantit 
whose  cube  or  third  power,  gives  the  proposed  quantity  a 
its  result :  it  is  denoted  hy  prefixing  the  sign  */  to  th 
quantity :  the  general  principle  of  indices  however  shew 
that  o*  is  equivalent  to  i/a:  for  \/a  x  v'a  x  V'ffl  =  a 
and  a^xa^  X  a^  =  o^-'-i*i  =  a^  =  a:  and  consequently  sine* 
the  cube  of  V^a,  and  of  ai,  give  the  some  quantity  a  foi 
the  result,  they  may  be  considered  as  equally  representing 
its  cube  root. 

The  n""  root  of  a,  is  that  quantity  which  multiplied 
into  itself  n  times,  will  produce  a:  it  is  denoted  by  \^a^ 
OT  by  a;  :  for  the  result  of  the  continued  product  of  n:  into 
itself,  where  a-  is  repeated  rt  times,  is  represented  by  writ- 
ing a  with  an  index  equal  to  n  times  -j^,  which  is  equal  to 


The  mnnber  which  is  prefixed  to  any  symbol  or  S 
,  mnd  by  which  it  is  multiplied  according  to  the  ^ 
meaning  of  the  term,  is  called  its  coefficient  : 
I  «td  11  are  the  coefficients  of  6a,  So',  aod  llaty 
'ndy  -.   in   the  same  manner,  if  n,  b  and  c  represent 
r»,  they  mav  he  considered  as  the  coefficients  of  jr,  j/*, 
z  in  the  expressions  aXy  htf*.  and  catyx  respectively : 
symbol    is   sometimes   termed   the  coefficient   of 
,  merely  as  a  phrase  of  convenience,  to  distinguish 
r  ihetn   fVnin  the  other,  which  may  he  the  object  of 
t  p«rtiimlar   consideration :    thus  a,  b,  c,  d,   Sic.  are 
i  the  coefficients  of  .r,  a*,  j/',  a-*.  Sic.  in  tlie  series 
ax  +  bx'  +  cit'  4-  d.T*  ■+  &c. 

A  moTtontmtiat  is  any  algebraical  expression  con-  ^  " 
•iAtg  oT  one  term  only ;  as 


a'f   abf    — a'6,    —  ahc,   • 


&c. 


16-     A   binomial  is  ony  expression  consisting  of  two  Abi 
una  eoiutected  by  tlie  signs  +  or  —  ;  as  a  +  b,  a  —  b, 
r-ft",  a-y  —  a^.  &c. 

]y,      A    trinotnial    consists  of   thrco    terms,    connected  A  tr 
b  tlie  rigns  +  ""^  —  >   such  as  a  +  6  +  c,  a'  —  o  6  -f-  d*, 
r—l^ — c^,    ■«"y — •vz  —  yz,  &c. :  a  l'e/rn7iomia/ consists  of 
fcur  Irrma,    a'ld   *  polynomial  consists  of  any  number  of 
liB*  connefrted  together  in  a  similar  manner. 

1&     Compound  algebraical  expressions  are  further  con-  l'« 
■Ocd   by    invans  of  inntiula  or   brackets:   thus  a-t-'>  i^  b^ 
^jlim,  a    vrritten   a  +  b  or  («  +  ''):   such  a  connection 
tfate«  tliAt  the  wljole  quantity  beneath  the  vinculum,  or 
'  -  {lie  brackets,  is  aifccted  by  the  sign  prefixed  to  it, 

^_^  — ,  X  t  -T)  t^,  &i(^. :  thns,  in  the  expression 
i^t-  'C  **"  *~~(''~0)  the  sign  —  affects  both  the  quan- 
tta  ln.-in'"***  ^^  vinculum,  or  between  the  brackets,  and 
by  fiullowing  (he  general  rule  of  the  signs,  it  is 
^    Co    <s  —  A  +  c :    thus  also  a  -^  b  x  c  -i-  4,   or 


hj  numni. 


(c  +  d),  means  that  the  whole  quantity  a  +  b  is 
to  be  incorporated  by  multiplication  into  r  +  d. 

The  connection  indicated  by  the  vinculum,  when  not 
very  distinctly  written,  is  in  some  cases  ambiguous,  which  it 
never  the  case  with  brackets,  which  are  therefore  generally 
adopted. 

19-  Quantities  are  said  to  have  the  same  dimensions  when 
the  aum  of  the  indices  uf  the  symbols  incorporated  in  each 
of  their  terms  is  the  same,  unity  being  supposed  to  be  the 
index  of  each  simple  symbol  such  as  a,  b,  c,  &c. :  such 
quantities  are  likewise  said  to  be  /wmogeneoua :  thus  a  ib 
homogeneous  with  b,  c,  a,  x:  ab  is  homogeneous  with  o': 
a  6  c  is  homogeneous  with  a"  b  and  a*  :  a?  x  —  ax'  is  homo- 
geneous with  iZ—Aaiy  ss  -\- 1?,  and  similarly  in  other  cases. 

20.  We  Ukewise  speak  of  quantities  as  being  of  one, 
i'  two,  three  or  «  dimensions,  the  dimension  being  measured 

by  the  sum  of  the  indices  of  the  symbols  involved  :  thus  a 
is  a  quantity  of  one  dimension  :  xy  and  x^  arc  quantities  of 
two  dimensions :  xyx  and  x^  are  quantities  of  three  dimen- 
sions, and  jj",  <r"~'y,  a^~'j/*.  Sic.  are  quantities  of  it 
dimcnsionB. 

A  numerical  coefficient  does  not  affect  the  dimenuon* 
of  a  quantity,  since  it  alters  its  magnitude  only,  and  not  its 
nature  :  the  same  remark  may  be  made  with  respect  to  any 
symbol,  which  is  assumed  to  represent  an  abstract  number. 

21.  We  speak  of  algebraical  quantities  as  like  or  un- 
like, according  as  they  involve  the  same  or  different 
symbols,  without  regarding  their  signs  or  numerical  coeffi- 
cients :  thus  2«  and  —3a,  — -t*  and  4.r',  5abc  and 
—  'Jabc,  are  pairs  of  like  quantities:  a,  —  i,  —  c,  **, 
lai,  a*,  "Jabcy  are  unlike  quantities. 

22.  The  sign  =  ,  placed  between  two  quantities  or 
■  expressions,  indicates  that  they  are  equal  or  equivalent  to 

each  other  :  it  may  indicate  the  identity  or  absolute  equality  ■ 
of  the  quantities  between  which  it  is  placed :  or  it  may 
shew  that  one  quantity  ia  equivalent  to  the  other,  that  is^ 


if  they  are  both  of  them  employed  in  the  same  algebraic 
operation,  they  will  produce  the  same  result ;  or  it  may 
simply  mean,  as  is  not  uncommonly  the  case,  that  one 
quantity  is  the  result  of  an  operation,  which  in  the  other 
is  indicated  and  not  performed. 


quantity  is  greater  Mc»nliig  of 
^        .     \         .,      ,      iheiiitiii. 
aecutively  with  the  >  u,d  ■<. 

in  tlie  other :   thus 

means  that 


23.     In  order  to  indicate  that  on 
or  less  than  another,  we  write  them  ci 
sign  >  between  them  in  one  case,  and 
a>b  means  that  a  is  greater  than  b :  and 
a  is  less  than  b. 


24.     There  are  other  signs  and  terms,  which  we  shall  Other  «igni 
have  occasion  to  use,  the  explanation  of  which  may  be 
most  conveniently  reserved  for  those  parts  of  tlie  subject 
where  they  first  occur. 


Amongst  the  various  definitions,  assumptions  and 
propositions  contained  in  the  preceding  Articles,  there 
are  many  which  are  imperfectly  stated,  and  which  would 
require  some  acquaintance  with  the  practice  of  Algebra, 
to  make  their  complete  developenient  and  accurate  limi- 
tation intelligible:  it  is  on  this  account  that  the  further 
discussion  of  them  has  been  reserved  for  a  more  advanced 
Mrt  of  the  subject. 


ri 


(Jii    tBB    METHODS    OK    COMl 

Algebraical  Quantities  by  tiie  oi'Cuations  op 
Additiok,  Sdbtbaction,  Multiplication,  and 
Division. 

25.  The  o|M;ration  of  Addition  ia  denoted  by  the  sign 
+ ,  which,  when  combini-d  with  ihc  signs  of  each  of  the 
quantities  to  be  added,  leaves  them  the  same  as  before 
(Art.  7). 

Rdle.  Algebraical  quantitiea,  therefore,  whether 
simple  or  n>mp<mnd,  are  added  together  6y  simply  con- 
nectmg  them  with  their  proper  sigtie. 

Like  algebraical  quantities  (Art.  21.),  must  be  cnl- 
lected  into  one  term,  whose  ^efficient  will  be  the  different^ 
with  its  proper  sign  of  t/ie  sums  of  the  coeffiaents  of  the 
positive  and  negative  terms  respectively. 

In  performing  this  operation,  the  quantities  to  be 
added  are  cither  written  in  one  continued  line,  or  placed 
underneath  each  other,  as  in  the  addition  of  numbers  in 
arithmetic :  the  like  quantities  are  then  collected  severally 
into  one  term,  and  the  whole  result  written  in  one  line. 

Whit  n  26.    By  the  sum  of  two  quantities  in  Algebra,  we  nie&n 

STiom  of  ^^^  result  of  their  addition  to  each  other,  according  to  the 
two  qmm-    preceding  rule :  thus  the  sum  of  a  and  b  is  a  +  b:  of  a 
Alg^b'^      and    —  /),    is    a  +  (--b)  =  a~b:   of  —  n    and 
-«  +  (-(.)=- 


K    Algebra.      ax 


and  similarly  in  other  t 
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27.  (1)        a  (2)         -      a  Ewmples. 

a  —a 


2a  -  2a 


The  first  of  these  examples  might  be  written  thus, 
a  ^  a  =  2a:  or  preserving  all  the  signs,  +  o  +  +  a : 
the  first  +  is  omitted  as  being  understood,  without  being 
written :  the  two  signs  +  + ,  which  come  together,  are 
replaced  by  +  ,  according  to  the  rule  (Art.  7*) 

The  second  example  '^  a  -^  ^  a  is  equivalent  to 
—  a  ^  a,  or  —  2  a,  the  two  signs  -H  —  being  replaced 
by   -   (Art  7.). 

(3)  a  (4)        -  a 

—  a  +  a 


0  0 


These  might  be  written  a  —  a  and  -^a  +  a,  respectively : 
and  inasmuch  as  addition  and  subtraction  are  inverse 
operations  (Art.  10.),  the  results  are  severally  equal  to 
zero. 

(6)     3o       (6)      -3a       (7)      -3a       (8)  3a 

Sa  ^5a  5a  ~-5a 


8a  -8a  2a  —2a 


In  the  two  first  of  these  examples,  the  coefficients  of  the 
like  quantities  3  a  and  6  a  have  the  same  sign,  and  their 
arithmetical  sum  must,  therefore,  be  taken  with  its  proper 
sign :  in  the  two  last,  the  signs  of  3  a  and  6  a  are  different, 
and  the  arithmetical  difference  of  their  coefficients  must  be 
taken  with  the  sign  of  the  greater. 


(10) 


-9^ 


In  these  three  examples,  the  quantities  to  be  added  are 
[  severally  like  quantities  (Art.  21.):  the  first  example  it 
f  equivalent  to  3a+'Ja— 5a  —  ia,  and,  therefore,  to 
10  o  —  9  o  or  a,  the  sum  of  the  positive  coefficients  being 
10,  and  of  the  negative  coefficients  being  9:  in  a  similar 
manner,  the  second  example  is  equivalent  to  3j''— ISir', 
or  —  Qx":  and  the  third  example  to  25abc  —  21  abc, 
or  iabc. 


(12) 


The  symbol  b  disappears,  being  both  added  and  subtracted 
(Ex,  3  and  4.);  the  result  in  this  case,  when  expressed  in 
words,  gives  the  following  general  proposition ;  "  If  to 
the  sum  of  any  two  quantities  we  add  their  difference, 
the  result  is  equal  to  twice  the  greater." 


(13) 


(11)       ti'  +  ab  +  b' 
a'-ab+b' 


The  quantity  b  m  the  first  of  these  examples 
the  second,  disappear  in  the  results. 


(15)     «*  — 3rt'6  +  3a/.'- 


(IC)     a~h 


c-d 


^^jtities  a^b  and  6^  in  the  first  of  these  examples, 
K^f  in  the  second,  disappear  by  opposition  of  signs. 


(17)     a  +  b-c 


-b+c 
-b  +  c 


(18)     7fl— 56  +  3c 

2a-36_7c 

n  +  2(i  +  3c 


3.-6  +  e 

(19) 

—  rs+r 

»"- 

-2j;s  +  y' 

10 

.-64-    ,.■ 

(20) 

J7(/ 

-7xj  +  Sy' 
+  2x'-3/ 

Si" 

-6xy  +  2/ 

I  Ik  Aiv  (Art.  21.)  quantities  must  in  all  cases  be  combined 
I  tanber,  whether  they  appear  imdcmcath  each  other  or 
M:  and  it  is  generally  expedient  to  airange  the  quantities 
I  the  moilt  ^^  much  as  possible  in  alphabetical  order, 
I  ^m^  they  may  not  appear  so,  in  the  expri.'ssions  to  be 
MM. 


(21) 


-3a-ib  +  5c 

-    a  +  2b-3d 

3b-ic  +  tie 

7c-8rf-9c 


-ia  +  b  +  8c~Ud-3c 
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(22)  3a6*-4o*6  +  a' 

-7fc»    +2o«6-6oc'' 


6a'-2a*b-3ah*-Tb'-22ac''-c' 


(23) 


a» 

— 

aa 
2 

+ 

3 

3 

+ 

4 



"6 

2o*       aa?       2  a?- 


In   this  case,   we  must  subtract   the  fraction  j  from 
^  from  ^  and  (  from  ^,   in  order  to  get  the  respect 
coefficients  of  a*,  aw  and  /r^  in  the  result. 


bed 
(24)  a  -  .   +  g  -  J 

^   I   *        ^        ^ 
4^3       2  ^ 


a        6       c        d 
5        4       3       2 


19a      66       ^    I    ^ 
W  ""12  "*■  6  "^  4 


In  this  example,  we  must  subtract  ^  from  the  sum  o] 
and  -g,  J  from  the  sum  of  -i-  and  ^,  ^  from  |,  and  the  s 

of  -^  and  ^  from  1,  in  order  to  get  the  respective  coefficie 
of  a,  by  t  and  cf. 


KTht   operalioii  of  stibtraction  is  deiiolL'J  l>y  the  s 

,  when  combined  with  the  signs  of  eac)i  of  thg 
I  to  be  subtracted,  will  change  them  all  (Art.  7-)- 

Bvif.  /«  order,  Ikerefvre,  to  mhtract  one  or  more 
A  of  algebraicat  quantities  from  each  other,  we  must 
Ange  the  »ignit  of  all  the  qttantitiex  to  he  mtbtraded, 
mi  Aen  pTftceed  as  in  additum. 

In  performtng  the  operation  of  subtraction,  we  usually 
fbx  the  quantity  to  be  subtracted  beneath  the  other,  as 
it  the  subtraction  of  numbers  in  arithmetic:  and  then 
ImiUjf  supposing  the  signs  of  all  the  terms  in  the  sub- 
nriMsd  to  be  changed,  we  proceed  as  in  addition. 

29-     When  we  speak  of  the  difference  of  two  quantities  ' 

a  ilgebro,   we  mean  the  result  of  the  subtraction  of  the  ^ 

c«Qud  from  the  first,  according  tu  the  algebraical  meaning  " 

:    tf  the  term  :    thus,  the  difference  of  a  and  6,  is  a  —  b:  of  jj 

a  antl  —  6,   is  a ft,  or  a-\-b:  of  —  a  and  ft  is   —  a  —  h: 

-a  and    —ft,  is    —  n ft,  or   —  o  +  ft:  and  similarly 

■  ocber  cases. 

30.     'When  the  sign  —  is  placed  before  a  set  of  (]uan-  E 
Am>,  included  between  brackets,  and  when  tho^c  brackets  ^ 
itnnovctl,   it  must  be  combined  with  the  sign  of  every  f< 
B  i0  included,  and  must  consequently  change  them  all 
i   a  +b—  (a  —  b)   ia  equivalent   to  a-^b  —  a  +  b  =  2b 
.(_3a  +  7A-4p)  =  «  +  3«-7ft  +  ic=4a-7ft  +  4c 
■  .  { J  -}.  jf )  =a  —  .r  —  y,  and  similarly  in  other  cases. 

l^be  vinctttum  is  sometimes  used  instead  of  brackets : 
iIhk  a <^-J- y>  =  «  —  •>'+ y:  if  the  wjck/mm  in  this  easi- 
ly nroducccl  too  far  towards  the  a,  as  when  written  thus, 
i-~a+tf,  the  expression  may  be  confounded  with  «— j;+y, 
»{«  —  »•  +  y) ;  *"  anibiguity  wliich  may  very  easily  arise 
IVsoi  tn(li)itiitct  writing;  it  is  on  this  account,  that  the 
raicu/uM*  '"  •^'*'y  W"*^  ^y  modern  algebraical  writers. 


I 


31,  We  sometimes  use  hracketa  within  brackets,  as 
the  expression  a  —  {6  +  (r  ~  rf)  J  :  wlicn  we  remove  the  £ 
ternal  brackets,  this  expression  becomes  a  —  b  —  {c~i 
which  is  equivalent  to  a—b—c-\-d:  it  may  be  rca<li 
seen  from  this  example,  in  what  manner  the  brackets  m 
be   removed  in  more  complicated  cases. 


Euunplcfl.  3fi.        (1) 


(2) 


(3) 


(4) 


These  examples  are  equivalent  to  a  —  o,  —  a  +  o,  o  +  i 
and  —a  — a,  respectively:  and  correspond  to  the  foUowin 
examples  in  addition:   (27)- 


w 


(/3) 


(7)    = 


(6)     7™ 
3a 


(G)    -7"        (7)      7«        (8)    -7 

-3a  -3a  3 


These  eKampIes  are  equivalent  lo'Ja  —  3a,  —  "J a  +3a 
7  a +  3  a  and  -^a-Sn  respectively,  changing  the  sigi 
of  the  quantity  to  he  Rubtracted. 


(9)' 


(10)  a-h         (U)      n  +  b        (12)    -«-/. 
n  +  ft  -a  +  b  a-b 


These    examples    are    equivalent    to     n  +  /i  —  (n  —  b)> 
a-b-  {a+b),  a  +b  -  (-»+ft),  and  -«-/>-  (a-6)» 

or    to    (,  -b  —  n  +  h.    ,i-  h-a  -  h.    a  +  b  +  a  —  b,    and 
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-•— b--o  +  hj  regpectivdy:  the  quantity  ta  be  sub- 
ncted  being  induded  between  brackets,  with  the  negative' 
iffk  ipteceding  in  one  case,  and  the  brackets  being  remote 
■d  die  ngna  ci  the  terms  included  between  them  changed, 
mdie  other. 

(13)  a-6  +  c-d 

a+6— c+d 

—  26  +  2c— 2d    or  -2(6— c  +  d). 


Iithiscase  we  have  put  down  — 2(6— c  +  d)  as  equiva- 
lest  to  — 26  +  2c—  2d,  which  will  readily  appear,  if  we 
RBore  the  brackets,  change  the  signs  of  the  terms  which 
6ey  indude,  and  multiply  them  by  2 :  such  a  change  of 
iorm  is  finequently  oanvenient,  and  even  important,  when 
KTcnd  tenna  have  a  common  coefficient,  such  as  2  in  this 


(14) 


a  +  b-^C'-d 
a  — 6  — c  +  d 

26-2d      OT  2(fr-d). 


In  this  case,  2 (6  —  d)  is  equivalent  to  26— 2d. 
(IS)      a'  +  as  +  w^  (16)     o'+3a'a?  +  3od?^-ha?^ 


2ax 


6a\v  +  2ar^ 
fiiiii 


Compare  with  these  examples,   Ex.  14  and  15  (Art.  27). 


(17) 


2(a  +  6)-3(c-.d) 
a  +  b  -.4(c-d) 

a  +  6  +  c  — d 
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In  this  example,  we  oonrider  a+6f  and  c— d  as  simple 
terms:  if  the  brackets  were  entirely  removed,  it  would 
stand  as  follows: 


3w 
(18)         .  -  ^ 


w 

'-5 


a  ^  h  '^  w 


In  this  case,  we  have  to  subtract  the  coefficient  \  from  the 
coeflBdent  \  :  the  remainder  is  1,  and 

3^       a 


(19)        -  I  + 1 

2a-6  -c 


~  o  +  s  +  — 
2       3 


(20)       i_^-i?  +  f 

^     '         2        2         4   ^3 

36  +  llf-2_f 
4  3 

5a  59 

12  12 
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In  the  last  example,  firom  the  sum  of  ^  and  |  we 
■nst  subtract  |  in  order  to  get  the  coefficient  of  a: 
ad  from  the  sum  of  |  and  ^^f  we  must  subtract  ^  in 
crier  to  get  the  coefficient  of  a:  the  quantities  in  the 
fsult  are  then  arranged  in  alphabetical  order. 

(21)  3«  — yy^'C^^  2y)  — (4y  —  7*)*  or  removing 
tke  faradcets 

3»-7y-«-2y-4y +  7«-9«— 13y. 

Or  thus :  write  ^  +  3y  and  4y  —  7^9  successiyely  beneath 
3x — 79»    as  in  addition,    dieir  signs  being  previously 


34^ -7y 

-«  —  Sy 

—  4y  +  7^^ 


9ar  -  13y 


This    would    be   the  answer    to   the   following  question: 
^*It  is  required  to  subtract   »+2y   and   4y  — 7^  ^^ 


(22)      a  +  6-(2a-36)-.(6o  +  76)-(-13o  +  26) 
=  a  +  6- 3o+ 36 -5a +  76  + 13a- 2 6 
=:7a-56. 

Or  thus: 


a 

+  6 

-2a 

+  36 

-5a 

-76 

13a 

-26 

7« 

-56 

=W*  +  2xy  +  t/*-ii^~  a>y+y'  +  {2x!f  —  a)*~t) 
=^py  +  2y''+  (2j:y-x*-s') 
=  xff  +  2y'+2ry-j'-y« 

In  this  case,  we  first  remove  the  exterior  brackets,  a 
reduce  the  quantities  which  are  external  to  those  whi 
remain:  we  then  remove  the  remaining  brackets  and  i 
duce  tlie  quantities  by  collecting  like  quantities  togetht 
and  arranging  them  in  the  last  result  in  alphabetical  ordt 

(24)  a-(o  +  6-{o+6  +  e-(«  +  6  +  c  +  rf)}) 
=  a-a~b-i-{a  +  b  +  c  —  (a  +  b  +  c-i-d)} 
=  -b+{a  +  b  +  c-(a  +  b  +  c  +  d)} 

=  a  +  c~{a  +  b  +  c+d) 

~a  +c ' a-b-c-d 

=  ~h  —  d,      or-  (6  +  d). 

In  this  case,  we  liave  a  triple  set  of  brackets,  wliich  i 
successively    removed,     the     quantities    external    to    then 
being  previously  reduced  to  their  most  simple  form. 

33.  The  method  of  denoting  the  operation  of  mul- 
tiplication has  been  explained  in  Art.  8. 

It  will  be  convenient  to  consider  three  cases  of  this 
operation,  according  as  the  quantities  to  he  incorporated 
by  means  of  it,  consist  of  one  or  more  terms. 

3i.  When  the  quantities  to  be  incorporated  are  mono- 
nomials,  (15). 

In  determining  the  product  of  two  or  more  algebraical 
quantities,   each  consisting  of    one   term,   we   must   first 
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rit&  *ign:   secondly^  iu  numerical  mpgicieni;   aiid 
iDy,   the  symbols  involved  in  it. 

'  RvLB.      Tha  sign  of  the  prodw^   i»  determined  h/ 
t  general  principle  stated  in  Art.  7- 

''  eoeffident    ia  found  by  multiplying 
coefficients  of  ail  the  quantiiies  together, 
man  arithmeHc. 


Mt    foith    its   proper   sign    we  must 
gymboU  in  alphaheiival  order,   incttrporaiing 
tetter    tohen    il  occurs    more  than    once    or 
I  fmtrs  of   the  same  letter,   by  the  general  principle  of 
tchit-h   is  given  in  Art.  12, 


C3) 


=  ab. 


(2) 


<  —  b  ^  ab.     EiaoipIcE. 

<  b  =  —  ab. 


TWae  (bur  results  express  the  rule  of  signs  as  applied 
It  the  imcorpomtian  uf  algebraical  ifuantitiee  by  the 
of    multiplication. 


<5)  3a   X   56  =  15rt6.  (6)  -   7a  x   -96  =  63o6. 

(7)  2j-  X  —\\y=  ~22jv.  (8)  -\3xx\5y^-\^5xy. 

la  thfsc  rxamples,  wc  first  determine  the  sign,   secondly, 
Ar  autnerical  coefficient,   and,  lastly,    the  product  of  the 
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(9) 
1  fVactioniU  coefficients  -  and 


in  the  first   example, 


iumI    rr   in  the  second,   are  midtiplied  together   : 
'  multipUcalion  of  fractionb  in  coinitton  arithmetic. 


S2 

(11)     -g^yx  -ig^y«=25'»V«f- 

4  3 

The  product    of  the  fractions    p  and  -^^  is  reduced 

5  lb 

its  lowest  terms :  the  symbols  m  and  y  severally  oc< 
twice  in  the  product,  and  their  products  are  therefi 
denoted  by  ^'  and  y^  (12). 

(12)     ^afcVx  -^a«6'c*=-Ha'6«cl 
^     ^     12  44  48 

The  product  of    — -   and  —-,    or  -— -'    reduced    to 
^  12  44  528 
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lowest  terms  is  — :  the  product  of  a  and  c?  is  cquivale 

to  a':  of  }?  and  6^  is  equivalent  to  6^:  and  of  e'  and 
is  equivalent  to  c^  (12). 


(13)     7  X  %  ^TX'   ^^  meaning  of  this  notation  ai 

the   principle    upon    which   this   result    is   founded,    ai 
explained  in  Art.  11. 

a       a       aa      a* 

(16)  7  X  6  =  —-  =  a:  in  this  case  a  is  both  multi 

plied  and  divided  by  the  same  symbol,  and  therefore  it 
value  is  not  altered.    (Art.  11.) 

a      b       ab      a  ab 

(17)  r  x-  =  -7—  =  -:  for-p   =a:   and  therefor 
b       c       be      c  b 

ab      a 
_  =  ... 

be      c 


28 


It  follows  firom  hence,  that  a  symbol  which  is  common 
to  the  numerator  and  denominator  of  an  expression  under 
1  fractioiial  form,  may  be  struck  out  without  altering 
in  Talue  or  nirnification. 


1     0«) 

ajT       1       ax      a 
6         X      bx      h 

1     (W) 

^        1         «•        XX 

dr'x-  =  —  =  —  s=«. 

XXX 

1    (») 

a       6*      a&'      abb      ab 
b  ^  c'"  b^~  bc^~  i?' 

(21) 

asB  ^  by        abxy         abxy          ab 
y*        c^       ca^y^  "  cxyxy  "^  cxy 

(22) 

«•«'       cy*        a^ca^f^       aca^y^y 

b'y*        aa*  ~  ab'ai*y*  ~      b'a/'y'm  " 

b^x' 

The   resiilts    in   these  five   last   examples    are  explained 
upon  the   principle  mentioned  in  Example  17* 

(23)  3ax  —  66x— 7^  =  105  abc. 

We  first  determine  the  sign,  which  is  + ,  since  the  sign 
of  the  product  of  the  two  first  factors  is  — ;  secondly, 
the  coefficient  by  multiplymg  3,  5  and  ^  together;  and 
lastly     the    literad  product,  which  is  abc. 


(24) 


Sax  —  4a6x  —  5 abc  x  —  6abcd 
=  -  360a*b'r*d. 


3  c' 


(25) 


;    smce  a  is  com- 


1  Sac       c        Sac* 

-     X    X    -    =    J-  : 

a  J?  X         a  x'  r" 

mon  to  the  numerator  and  denominator  of  the  expression 

3a  r* 
ox* 


(36) 


>  or  y 


o»6 


2a^  by  (?  X        2hc'x'yx      St<^«' 

since  bx^y  is  common  to  the  numerator  and  denominator  of 

a'b'x'y 
^bc'x'ye 

(27)  *r  X  »'*'  =  .»**»  =  x^:  for  when  any  power§ 
whatever  of  the  same  symbol  arc  multiplied  together,  the 
result  is  found  by  writing  the  symbol  with  an  index  equal 
to  the  sum  of  the  indices  of  the  factors  (Art,  12,  13). 

(28)  a;!  X  Jif*  X  ai*  =  j/i  +  l+i  =  ajU:  upon  the  prin- 
ciple stated  in  the  last  Example. 

We  shall  devote  a  separate  chapter  to  the  conaideratioD 
of  indices  and  the  incorporation  of  quantities  in  which 
they  are  involved:  the  examples  just  given  and  an  atten- 
tion to  the  general  principle  stated  in  Art.  (12,  13.) 
will  be  quite  sufficient  to  enable  ub  to  treat  them  in 
ordinary  cases. 

We  have  taken  it  for  granted  that  the  operatioo 
denoted  by  x  ,  is  identical  with  arithmetical  multiplica- 
tion, when  the  quantities  incorporated  ore  numerical:  we 
shall  consider  the  relations  of  the  operations  of  multipli- 
cation in  Algebra  and  Arithmetic  more  at  length  in  the 
next  chapter. 


36.  When  one  of  the  quantities  to  be  incorporated 
^insists  of  more  than  one  term. 

Rule.  Multiply  successively  thr.  viononomial  or 
mononomials  into  every  term  of  t/ie  }>olynomial,  attd 
connect  tbe.  results  together  with  their  proper  signs. 

37.  (1)     «x  («-(- ft)  =  «(«-}- A)  =«'+«*■ 

(2)  «(6  +  0  =''ft+«c. 

(3)  .ry(.r~,,)  =  ,r.v  -  ~vy'. 


is 


(4)  •rf  _  *^=^-^=?l_l 

^'     b\b         a)      V      ab      b*       ' 

far  the  product  of  a^  and  a  is  a'*''^  or  ai,  and  of  «ft 
«1  #  is  jr^-^*  or  jfi.      (12,  13.) 

(8)      ^o  (n/*  "•^/^)  —  ***  (tfi-  J?*)  =  a— di^. 


k  tkb  case^  we  replace  ^a  and  ^m  by  the  equivalent 
'   and  4r*     (13). 


(9>     €»  X  -afr  X  -.(aA^-a>6) 

(10)       —  a*  «  X  —  a  4?*  X  —  (a  +  a  0?  +  *  ) 
•    = —i«'4E?  (a* -f  ««  +  «*) 

=  {<•«'  — a*  a?*  — a'**. 

_  fc«  x/'t  -2+  -')=a6-26»  +  — . 
\6  a/  a 

(12)      €ii«*  X  — a»  X  —  alfl7l(a*«*  —  a  — ») 

^  €1^4^  (0*4:*  — a — 0?)  =  €L^ w^  —  a* a;*—  a*4?*- 

In    this    €5aae   cf  xa^^  o*+*=  a*'  and   a?'  x  a?*  =  a?'"*** 

*     (la^) 


X 

D 


M 


I'CiK  3.  38.     When    two   or   more   of    the   quantities    to  1 

incorporated  have  more  than  one  term. 

RttLB.  MultipUj  successively  each  term  of  or 
polynomial  into  every  term  of  l/ie  other,  and  add  tl 
resulting  products  together. 

If  there  are  three  factors  to  be  incorporated,  w 
must  multiply  the  third  into  the  product  of  the  othe 
two:  and  so  on,  whatever  be  the  number  of  factor 
which  are  to  be  multiplied  together. 

Jn  performing  this  operation,  we  generally  plac 
the  factors  underneath  each  other,  as  in  the  multipli 
cation  of  numbers  in  arithmetic,  and  commence  witi 
the  terms  on  the  right  hand:  the  partial  products  an 
then  arranged  underneath  each  other,  like  terms  beinf 
placed  as  much  as  possible  tinder  like  terms,  in  ordei 
to  make  their  subsequent  addition  more  easy  and  ewpe 
ditious. 

This  is  the  general  rule  for  the  multiplication  ol 
compound  algebraical  quantities:  in  many  cases  howevei 
there  are  methods  by  which  the  process  may  be  greatly 
shortened,  some  of  which  will  be  noticed  amongst  the 
examples  which  follow: 


(1)     Multiply  a->r  b  into  a  +  b. 


Multiply  u  +  b  by  H 
Multiply  a+b  by  6 


Placing  the  like  terms  (a&)  underneath  each  other. 


a  +  b 

a'  +  ab 
+  ab  +  b' 

a'  +  2ab  +  lf 

This  is  the  square  of  a  +A  (Art.  11),  and  tlie  result  may  1 
tr  expressetl    in  'words,   as  follows:    "The  square  of  the 
wo  a(  two  quantities  is  equal  to  the  sum  of  the  squares   i 
J  llw  two  quantities,  together  with  twice  their  product.'^ 

(2)         To  find  the  square  of  a  +  b  +  c. 
a  +  b  +  c 
a  +  b  +  v 

Nultiplj  ffl  +  6  +  cby  n      a*  +  ab  +  ac 

_. a+b  +  chy  b  +ab  +  b''+bc 

, a+b-i-chyc  +ac  +  l>c  +  c° 


o°+2n6  +  fc'+2oc  +  2ftr  +  t!- 


Or  {a  +  b  +ry  =  a-  +  b'  +  c''  +  2ab  +  2ac  +  26c. 

The  following  process  of  reasoning  would  shew  in 
■hit  manner  this  result  may  be  declticed  from  that  ob- 
Utacd   in   the  last  Example. 

In    the     first    place    (a  +  6  +  c)"  =   J  (n  +  A)  +  c}  '  :  " 
the  result     required    involves   therefore   (a-\-b)',    or   the 
quarcr  of    the  first  term  (a  +  ft),   and  therefore  it  involves 

In  the  second  place,  the  residt  required  must  consist 
■ntiirly  of  quantities,  such  as  a^  and  ab,  or  the  squares 
ad  products  of  n,  h  and  c:  for  the  process  of  multipli- 
cadon  io  this  case  can  produce  quantities  of  two  dimensions 
tnly. 

In      the    third   place,     (n  +  6  +  c)'  =  {a  +  c  +  ft)»   ! 
=  (A+n  +r)'=(fi  +  c  +  o)''={/T  +  a  +  6)'={p  +  6+'7)* 
(An.  9)  '■  "*  other  words  the  result  is  the  same,  in  whatever 
—  -        tM^  b,  c   succeed   each   other;   it   must   therefore   be 


Mode  of 
fomiing  Ih^ 
sqtuue  of  • 


■  Vid<  EudU.  Book  tl.  Pfop.  ' 


tymmetrical  with  respect  to  each  of  tho§e  quantities,  i 
they  must  be  equally  and  similarly  involved,  so  that  i 
change  may  talte  place  in  the  result  by  their  interchanf 
with  each  other. 

One  term  of  the  result  is  a' :  b'  and  c*  must  be  equal! 
so,  otherwise  it  would  not  be  st/mmetrical  with  respei 
to  a,  b,  c. 


One   tenn  of  the  result  i 
be    must    be   equally    so,    in 


ab:  therefore  2ac  an 
order  that  it  may  b 
symmetrical  with  respect  to  a,  b  and  c:  suppress  one  c 
them  or  alter  their  coelFicients  and  it  is  no  longer  sc 
The  result  can  involve  no  negative  term;  we  may  fron 
hence  conclude  that 

i_a  +  b  +  cy  =  a^  +  6'+c'  +  2a6  +  2a(r+  26r. 

Method  of  The  same  reasoning  leads  necessarily  to  the  following 

forming  ihc      j     f       jj^     formatioQ  of  the  square    of   any    number  ol 

square  of  ■    ,  ,  - 

•uy  number  terms  connected  by  the  sign   + . 

jf  terms. 

The  square  consists  of  the  sum  of  the  squares  of  all 
the  terms,  together  with  the  sum  of  twice  the  several 
products  which  are  formed  by  multiplying  those  terms 
two  and  two  with  each  other. 

Thus,  (a  +  fc  +  c  +  d)*  =  o''  +  6*  +  c*  +  rf^  +  2a6 
+  2flf+  2ad  +  26r4-26d  +  2crf. 


Also,  («  +  6  +  c  +  d  +  c)*  =  a'  +  6"  +  c'  +  rf-  +  e- 
+  2o6  +  2oc  +  2ad  +  -2ae  +  26c  +  26d  +  26e 
+  Scd  +  3ce  +  ide. 

In  forming  the  products,  it  is  important,  in  order 
that  none  may  be  omitted,  to  adhere  strictly  to  the 
alphabetical  order:  multiplying  2a  into  b,  c,  d,  e,  which 
follow :  secondly,  26  into  c,  d,  e:  thirdly,  2  c  into  d,  e: 
and,  lastly,  2d  into  e. 


a)      (•  +  a*  -I-  «**)•  =  a*  +  o*jr'  +  B««*  +  2o'» 

=  «'(1  +2a>  +  3df'  +  2ap'  +  »*). 

b  lluft  cmse,  -we  form  the  square  of  the  trinomial  a  +  ax 
+  «**,  by  the  general  rule  investigated  in  the  last  Ex- 
t^;  first  "writing  down  th«  squares  uf  the  several 
MUL,  Mid  then  twice  their  products  two  and  two  suc- 
■■vtly:  the  next  step  is  to  arrange  the  terms  according 
btke  powers  of  f,  collecting  also  like  terms  into  one: 
it  IsBt  form  (^rhose  identity  with  the  one  before  it  may 
ktaoertained  by  multiplying  a' into  the  expression  between 
^  brackets),    is    shorter,   and    therefore   generally  more 

fmuent   than  the  one  before  it,  where  the  same  quan- 
I  ■*  is   repeated  five  times. 
— *into  (fl  -6)  —ab  +  b' 

«*-  2afc  +  6* 


F(4)  (1  +  2*+  3*'+  4j>')-=1  +  +,r'  +  9j^'+l6.r* 
[4»+6*'+8jf'+12«'  +  16.i»'  +  24a!*=l  +  4^  +  10a>* 
fSOa*  +  25.1-*  +  24.B*  +  16,r^ 

(5)        To  find  the  square  of  a  —b. 


Multiply  <i  into  (a  —  b) 
-*  into  (fl  —  6) 


IVa  result  nuy  be  deduced  from  the  law  of  formation  Mode  of 
rf  the  square  of  a  +  6  which  is  given  in  Ex.  1 :  it  is  J^J^^J 
■erelr  necc*i'«*'y  to  put  a  —  b  under  the  equivalent  form  ■'-*  ft* 
a  i-  —  bf  or  for  greater  distinctness,  under  the  form  '  ""^ 
,+  (_&):  we  lhu»  get  (a  ~  by  =  {a+ (  -  b)y 
-a'^.  2«  (-*)  +  (-  A)'  =  <»'-  3a6  +  6';  since 
*■(-  A)  =  —  ^«*«  ■nt'  {—  6)*  =  —  fc  X   -  A  =  6'. 
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Upon  a  similar  principle,  we  may  find  the  square 
^a  —  6  — c)   from  that  o{  a  -{•  b  -{•  c:   for   (a  —  6  —  < 

=  {a  +  (-  6)  +  (--  e)}»  =  a'+  (-fe)»  +  (-  e)'  +  S 

i^b)  +  2a(-c)  +  2(- 6)  (-C)  =o'  +  6*  +  c»-.2i 

—  2oc  +  26c. 

(6)  (a  -  6j?  +  c<r'  -  dar^y=  o*+  6*a?*  +  c'a?^  +  cf 
-2abw  +  2acaf^  -  2ad<r'  —  2feca?^ -f  2feda?^  —  2cd. 
=  a*  — 2a6a?+(2ac  +  6')a?*— 2(ad  +  6c)a?3  +  (26d  +  c*> 

-  2cd/r*  +  cPaP. 

The  square  required  is  formed  from  the  law  of  fom 
ation  of  (o  +  6ar  +  ca?*  +  da?y^  those  products  bein 
negative  which  involve  one  only  of  the  two  negati\ 
terms  ba  and  doo^i  the  last  result  is  arranged  accordin 
to  the  powers  of  x,  considering  the  other  symbols  as  cc 
efficients  (Art.  14),  and  therefore  treating  those  term 
which  involve  the  same  power  of  x  as  like  terms^  ani 
consequently  collecting  them  into  one. 

(7)        Multiply  o  +  ^  ^^^  a-^b. 

a  +  6 
a  —  6 


Rule  for  This  result  expressed  in  words  gives  the  following  pro- 
j^JJtof  position:  "The  product  of  the  sum  and  difference  of 
thefomand  two  quantities,  is  equal  to  the  difference  of  their  squares.*" 

diffisranoe  of 

j^  quan  -  ^  ^\^\^  result  affords  an  easy  and  rapid  method  of  forming 
the  product  of  two  expressions,  which  only  differ  from  each 
other  in  the  signs  of  one  or  more  of  their  terms :  the  rule 
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B  1ft  tcUawsz  ^^Fiom  the  square  of  the  sum  c^  those 
terms  which  have  the  same  signs  in  both  factors,  subtract 
die  square  of  the  sum  of  those  terms  whose  signs  are 
(fiferent :   the  result  is  the  product  required.*^ 


The  fciUowing  are  examples : 
(a)     To  find  the  product  of  a  +  b  +  c  and  a  +  b  —  c. 
The  factcNTs  are  the  sum  and  difference  of  a  -|-  6  and  c. 
The  product  =  (a  +  6)«  ^0*^:^0"  +  2ab  +  6«  -  c». 

(^    To  find  the  product  of  a  —  6  +  c  and  a  +  b  —  e. 

The  factcNTs  are  the  sum  and  difference  of  a  and  6  —  c : 
ftr  if  we  add  them,  we  get  a  +  b  —  c^  and  if  we  subtract 
tWm,  we  get  a  —  (6  —  e)  or  a  —  6  +  c. 

Their  product  is  =a«-(6-c)*=  a«- (6*- 26c  + c^ 
=  a*-6*+26c-c*. 

{y)     To  find  the  productof  o  —  64-c  —  d,and  a4-6  —  c—d. 
The  factors  are  the  sum  and  difference  of  a  -  d  and 

/.  (a  — fe  +  c-d)   (0  +  6-c-d)  =(a-d)»-(6-c)« 
=  o«-2ad  +  d*-.6»  +  26c-c« 
=  a'-6'-c'  +  d*-2od  +  26c. 

(r)      To  find  the  product  of  a^  +  aof+x*  and  a*—  cur  -f  jr^ 
The  factors  are  the  sum  and  difference  of  a*  +  a^  and 

(e)      To  find  the  product  of  a'  + 2a^4P-{-2aa?^  + j^  and 
a*-2a*j?  +  2ad?'  — af'. 


The  factors  are  the  turn  and  difference  of  i^  +  2a, 

aiid2a^4p+^; 

=  a^+4aV+4aV-4aV-4aV-/p® 

The  same  product  would  arise  from  multiplying  c 

'\'na^off'{'naw^'\'ai^  into  a^  —  na^a^-^'naar  —  ai^y  or  o'  +  a 

into  a^'^a^y  or  cf'^w^  into  o*  +  a*j7*  +  ^\   or  a— a?  int 

!**  +  «* ar  +  a'^H-a^/p^-t-aa?*-*-*!?^,   or  a  +  a?  into  a^--a\ 

(8)      Multiply  d7  +  a  into  a?  +  6* 
^+6 


+  6d?  +  aft 


The  result  is  arranged  according  to  powers  of  a?, 
and  consequently  am  and  hm  being  considered  as  like 
quantities  are  collected  into  one  term,  which  is  (a  +  6)  oo. 

The  following  three  results  are  connected  with  the 
above  and  deducible  from  it,  by  a  change  of  the  signs 
of  a  and  6,  in  the  factors  and  their  corresponding  products. 

(a)       (/r  — o)  (a?  — fe)  =  /F*  —  ax'^hoi  ^ah 

=  j?^  «.  (a  .j.  6)   w  '\'ah\    since   —  a  a?  —  hx 
=  —  (a  +  6)  /r. 


(^     (j-  +  a)    (»  — 6)  =  Jt''  +  o*  — fcjT  — 06 

=  x*  +  (^a  —  b).v  —  ab:  dnce  a^— 6a.  =  (o  — /»)  .v. 

=  jr"  —  (n  — d).r— a6:   since  — fl* +  &-»  =  —  («— A)  a 

Thtrse  four  results  merit  particular  attention,  from 
iJ»nr  importance  in  the  theory  of  quadratic  equations. 
They  furnish  also  the  law  of  formation  of  a]l  products 
like  the  following. 

(5)  («+   3)  (jv+   S)  =  j^+   8x  +  lS. 

(«)  (*-  4)  (»-ll)  =  ««-lS«  +  44. 

<£)  (*+   7)  («-    1)  =  **+    6.r-7. 

(i,)  («-10)  (jf+  9)  =  »*-«-90. 

9-      To  find  the  cube  of  w  +  ft, 

a  +  b  , 

0  +  & 


o*  +  2a6  +  ft'      =(0  +  6)'.   Ex.1, 
d  +  ft 


+  o*4  +  2a6^  +  6' 


o*  +  3a*6  +  3o6«+6*      =(a  +  6)'. 


Id  tilts   case  (a  +  &)*=(&  +  a)',   and  the  result  is  sym- 
aujtri/fif   with  respect  to  a  and  6. 

Jd  a  similar  manner  (a  +  b  +  c)'  must  be  symmetrical  f 
^ith  respect  to  a,  ft,  c:  and  since  (a  +  ft  +  c)'  =  " 
l(a  +  *)  +''i  •  '''^  result  involves  («  +  A)'  and  therefore 


J 


I 


a*  and  3u*b:  it  consequently  involves  b^  and  c',  and  evei 
different  form  of  3a'fc  wliich  can  arise  from  putting  a  i 
the  place  of  b  or  c,  b  in  the  place  of  a  and  c,  and  c  i 
the  place  of  a  and  6 :  it  also  involves  3  (o  +  6)'  c,  an 
therefore  Babe:   consequently 

(o  +  fc  +  c)'  =  o'  +  ii'  +  c'  +  3a*6  +  3a=c+3a&' 
+  3oc'  +  36*c+3fcc*  +  6afcc. 

=  a'  +  3a'(-6)  +  3a(-6)«+(-ft)' 

=  o*  — 3a°6  +  3a6'—  6';   since  (—  b)°=  b*  and 

The  cube  of  (a  -  b)  differs  from  the  cube  of  a  +  b, 
merely  in  having  the  signs  of  those  terms  negative,  which 
involve  b  and  its  odd  powers. 

(10)        To  find  the  fourth  power  of  {a  +  b). 
(a  +b^=       a"  +  30=6  +  3a(>*  +  6* 


(«  +  fc)'  = 


a*+ 3o*A  +  3a*  6*  +  ab' 

+  a'6  +  3o"  &'  +  3afc'  +  5* 

a*  +  ia'b  +  6o*5*  +  4a6'  +  6'. 


By   the    same   reasoning   as  in   the   last   example    wc 
shall  find 

(a-h)*  =  a*~ia'b  +  6a^b*-iab''  +  b*. 

By  a  similar  process  of  reasoning  to  that  which  was 
(u+b+c)>  employed  in  deducing  the  cube  of  a  +  b+  c  from  that  of 
a  +  b,  we  should  find  the  fourth  power  of  a  -|-  6  +  c  from 
that  of  a+b:  thus  (a  +  b  +  c)*  =s  a*  +  6*+  c*  +  4a*6 
+  4a'c  +  4rt6'+  4«c'  +  U'c  +  46c'  +  60=6*  +  6a'c' 
+  66*(!°+  i2a''bc  +  12fl6*c  +  \Sabc'. 
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(11)       (o  ■l-t)'  =  a'+5a'b  +Wa'b'+Wa'b'+Sab' 

♦  *■. 

It  is  evident  from  the  mode  of  forming  the  powers  !"■  ob- 
rf  « +  6,    that   the   number  of    terms  in  the  result   will  j,^  (g^^_ 
exceed    by    unity    the    index    of    the    binomial :    for    there  "'""  "^ 
«c  two  temiB  in  a  +  6,  three  in  (a  +  6)\  four  in  (d  +  6)',  ^f  *" 
nd    so    on,    one    term   being   added    by  every    successive 
■nldplicatiott  by  a  +  b. 

It  is  likewise  evident  that  the  numerical  coefficients 
tt  tbe  terms  taken  from  the  beginning  and  the  end, 
me  identical  with  each  other:  for  otherwise,  if  we  put 
a  to  the  place  of  b,  and  b  in  the  place  of  a,  the  result 
•Quld  no  longer  be  the  same  as  before,  which  it  ought 
li  be*  siiioe  a  and  b  are  equally  involved. 

Tbe  odd  powers  of  b  arc  involved  in  the  second, 
faurth,  and  other  terms,  whose  places  are  designated  by 
next  numbers:  the  signs,  therefore,  of  the  even  terms 
nlv  will  be  changed,  when  we  put  —  h  in  the  place  of  6. 

The  law  of  formation  of  any  power  of  n  -f  6,  such 
m  (a+  by,  constitutes  the  celebrated  binomial  theorem, 
mi  will  form  the  subject  of  a  lengthened  discussion  in 
a  nibsequent  chapter. 

(13)  To  find  the  product  of  ai  + a,  a-\-b,  and  ar  +  e- 
U  +  «)U+6)=i'  +  (a  +  '')*  +  a6.     Ex.6. 


-\-cx*+-  (a■^■b)ca!•^-abc 
.~,f{x  +  b)ii  +  e)=i'  +  (a+b+c)s^+(ab+ac  +  bc)i+abc. 


In  deducing  this  Ust  result,  we  must  observe  thut  (<i  -f  6) 


^^^H^  t^+  cx^=\{a  +  b)  +c}  ii^=!{a  +  b  +  c)  x':  and  also  thi 

^^^r  abx  +  (a  +  b)  ca!={ab  +  (a  +  b)c]  w=(ab  +  ac  +  bc)i 

W  the  last  form  being  adopted   as  being  more   symmetric 

I  than  the  one  before  it. 

I  By   attending   to   the  form   of  this   product,   we  ai 

I  enabled  without  much   difficulty  to  form  the  product  c 

I  ,r  +  a,   ,t\+  b,   iu  +  c,    and   .v  +  d;   for  it  is  evident  the 

I  the  result  must  be  symmetrical  with  respect  to  a,  b,  c,  c 

I  The  first  term  of  the  product  is  clearly  i'.    It  also  involve 

^^^^^  aw',  and  therefore  b.t*,  car',  and  d.r^;  and  consequentl; 

^^^^L  the  second  term   is  {a  +  b  +  c  +  d)a-'.     It  involves  aba^ 

^^^^^V  and  therefore  every  other  combination  of  a,  b,  c,  d,  takei 

^^^^r  t^*^  ^^'^  t^(^ -    the  third  tetm  is  therefore   (ab  +  ac-\-ai 

B  +ic  +  6d  +  cd)iF*,      It   involves  abcw,  and   therefon 

I  every  other  similar  combination  of  a,  b,  c,  d:  the  foiirtl 

H  term  is  therefore  (abc  +  abd  +  acd  +  bcd)T:   and  th( 

^b  last  term  is  abed;    we  thus  get  the  complete  product. 

m  or  (ai  +  a)  (x  +  b)  (»+c)  {is  +  d) 

I  *=ai*+{a+b  +  c  +  d)r'  +  iab  +  ac  +  ad-i-bc  +  bd  +  cd)r' 
I  +{abc  +  abd  +  acd  +  bcd)x  +  abcd. 

I  By  a  similar  process  of  reasoning,  we  should  find 

I  (af  +  o)  (w  +  b)(.x  +  c)  i.7)  +  d)(x  +  e) 

K  =  J*  +(a  +  b  +  c  +  d  +  e)x* 

m  +  (ab  +  ac  +  ad  +  ae  +  bc  +  bd  +  be  +  cd  +  ee  +  de)x' 

I  ■+  (abc  +  abd  +  abe  +  acd  +  ace  +  ade  +  bed  +  bce  +  bde 

I  +  cde)  x'+  {abed  +  abce  +  abde  +  acde  +  bcde)  X 

F  +  abcde. 

^*^^  If  we  venture  to  generalize  the  law  of  formation  of 

of  product  these  products  of   binomial   factors   with   the   same   first 

^°\^  term,  such  as  x  +  a,  x  +  b,  Sec.  we  should  find  the  first 
term  would  be  a  power  of  x,  whose  index  is  the  number 
of  factors,  and  that  the   successive  inferior   powers  of  i- 
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mild  appear  in  the  following  terniB:  the  coeflii-ieat  of 
ar  Kcond  term  would  be  the  sum  of  the  second  terms 
d  the  binomial  factors ;  the  coefficient  of  the  third  term 
vnld  be  the  sum  of  their  products  two  and  two;  the 
oAaent  of  the  fourth  term  the  sum  of  their  products 
ine  and  tliree ;  and  so  on  to  the  last  term,  which  ia 
iet  continued  product.  The  formal  demonstration  of 
ib  propontion,  which  is  of  great  importance  in  the  theory 
d  equationst    will  be  given  in  a  subsequent  chapter. 

(.)       (*-o)   (r  +  t)  (,+c) 

^x^  —  {a  —  b  —  c)x'—{ab  +  ac~bc)j~abc. 

nil  result    is    deducible  from    Ex.  12,    by   making   all 
Ane  lerms    in   that  result  negative  in  whicli  a  appears: 
•  dieo  chan^ 
I— a+  6  +  c)  into  —(a  —  b  —  c)  and  {  —  ab  —  ac  +  bc) 
into  ~{ab  +  ac~-lic). 

O)        (x+3)(r  +  5)(i-  +  7)  =  i'  +  15j=  +  71r  +  10S. 

Thn  is  deduced  from  the  general  case :  the  coefficient 
J  the  second  term  being  3  +  5  +  T  =  15:  of  the  third 
kB,  Imng  3x6  +  3x7  +  5x7  =  7^-  »"*!  '•'«  !«»'  t*""™ 
hag  3x  5x7  =  10€- 

(yy         {*-10)  (z  +  1)  (j+4)  =  i'-5i^-46.T-+0. 
1b  dds  esse,    we  have 

__10  +  l+4  =-   S 

— 10  xl- 10x4  +  1x4=- 46 
—  10x1x4  =-40. 


0}  (.r-4)   (l-6)   (r  +  10)  =  :t'- 

la  this  case,   we  have 

—  4  —  6+10  =  0 

_4x  -6-4x10-6x10  = 
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-240. 


—  *» 


-6x10  =  240. 
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(e)       (x  +  2)  (w  +  e)  (x  +  10)  (»  +  14) 

=x*  +  32x»  +  344x*  +  14!08x  +  1680. 

In  this  case,  we  have 

2  +  6  +  10  + 14  s  32, 
2x6  +  2x10  +  2x14  +  6x10  +  6x14  +  10x14  =  344 
2x6x10  +  2x6x14  +  2x10x14  +  6x10x14=1408 

2x6x10x14  =  1680. 

(13)  (x -  o)  (a^  +  o  »  +  o*)  =x»-  o». 

(14)  (x-o)(x»  +  oa!«-o«x  +  o»)=x*-o*. 

(15)  (x  +  o)  (x*-o/p'  +  o«x«-o»x  +  o*)=x'  +  o*. 

(16)  (x-o)  (x*  +  o«*  +  o*x*  +  o»x*  +  o*x  +  o*) 

=x«-a«. 

(17)  (x-l){x*-(p-l)x»  +  (?-H-l)x*-(p-l) 
x  +  1} 

(18)  (o«  +  6*  +  c*— o6-ac-6c)  (o  +  6  +  c) 

=  o'  +  6*  +  c»— 3o6c. 

(19)  (a  +  6  +  c)  (6  +  c— o)  (a  +  c  —  b)  (a  +  b—e) 

=  {(6  +  c)«_o«}   {o«-(6-c)*}     Ex.6. 
=  (6»  +  26c  +  c*-o*)  (o»-6*  +  26c-c*) 

=  (26c)«-(6*  +  c*-o*)*    Ex.6. 

=  2o"-6«  +  2oV  +  26«c*-a*-6*-c*. 

In  this  example,  as  well  as  in  the  one  before  it,  a,  6,  c 
are  symmetrically  involved. 

(20)  (ir  +  aat  +  b)  (x*  +  od?  +  c) 

=  i*  +  (b  +  c-a')x^-a(b-c)x  +  bc. 


+  (a o' +  6  +  6')  J!*  +  iab'  +  a'b)x  +  bb'. 

b  diifi  example,  the  coimection  existing  between  a  and  a', 
M  coeffiaents  of  x  in  both  the  factors,  is  indicated  by 
ng  the  same  letter  a,  merely  distinguishing  it  from 
the  6rst  by  an  accent ;  and  the  same  remark  applies 
ta  h  Slid  b' :  by  means  of  this  notation,  the  relation 
flirting  between  the  product  and  its  component  factors 
B  more  clearly  exhibited  to  the  eye,  than  if  distinct 
•d  indepcDtlcnt  symbols  had  been  used  for  the  same 
pvjmse. 

(22)  (r'+  a^'+  b.v  +  c)  (i*+  a'j-+  h'x  +  c')  =  / 
t(«  +  a'i  x*+  (oo'  +  A  +  fc')  i*+  (o6'+o'fc  +  c+  0)3?* 

Praducts  of  this  kind  are  most  conveniently  formed  ' 
in  the  following  manner:  The  first  term  is  j*:  the  term  . 
iBToKing  J*,  is  formed  by  multiplying  r'  into  a!  x^,  and  " 
■  x*  to  x*,  no  other  combinations  producing  the  same  p 
pover  of  j:  the  second  term  is  therefore  (n  +  n)  x*:  the  " 
idiB  invoU'ing  x*  is  formed  by  multiplying  i^  into  b'  x,  u 
<**  into  a* I*,  and  fc*j  into  j',  and  is  therefore  (aa'  +  6  ^ 
■i-4*)  X*:  the  term  involving  x'  is  formed  by  multiplying 
r  into  c',  ax'  into  fi'i,  &*■  into  a' 3i^,  and  c  into  x*, 
vUdi  IB  therefore  (a6'  + n't  +  <■  4-c')  x":  the  term  involving 
J*  i«  formed  by  multiplying  a  x-  into  c*,  i  r  into  6'x, 
<■  into  n'lf,  and  it  is  therefore  (fc6'  +  ac'  +  o'f)  x*:  the 
torn  inrcdving  x  is  formed  by  multiplying  bx  into  c, 
mi  e  into  b' x;  it  ia  therefore  (!ic'  +  6'c)x:  the  last 
lain  ID  the  product  of  c  and  o'. 

In  some  cases,  a  term  of  the  product  of  two  quantities 
■voWiag  a  given  power  of  some  letter,  according  to  which 
they  arc  Arranged  is,  all  that  is  required :  under  such 
drcumatances,  it  would  be  superfluous  to  go  through 
dK  wbolc  opcrsUon  of  multiplying  the  quantities  together. 


J 


iiiaBmuch  as  the  single  term  requiml  may  be  determiued 
by  the  process  just  described. 

Thus,    suppose  it   was  required   to   find  tlie  term    in- 
volving X*  in  the  product  of 

**  +  Oj  ar^  +  Oj  0*  +  a,  a;  -t-  Oj 

X*  +  A^j^  +  AgX"  +  AgX  +  A^. 

By  collecting  together  those  combinations  of  terms  in 
I  eme  factor  with  terms  in  the  other,  which  each  involve 
'  *''  when  multiplied  together,  we  find  them  to  be  .v*x  o*, 

AiOi'  X  (^-v,    Jj/irx«g.T^i    A3X  X  Oior',    and   A^xx*,    and 

therefore  the  term  required  is 


(«4  + 


.aAr+a,As  +  ajA3  +  AJ.v 


The  notation  which  we  have  adopted  in  this  instance 
is  frequently  extremely  convenient,  since  the  numbers 
attached  to  each  coefficient  serve  the  double  purpose  of 
distingiushing  the  symbols  from  each  other,  and  of  point- 
ing out  their  position  in  each  expression :  it  is  only 
necessary,  however,  to  resort  to  refinements  of  notatum 
of  this  kind  when  several  different  quantities  are  involved^ 
and  when  it  would  be  otherwise  difficult  to  remember 
the  connection  existing  amongst  s  great  number  of  iode- 
pendent  symbols. 

(23,        a^^  +  3„.-'^)   (2^-».-^) 
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Ta"* 
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-^      /2^        7c^V      Ex.5. 


VY 


_  1^  Y 

2a*6V 


a*      4c^cP      14c*d*       49c* 


+ 


6*         6^^      ■      a*6«         4a»6^ 
(26)        (a«  +  6i'-2c?»)   (2a'^-36)  =  2o««  +  2o*6'' 

40.      The  mode  of  denoting  the  operation  of  division  I>ivi>ion- 
im  been  explained  in  Art.  7- 

In  performing  this  operation,  we  must  keep  ii^  mind, 
ikflt  it  is  the  inverse  of  multiplication  (Art.  10):  upon 
dns  principle    the  rules    for  Division    in  all  cases    are 


The  quotient  multiplied  into  the  divisor  must  produce 
Ae  Aridend:  this  is  only  another  mode  of  expressing 
iUtt  primdple  just  referred  to:  it  supplies  the  test  by 
viddi   the  truth   of  the  operation  in  any  case  may   be 


There  are  three  cases  to  be  considered  in  Division. 

41.      When   both   the   divisor  and   the   dividend  are  Cite  l. 


BuL£.  Omit  all  the  qttantities  which  are  oommum 
U  ike  ditnsor  and  dividend:  underneath  what  remains 
tf  tie  dividend,  write  what  remains  of  the  divisor j  and 
ie  reeuUing  quantity  is  the  quotient. 

If  DO  part  of  the  divisor  remains  except  unity,  the 
remaining  part  of  the  dividend  is  the  quotient. 

F 
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We  have  already  had  examples  of  this  ease  of  Division, 
in  the  reduction  of  some  expressions  under  a  fractional 
form  to  more  simple  forms :  (Art.  35.  Ex.  16,  17)  18, 19) 
20,  21,  22,  25,  26). 

Ezamplet.  42.       (1)     a-T-5  =  -.       (Art.  7) 

6 

a  —a        ...         . , 

(2)       a-= 6= — r  =  —7—:    this    IS  evident,    since 

a  — a  —  ax— 6 

— -  X  —  6  =  o  (Art.  10.) ;  and  — --  x  —  6  = r 

—  6  6  o 

=!-;-  =  a  (Art.  10.);  that  is,    — -r  and  — --  ,  being  mul- 
0  — o  h 

tiplied  into  the  same  quantity,  produce  the  same  result: 
they  are  therefore  equivalent  quantities   (Art.  22). 

The  iigns  (3)        ^  a-r-b  =^ =  — 7  =  —  - :   for  the  reason 

ofthe  -6—6  0 

fJStLr  given  in  Ex.  2. 

maybe 

teJirf.        (*)        -a-r--6=^=  J:   for  Z^  X  -6=  -a, 

feetingthe  ""'^        ^  "^ 

qnodent.  q^  —'ah 

(Art.  10)  :    and  -  x  —  ^  = — r—  =  —  «  (Art.  10)  :    con- 

6  0 

sequently  — -  and  j*  are  equivalent  expressions. 

From  these  examples,  we  may  conclude  generally, 
<<  That  we  may  change  the  signs  of  both  the  divisor  and 
dividend,  without  altering  the  value  or  signification  of 
the  quotient.**** 


la      ah 
(5)       a-T-  -  =  :y  =  —  =  a6. 
6        11 


It  may   be   necessary   to  explain   this   notation,    and 
the  result  which  is  just  given. 
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When    a    is    divided   by  bj   the   result  is   written   ^, 

b 

1 

lUcfa   is    identicral    with   a  x  r  :    or  in  other  words,    a 

b 

1 
dirided   by    6,    is  equivalent  to   a  multiplied  by  -^ :   and 

sDce  these   operations  are  the  inverse  of  each  other,  and 

1 
thocfix^   reciprocal,    it  follows   that  to  divide  by  -•    is 

1      1 
the  sune  thin^   as  to  multiply  by  6 :  or  since  a  -^  r  X  7 

b      b 

1      ab  1 

=f  (Art.  lO),  and  o6x-  =  — =  a:  it  follows  that  a-r- 

_        a  c  o       1        a       ,      ad       , .  • 

^^        6  rf        fee      d      fee  fee 

SOD  follows  immediately  from  the  notation  explained  and 
the  result  given  in  the  last  example. 

Since    =  r  x  -  =  7  -f-  -;,  it  follows  that  division  by  Rule  1 

be  b       c      b       d  ^  diTisk 

d  ^^ 

-  is  equivalent    to  multiplication  by  its  reciprocal  - :   we  ^'■*^^ 
s  e 

from    hence      derive  a  general   rule    for   the   division  of 

algebraical    quantities,  when  the  divisor  is   under  a  frac- 

ti^ial  form :    which  is,  "  To  invert  the  divisor,  and  then 

proceed   as   in   multiplication.' 


r» 


a'       «    .     a'      a-  y.a 


('j\         <»^-r-a  =  — =  0*:  for— = s=a*. 

^' ^  a  a  a 


(8)  «^-s-a»=^=a*:for-  = 


a^ 


^9)  —  l2afeede-i 8aoa  =  ——=-—,  dividing 

12  and  B  severally  by  their  common  measure  4. 
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Sac       5abd  _^3ac  6      _  ISac 

^^       T"'^~S  "T"    ^  Sabd"  2abd 

9c 


lObd 


66j7*  "  IBbcar 


(12)       ^a'b'cfg'T  -^lSabcghk  = 


IShk 


=  -?^-*^,  dividing  27  and  18  by  9. 
3a/ J?       2/ar  ^  3a/.r       5crfe 

IBade 
~    2baf   ' 

(14)       — -r  77-=  n"  X  -J  =  -  :    Since  a*  6*  18  common 
b        b        b        a        a 

to  numerator  and  denominator. 

a  /a      a      ak  ,  ^       ,  _ ,        a       6^       ai 


smce 


b  ai       6*  X  64  X  a*       6* 


Caie  2.  4f3.       When  the  divisor  only  is  a  mononomial. 

Rule.  Divide  each  term  of  the  polynomial  separately y 
as  in  Case  1,  and  combine  the  results  with  their  proper 
signs. 

.           .                  a(v-\-bx 
Examples.  44.       (1)       (a  a?  +  6  0?) -f- a?  = ^a-\-b. 

X 
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(2)        (aj?*4-a*a?*  +  a^*r)-roa?= ^ 

aof 


(3)  (3oc-2ade  +  ^^  -^2a  =  -^--de  +  rr^. 
\  a/  2  2a  a 

36      c       1 

(4)  (8a«-6a64-4cH-l)H"4a«  =  2 +  ""«+4^« 

(5)  il2acfg-^arg-\-3fg^h)^^an'fg 

^  3c         /        3ff  A 
aft*      aft^      4a-«r' 

ad       cF/        ,     7d 
36c  ^6c«  ^3c 


(a^      2a*-c      ac'\       ac^a'd      2a      c 
fr^  "^  W  "*■  6d^/  '^6d^6^"*"T'^5' 


.-S-«-4-^.i3_.33x  . 


I    > 


(9)         (a'*"a?"'"+a^.r* +a''"a?'^)-r-a"''a?''"  =  a-+aj?  + j?^ 

(lO)  iaVh^by/a)rr  j-^aX^a^hVh', 

if  we    use  indices, 

(a  6*  4-  aH)  -f-  -J  =  a*  +  6'. 


45.     When  the  divisor  contains  more  than  o 


Rule.  Arrange  the  divisor  and  divide^id,  if  possibk 
according  to  the  powers  of  some  one  letter,  and  plac 
them  in  one  line  in  the  same  manner  as  in  the  divisiot 
of  numbers  in  arithmetic:  find  the  quantity  tckici 
multiplied  into  the  first  term  of  the  divisor,  will  product 
the  Jirst  term  of  the  dividend ;  this  is  the  first  term  oj 
the  quotient:  multiply  this  term  into  the  divisor,  ana 
subtract  the  result  from  the  dividend;  coTisider  the  re- 
mainder, if  any,  as  a  new  dividend,  and  proceed  ai 
before. 


If  there  be  any  quantity  which  is  common  to  every 
term  of  the  dividend  and  divisor,  it  is  generally  conve- 
nient to  divide  them  both  by  it  in  the  first  instance, 
and  afterwards  to  proceed  with  the  resulting  quantities 
according  to  the  preceding  rule. 

By  this  process,  we  subtract  from  the  dividend,  the 
3.  product  of  the  divisor  and  all  the  terms  of  the  quotient, 
which  is  clearly  complete  when  there  is  no  remainder 
after  the  last  operation  :  as  long  as  a  remainder  exists, 
the  quotient  is  incomplete  i  and  in  those  cases  in  which 
the  remainder  can  never  disappear,  however  often  the 
operation  is  repeated,  the  quotient  is  necessarily  incomplete 
and  interminable,  as  there  is  no  algebraical  expression 
consisting  of  a  finite  number  of  terms,  which  multiplied 
into  the  divisor,  can  produce  the  dividend. 


46.       (1)       Divide  I 


-9«fc    by  2b 


2a  — 36)  6a=  — 9ofc  (3re    the  quotient- 
6o^-9o6 


the   first  operation,  wo  take  away  the  product  of 
}■  b  from  the  dividend  :    by  the  second  we  take 
il,   the   additional   product   of  b   and   a  +  6 ; 
\  taken  away  altogether  from   the  dividend, 
product    of  a  +  b  and   a  +  b,    and   there  is  no 
:    consequently   n  +  fc   is   the   complete  quotient 
i ^+3ab-k-h^  divided  by  a-k-b. 

It  we   reverse  the  order  of  the  letters  i 
nd  dividend,  as  follows, 


the  divisor 


b  +  a)  6-  +  2a6  +  a 


similar 


■g  dtould  find  b  +  a  for  the  quotient,  by  a  process  ^ 
■■K  iIm;  preceding :  the  arrangement  in  this  case,  as  in 
!■  fornieTt  being  alphabetical,  according  to  the  powers 
Wt  wome  one  letter :  but  if  we  pay  no  attention  to  the 
■Utabctical  arrangement  of  the  terms  of  the  dividend 
■d  divisor,  though  we  may  sometimes  find  the  complete. 
Hucicnt  after  a  greater  number  of  operations  than  arc 
otberwt*c  necessary,  yet  in  most  cases  the  process  will 
Wrar  uvminate,  and  consequently  the  complete  quotient 
nU  aevcr  be  delerminvd. 


48 


For  suppose  the  divisor  and   dividend  arranged  i 
follows : 

a +  6)  2a6  +  a«  +  6«  (26  +  a  —  6  =  a-H6 
2ab  +  2h^ 


a'-b- 

a'  +  ab 

—  ab- 

-6* 

—  ab- 

-b°- 

But  if  we  place  them  in  the  following  order,  and  adhen 
to  it  throughout,  the  process  would  never  terminate : 

2a6  +  26-       V  o     « 


-6«  +  a« 

-6«-6» 
a 


6' 

— +  a* 
a 

-  +  - 
a      a^ 


The  second  term  in  the  quotient,  is  the  quantity 

which,  when  multiplied  into  a,  produces  —ft^:  the  third 
term  —,  is  the  quantity  which,  when  multiplied  into  a, 


49 
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produces  — :    and   so  on,   the  terms  of  the  quotient,    ac- 

cnding  to  the  rule,  being  such  quantities  as,  when 
Duldplied  into  the  first  term  of  the  divisor,  necessarily 
poduce  the  first  terms  of  the  remainders:  it  is  quite 
deir  that  by  this  process  the  remainder  can  never  dis- 
ippear,  and  consequently  the  quotient  can  never  become 
complete. 

(4)    Divide  jc*  H-  (o  +  6)  ar  +  a  6  by  a*  -+-  a.  (Art.  39.  Ex.  8.) 
<r  -h  a)  a^  +  (a  •{-  b)  w  -^  ab  Cv  +  b 


bw  +  ab;  for  (a  +  6)  *r  — a^  =  6d? 
bw-f-ab 


(5)     EMvide  a?^— (a-.6)^-a6  by  .r  +  6.  (Art. 39.  Ex. 8. 7.) 

.T  -h  b)  .T*  — (a  — 6)  x^ab  (a?  — at 
.ir  -H  6  J? 


-~ax^ab\  for  —  (a  — 6)a?  — 6j?=  — atr 


(6)        Divide    ar+3.i?  — 28    by  a?  — 4. 

.r-4)  4^  +  307-28  (,r  +  7 


7.ir-28 
7.r-28 


G 
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(7)       Divide   a?^-86a?-140    by  a?- 10. 

.r- 10)  0^-86.1?- 140  (a- + 10 0?  +  14 
.r*-10a- 


10.r«-86.r 
10  j?^~  1,00.1? 


14a?— 140 
14a?— 140 


In  this  case,  it  is  not  necessary  to  bring  down  —140 
to  form  a  part  of  the  first  remainder,  as  it  would  not 
be  affected  by  the  second  operation :  it  is  omitted  there- 
fore to  save  superfluous  writing. 


(8)       Divide  a?*-4a?'-34ci?«4.76a?  +  105   by  .v^^. 
.r-7)  a?*-4a?»-34a?--f  76a?  +  105  Cr»  +  3a»=-13.r-15 

w^ — 7  a?* 


3ip'- 

-34  a?' 

3af»- 

-21a^ 

+  76,T 

- 

-13.T* 

« 

- 13  .r'  +  91  .V 

-15.W 

+  105 

-^15* 

+  106 

If  the  complete  remainders  were  brought   down  after 
each  subtraction^  the  process  would  stand  as  follows : 
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x_7)  **  — 4«»  — 34a:»+76jf+106  (ar»  +  3«*-13«-15 


3«»- 
.3*»- 

-34jf«  +  76ar 
-21iP* 

+  105 

— 

-13a!*  +  76ar 
-13i»*  +  91a? 

+  105 

-15ar 
-16jr 

+  105 
+  105 

(9)     Divide  3a*  +  16a*6-33a^6«  +  14.a*65  by  aV7a6. 

In  the  first  place,  it  is  evident  &om  inspection  that 
n  is  common  to  every  term  of  the  divisor  and  dividend : 
we  begin  therefore  by  dividing  them  both  by  a,  and 
then   proceed  with  the  results  as  follow: 

«  -h  76)  3a^  +  16a^6-  33a«6«  +  14.a6^  (3a^ -  Ba'b  +  2ab' 
3o*  +  21a^6 


-  5a'6-33a«6- 

-  5a'6-3Sa«6- 


2a«6--fl4o6^ 
2a^6^-fl4a6' 


a^  -  140a^  H-  lOSOar*  -  3101  cV-  -f  3990 J^  - 1800 
(^^^  ar^  +  12,r^-.43a?  +  30 

=  .r-12.rV47.r-60. 
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(12)     Divide  .1/*-}^^+  '^+^  by  .v'-2aa!  +  ^. 


,r*—    2aa?'  -h 


8     2 


2 


^      ,     11  a*  J?*      a^a* 

2aar* — +  --- 

3  3 

2a<r^—    4a^j7*-f  a' a* 


a*^      2  a' a?      a 


3  3     ■    6 

"3  3~"^^ 


5a?^     How     10a?«     16y*     ^^ 
93  34^       5^3y^ 

(14)      Divide  aP-2aa?'  + (a«-a6-6*)  a?-ho*6  +  a6« 
by  a?  — a  — 6. 

a?^  a  — 6)  a?^  — 2aa?^  +  («•  — a6  — 6*)a?-f  a^h-\-ab^  {a^'-{a^h)x^ 

-(a-6)a?«4-(a«-o6-62)  A? 

-  (a -  6)  a?-  +  (a^ -  6'^)a?;  for  (a  +  6) (a-6)  =  a--6-' 

—  a6a?  +  o^ftH-a6^ 
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The  divisor  and  dividend  being  arranged  a^^cc^ding 
3  pofwers  of  jp,  the  divisor  must  be  considered  as  a 
ImoDiial,  under  the  form  <v— (a-|-6). 


(15) 


^  — a* 
(16)        — — -  ^a^  +  aw'^a'.     (Art.  39.  Ex.  13.) 


jp  — o 


(17)        — Z_— a?«-aa?  +  a'^. 
^   '^  ar  +  o 

TUft   result   is  dedudble  from   Ex.  16,   by  putting   —a 
b  die  place  of  a. 


(18) 


ar*-a* 


jr— a 


=:jP-hoa?*  +  a*^  +  a^  (Art. 39. Ex.  14.) 


If  we  put    »  a  in  the  place  of  a,  we  get 


af'^a' 


ap  +  a 


^aP^aai^^a^  of-^a?. 


(19> 


=«  +  aor  +  a* ^  -I-  a' d?  +  a  . 


.r— a 


If  we  put    —  a  in  the  place  of  a,  we  get 


.1' 


r-h  «^ 


=  0!^  —  a  .r*  +  a^ .i-  —  a'  .r  ^  a\   (Art.  39.  Ex.  15.) 
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(20)       To  divide  or*  -  a'    by  a?  +  a. 

2a*      2a* 
a'-f  a)  0?*  — a'  (a^^ax-^a^ h  — -i —  &c. 


-a' 

-a*  a? 

-2o» 

-2a3-^«* 

w 

2a* 

<v 

2a* 

+ 

w 

2o* 

2o* 

^^ 

The  remainder  after  the  third  operation  is  —  2  a  *,  and 

2a' 
the  next  term  in  the  quotient  is  therefore ,    since 

2  a' 
X  «r  =  —  2  a' ;   or  the  product  of  the  new  term  in 

w 

the  quotient  and  of  the  first  term   of  the  divisor  is   the 
first,  and,  in  this  case,  the  only  term,  in  the  remainder: 

2a* 
the  next  remainder  is   ^    and  the  corresponding  term 

2a^      .         2a*  2a* 

in  the  quotient  is  therefore  — -^  since   — =-  x  <r  =  - —  :   a^ 

the  nature  of  the  process  in  this  case  leaves  necessarily 
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remainder  after  every  operation,  the  quotient 
iir  eridently  be  -continued  without  limit,  and  will  consist 
«  a  series  of  terms  alternately  positive  and  negative, 
dv  index  of  a  in  the  numerator  and  of  ^  in  the  deno- 
oittir,  increasing  by  unity  in  every  successive  term. 

We  have   here   an  example  of  an  indefinite  quotient, 
od  die  theory    of    its  formation    may  be  easily   under- 
wood,   by    reference   to   the  rule  for   division.      As   the 
wm   in    the    quotient    are    successively    determined    by 
iading  a  quantity,   which  multiplied  into  the  first  term 
./the  divisor    produces  tlie  first  term  of  the  remainder, 
1  b  evident   that    the  process  may  be  continued  as  long 
s  the  remainder    exists,   and  consequently   may  be  con- 
taned  indefinitely y   when  the  remainder  never  disappears, 
viiicfa  must    alvrays  be  the  case  when  the  divisor  is  not 
ijbd^  of  the   dividend:  such  quotients,  therefore,  may 
>  considered     as    originating    in    the   rule    for   division, 
v&h,  like    all    other  operations  in  Algebra,  is  perfectly 
!B0iI,  and    the    application  of  which  is  not  limited  by 
^  practicability     of    determining    the   quotient    in    any 
aite  number    of  terms. 

(21)  To  divide   1    by  1 -h«^. 

1  -|-»r)  1  (1  — .r-l-a?'  — ,  &c.... 

1-fa? 


07* 


x^  ^x^ 


^,7? 


Three  terms  are  sufficient  to  ascertain  the  law  of  the 
ies   of     terms  in  the   quotient,    which   are  alternately 
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negative  and  positive,   the  index  of  «  increasing  by 
in  each  successive  term. 

If  we  reverse  the  terms  of  the  divisor,  a  very  difl 
series  woidd  appear  in  the  quotient:  let  it  be  req 
to  divide  1  by  ar  +  l. 


.\,  /111 

/  V/r      «*      ar 


1+- 

1 

m 

1 

1 

+ 

w 

1? 

1 

/B« 

1          1 

1 

~  «^ 

(22)         :; =  l4.^-|-.t?'^+,  &c. 

1  —a? 


a 
(23) =  a  +  flw?  +  o,r^H-,  &c. 

1  —  .T 


a  —  «i?  a      a       o^ 


<»  ,3 


/OKv  ^  OS         X"        W' 
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(26)       Divide  x  +  a   by  x  +  6. 


,    -   y 

*  T^ 

<v 

x« 

jr  +  b 

(a 

-*) 

(« 

-6) 

.^± 

• 

(a 

-6)6 

« 

- 

-<1 

-6)6 

Of 

(a 

-6)6* 

x» 

(a. 

-  6)  6« 

a 

r' 

We  include  a  — 6  between  bracskets,  considering  it  as 
I  angle  term,  since  the  result  is  to  be  arranged  according 
io  powers  of  J?. 

If  we  reverse  the  order  of  the  terms  in  the  divisor 
ad  dividend,  putting  x  m  thie  second  place,  the  process 
ould  stand   as  follows: 


(>-!)-= 


UT* 

1  f*^  -r  *•  I 

b 

6»    • 

*'        6' 

—  wi;. 

-o)»r 
b 

aw 

(6- 

(a 

-6)x 
6 

(a 

-6)x 

(» 

-6)x* 

6 

6« 

(« 

-6)x* 

6« 

(a. 

-6)x» 
6«       + 

(« 

-6)x» 
6=" 

(a 

-6)x' 

H 
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(27)       ^~°  =  1     '^""^^      ^°"^>*      (a-6)y      ^^ 

(29)  -^^^-^(^^_,(^^ 

(30)  «^"-^^|      (^  +  ^)   ,   («  +  6)6      (fl  +  6)6^  ^    ^^ 

In  these  four  examples,  as  well  as  in  Ex.  22,  23,  24 
26,  we  have  used  the  sign  =,  to  signify  that  the  seriej 
on  one  side  of  it,  is  merely  the  result  of  the  operatior 
which,  on  the  other  side,  is  indicated  and  not  performed 
we  shall  examine  in  the  next  chapter,  under  what  cir- 
cumstances  an  arithmetical  equality  can  be  considered  bx 
existing  between  them. 

(31)       Divide  a+b'iv  by   a  +  bw, 

/  ^a  a^  a^ 

,     a'b 

a  -i ^ 

a 


„       a^       /^,    a'b\        {ab'-^a'b^x 

bx a7=l  b 107= 

a        \        a  /  a 


{ab''-a%)x     {ah'  -  a'b)bx' 


a  o* 


(ab'  —  a'b)h,v' 


«' 


(ab'  -  a'b)bai*    (ab'-a'b)b*af' 
a*  a' 


(ab'-a'b)b^a! 
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If  we  should  make  Ap=  (a&'  — a'A),  the  process  of 
irision,  as  well  as  the  form  of  the  resulting  series, 
ould  be  considerably  simplified. 

Vx^a  _h'       k        ak       a^k 

where  k=iab'  —  ab. 

a—b'.v      a'      kx      bkx"^      b'kx^ 

<^>    T~7r;:= ;;":?""? ;? —  ^""^ 

a  —  ox       a       a  a  a 

where  k^=ab'^a'b. 

h'x-^J      V        k        ak       a^k 

where  k^=ab''~ab, 

(35)        Divide   a  +  jSa^  +  ^a?'   by   a-^bx. 

\  ry  oiCL      kx      k'x^      bUc^ 

'  ^a      a  d  u 

abx 

a-f--> 


h  7«t?*>  where  k  =  a/3  —  a6 

a 

kx      bkx' 

a  a* 


ml       2 

^-  ,  where  k'  =  ary^bk 

i"  "      II.'  ;j      =a-7-a6/3  +  afc- 
k  x'      ok  ar 


a* 

•  -r 

a» 

AA'a' 

■^^ 

a» 

ft&'.r' 

h-k'x" 

a? 

'     a* 

b-k'.v* 

a' 
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1  —  3^  —  2^* 

(36)  — :; =  l+A  +  2j?«  +  2.4.^»-f  2.4*.A'*+  &c, 

1  —  4«r 

(37)       ?-JL?  =  a?-(p«a)  +  -+     ,+  3-+  &c. 

a?— a  X       or       or 

where  k^s^a^'^pa'\-q. 

(38)  Divide   w^^pai^-\-qw~^r   by   4?  — a. 

A: 

or*  — oa;* 


(a— p)ar  +  ga? 

(a — j9)  ar^  —  a  (a — jo)  <!r 

(o-  — pa  +  g)<2?  — r 

(a-  —  pa4-^)^  —  «(«'— p«  +  ^) 

a^^pa^ -{-qa^r  or  k 

ak 

X 


ak 

X 

The  third  remainder  a?^paF  +  7  a  — r  or  A;,  is  a  quantity 
identical  with  the  dividend,  putting  a  in  the  place  of  <r; 
and  it  is  obvious  that  the  quotient  will  not  be  finite,  unless 
k^O. 

(39)    ^'""y^^^^'-"^-^^=^^4-(a-p)..H(a---pa-f7)^ 

X  —  a 

X  o  (a*^pa^  +  qa^'-ra  +  8) 

X 

In  this  case,  the  division  does  not  terminate  unless 
the  fourth  remainder,  or  a*— pa'  +  ^a^  — ra  +  «,  be  equal 
to  zero. 


CHAP.   JU. 


olin 
imAlbb- I 


otsntatiohs  upom  ths  fiast  principles  and  fundamental 
Operations  of  Algebra. 

47'      The   operations   of   Algebra    have   been    named  ' 
fma  those  operations  in  Arithmetic,  with  which  they  are  ° 
MalogDux,    or   partly  identical,     and   most   of    the  terms  ^ 
■■dp  use  of  in  this  science  have  had   a  similar   origin;  ^ 
Uie  eoasequence  has  been,  that  the  peculiar  and  in  some  ^'^ 
I  limited  meaning  which  those  operations  and  terms 
1  in  Arithmetic,  has  been  attached  to  them  when 
vobA   io    li    much   more   general   signification:    and   hence 
itao    has    arisen    the    custom    of     considering    Algebra    as 
ma*ij  such  a  generalization  of  the  processes  of  Arithmetic 
M  was  derived  from  the  use  of  symbolical  language. 


48-  In  order  to  ascertain  to  what  extent,  or  in  what  Thccxieni 
tEtkae,  Arithmetic  may  be  considered  as  the  basis  of  the  ^[i^'"" 
nence  of  Algebra,  it  will  be  expedient  to  examine  the  >ymli«ls 
nature  of  the  symbols  employed  in  Arithmetic,  the  extent  ^™aoo» 
«f  iheir  representation  and  the  meaning  and  limits  of  the  of  Ariih. 
operations  to  which  they  are  subject. 

46.     The  symbols  of  Arithmetic  are  the  nine  digits  Symbob. 
and  aero,  and  do  others. 

The  quantities  which  they  represent  are  numbers,  Thcirtepre 
whether  ahstruct  or  concrete.  As  far,  however,  as  the  Mnution. 
operatioos  of  Arithmetic  are  concerned,  we  may  consider 
thrin  as  abstract  only,  inasmuch  as  the  relative  magnitude 
of  qitantities  denoted  by  numbers  is  alone  considered, 
without  any  reference  to  the  ofTections  or  specific  properties 
at  the  i]uantities  themselves. 
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The  position  of  the  symbols  detenninea  their  numerical 
Value:  there  is  nothing  arbitrary,  either  in  the  symbols 
themselves,  or  in  the  notation  by  means  of  them. 

SO.  There  are  four  fundamental  operations  in  Arith- 
metic; Addition,  Subtraction,  Multiplication,  and  Division; 


Addition.  51.     Addition  is  the  union  of  two  or  more  numbers 

into  one  sum. 

Subtraction  is  equivalent  to  tlie  determination  of  a 
Dumber  (the  remainder)  which  added  to  another  (the 
subtrahend)  will  produce  a  given  niunber  for  their  sum: 
the  operation  is  of  course  limited  to  those  values  of  the 
subtrahend,  which  are  less  than  the  number  from  which 
they  are  to  be  subtracted. 

^  Imcrae  Addition   and    Subtraction  are   inverse  operations    in 

the    following,  sense:    if  to    one  number   another  be   first 


added  and  then  subtracted, 
remain  unaltered. 


■  conversely,  its  value  will 


52.  Multiplication  is  equivalent  to  the  perpetual  ad- 
dition of  one  number,  which  is  called  the  multiplicand, 
to  itself,  as  often  as  unity  is  contained  in  another  number, 
which  is  called  the  multiplier.  Tlie  multiplicand  and  the 
multiplier  are  likewise  convertible  quantities;  that  is.  it 
is  indifferent  whether  we  make  the  multiplier  the  multi- 
plicand, and  the  midtiplicand  the  multiplier,  or  conversely, 
the  product  in  both  cases  being  the  same. 

Division  may  be  considered  as  equivalent  to  finding 
a  number  (the  quotient)  which  multiplied  into  another 
(the  divisor)  will  produce  a  given  numlwr  (the  dividend). 

Division  is  the  inverse  of  multiplication  in  the  foUoiv- 
iug  sense:  if  a  number  be  first  multiplied  and  then  di- 
vided by  the  same  number,  or  conversely,  its  value  is 
not  altered. 
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53.  Anodier  class  of  quantities  consideicd  in  Arith-  f 
k6c.    are  fractions  or  broken  niiQiijers :    different  expla- 
maoi    have    been    given    of    their    origin   and   meaning : 
■  EidlowiDgf  however,  is  in  all  cases  consistent  with  their 

I  representation. 

A  fraction  consists  of  a  numerator  and  denominator:  1 
I  if  *r  suppose    unity   (a  concrete  unit,   if  such   a  siippo- " 

I  be  necessary  for  logical  accuracy)   divided  into  as 
I  any  puts   as   there  are   units   in   the   denominator,  the 
denotes  a  quantity  which  comprehends  as  many 
I  rfdioee  ports  as  there  are  units  in  the  numerator. 

54.  Upon  this  principle,   we  multiply  or   divide  the 
and   denominator  of  a  fraction   by   the  same 

without  altering  its  value:  for  if  we  double  the 
•  of  units  in  the  numerator,  we  halve  their  value, 
«d  eooTersely ;  and  similarly  when  we  multiply  or  divide 
br  lOiT  other  numbers:  we  are  thus  enabled  to  reduce 
£fftvent  fractions  to  others  equivalent  to  them,  which 
MT  have  the  same  denominator,  and  consequently  to 
uLe  the  numerators,  numbers  of  the  same  fcirtd,  whose 
«to  represent  the  same  magnitudes. 

55,  "W^e  add  and  subtract  fractions,  when  reduced  to 
1^  same  denominator,  hv  adding  or  subtracting  their 
it  is  of  course  necessary  to  subscribe  the 
denominator  to  the  sum  or  difference,  inaamucb 
■a  ii  determines  what  portion  of  the  primary  unif,  the 
moamtttry    units  in  the  numerator  are. 


ga.  When  we  multiply  one  fraction  by  another,  our  jiultipli- 
rowniiTg  *»*  *^"*  t**^  ^^'•^  fraction  must  be  multiplied  ?^  '^ 
bv  the  numerator  of  the  second  and  divided  by  its  de- 
ooauDator:  thus  to  multiply  \  by  ^,  we  first  multiply 
J  bv  5»  wliirh  gives  y,  the  operation  being  equivalent  to 
KldiniE  4  **'*  *^"  ^  itself:  wc  then  divide  the  result 
i»  |j„    *2_^    vrhich  gives  ^,  an  operation  which  is  equivalent 


Rcdnction 
of  difinCDI 


Addi(t(Hi 

Eubuactiwi     , 
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to  making  each  unit  in  Uie  numerator  of  ",  one-seventh 
€jf  its  former  value." 

""^  In  dividing  j  by  |,  we  multiply  3  into  7  fo""  ^^ 
numerator,  and  4  into  5  for  the  denominator,  of  the 
quotient:  the  correctness  of  this  process  is  proved,  by 
considering  division  as  the  inverse  of  multiplication,  and 
that  consequently,  if  we  multiply  by  j  the  quotient  of 
I  divided  by  j,  the  result  must  he  the  same  quantity  ^, 
or  equivalent  to  it :  which  wilt  be  found  to  he  the  case, 
since  7  x  |  x  7=1- 

fa^fi^'  ^7-      '*  '^  ""^  ^^""y  difficult  to  shew  from  the  preceding 

wbit  order  principles    and    statements,    that    it  is  indifferent   in  what 

^J^^"'  order  operations  in  Arithmetic  succeed  each  other:   thus, 

^L  Mch  adicr.  when  several  numbers  are  to  be  added  together,  the  result 

^B  is  the  same,  in  whatever  order  they  are  taken :  when  one 

^H  number  is  to  be  added  to,  and  another  to  be  subtracted 

^^K  from,  another,   it  is  indifferent  with  which  operation  we 

^^M  begin :  when  two  or  more  numbers  are  to  he  multiplied 

^^K  together,  they  may  be  taken  in  any  order :  when  a  number 

^^B  is  to  be  divided  by  one  number,  and  multiplied  by  another, 

^^H  we  may  either  divide  first  and  multiply  afterwards,  or  cod- 

^1'  versely :  and  similarly  in  all  other  cases. 


lb 
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58.      It   is   a   necessary   consequence   of    arithmetical 

notation,  that   the   results   of  operations   leave   no  traces 

Mi^^edi^  of  the  ori^nal  numbers,  combined  or  incorporated:   thus 

the  sum  of  28  and  ^   is  35 :    their  difference  21 ;  their 

ibc  tcaulta. 

*  The  detennination  of  the  vali;e  of  a  fraction  of  a  fraction,  may  1ms 
deduced  at  a  necessary  coDsequeace  of  the  ex|ilimition  we  have  given 
of  the  meaning  of  a  fraction :  Ihni  1  o'  7  would  be  sliewD  to  be  equivalent 
to  g.  or  to  the  prodticl  of  ^  »l(l  y.  In  the  loUoHing  manners  IIif  primary 
twit  i>  divided  inio  T  equal  parts,  of  which  5  ue  taken:  eacli  of  these 
5  ttconJarti  uoiti  is  divided  in  4  equal  pattt,  of  whicb  '3  are  .severally 
t^en:  the  whole  number  of  the  trmary  nniti  is  S  x  6  or  IS,  and  each 
oT  them  is  tlie  4xTih  or  28tli  part  of  tlic  primary  nnil:  it  ij  only  bonever 
hy  d^i%ing,  or  in  other  words  aimming  the  meaning  of  Ae  product  of 
J  and  >,  that  we  tliew  it  to  be  equivalent  tn  4  of  7. 


I  Kiiuct  1 96  ^    their  quotient  4 :  and  in  none  of  the  quan- 
-'=^  35,  21,  196  and  ^  are  there  any  traces  left  of  the 
*     i  38  and  7- 

Such  are  the  principles  and  fundamental  operations  Arithmcti. 

which   will  be  found  sufficient  for  tlio  ex-  '^'"e'''"- 

of    the   most    complicated    processes    which   are 

bt  the  difiin^Dt  applications  of  the  science :   we 

f   proceed  to    consider  the    nature   and  extent  of         ^H 

of   Algebra,  which   should  be  strictly  confined        ^^M 

r  principles  and  operations  as  its  foundation.  ^^M 

The  symbols  of  Algebra,  entirely  founded  upon  SymboU. 
basis,   would   denote  numbers,   whether  whole  or 

,    or    such  magnitudes  only,  as  admitted  of  nu-         ^h 
representation,  without  embracing  their  aiTections       ^^M 


61.  The  signs  +  and  —  would  denote  addition  and  Thesip« 
■btraction  only:  and  there  would  be  no  meaning  in  "'  ~' 
qnabols  with  either  of  these  ugns  attached  to  them,  such  ^h 

m  +  a   and   —  6,  considered  independently  of  their  con-       ^^M 
■tction  with  other  symbols.  ^^M 

6a.      The  sum  of  a  and  b  would  be  denoted  by  m-  6 ;  S"?  *"* 
1  in  1111        oincrencc. 

tfeor  dwfferenct!  by   a  —  ft :    and   there  would  be  no   other 

■atv  gaaeni  sense  in  which  those  terms  would  be  used. 

63.  The  difference  of  a  and  a  —  b  would  be  equal  B"'"  f"' 
tt  b :  tOF  It  IB  obnous  that  a  quantity  leas  than  a  by  b, 
king  friibcracted  from  a,  will  leave  b  for  a  remainder: 
a  other  word*,  a  —  (a  —  ft)  =  a  —  (1  +  6  =  6:  it  is  upon  this 
principle  that  we  should  arrive  at  the  algebraical  rule 
far  subtraction,  and  for  the  rotiihination  of  the  signs 
T  snd  — ,  when  Ukc  or  unbke  signs  come  together  in 
ilti*  c^Krratioii. 

If  wf  proposed  to  subtract  «  +  A  from  a,  which  would  ^'^J^"  "^ 
k  denoted  by   n  — (a  +  &),  the  proper  answer  would  Ik-.  opcnUnn. 
1 
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that  the  question  proposed  is  impossible,  there  being  oo 
prototype  for  such  an  operation  in  Arithmetic :  in  other 
words,  there  is  no  such  quantity  as   —  &. 

When  we  make  use  therefore  of  expressions  such  as 
a~b,  we  must  consider  them  as  having  no  meaning,  or 
rather  we  must  term  them  impossible  or  imaginary,  unless 
a  is  greater  than  b :  under  such  circumstances,  the  symbols 
have  limits  to  their  relative  values,  and  are  no  longer 
therefore  arbitrary  even  in  magnitude. 

r^^*^  64.      The   operations   denoted  by    x    and    -^,    or    by 

equivalent  modes  of  representation,  must  strictly  coincide 
with  the  arithmetical  operations  of  Multiplication  and 
Division. 


|rwuc  gg      fj.[|^    j.y[^    pj.    ^1^^    signs    would    be    proved,    and 

not  assumed,  to  be   true,  by   means  of  processes  like  the 
following : 

(1)  a  X  (c  —  d)^ac  +  ad,  being  the  product  of  a 
into  c,  added  to  the  product  of  a  into  d- 

(2)  ax{c  —  d)  =  ac  —  ad,  being  the  difference  of 
the  products  of  a  into  c  and  of  a  into  d. 

(3)  (o  +  ft)  (c  +  d)  =  («  +  b)c  +  (a  +  b)d 
=  ac  +  bc  +  ad  +  bd. 

In  this  case,  we  find  b  preceded  by  tlie  sign  + , 
multiplied  into  d  likewise  preceded  by  the  sign  ■\- ,  and 
the  result  is  bd-preceded  by  the  same  sign   -|- • 

(4)  (a-6)(c-d)=ax(c-d)-6x(c-d) 
=^ac~ad—-{bc  —  bd)  =  ac  —  ad—bc  +  bd. 

In  this  case,  we  find  b  preceded  by  the  sign  — , 
multiplied  into  d  likewise  preceded  by  the  sign  — ,  and 
the  result  i&  bd  preceded  by  the  sign  +  • 


(5)     ia-hb)(c-d)  =  (a  +  b)x>^-(a  +  h)d 


In  this  case,  we  find  b  preceded  by  the  sign  +»  I 
Kiltiplied  into  d  preceded  by  the  sign  — ,  and  the  result  1 
»  M  preceded  by  the  sign  — . 


=(» 


K«-')« 


(6)      C«-')  ('  +  ■*)  = 

^ac~-bc+ad~bd. 

In    this    case,    we   find   6   preceded   by   the   sign 
■uiltiplied  into  d  preceded  by  the  sign  +,  and  the  result  J 
it  M  preceded  by  tlie  sign  - 

It  thus  appears,  that  two  quantities  preceded  by  li/ee 
jM,  produce,  when  incorporated  by  multiplicfttion,  a 
nth  which  is  preceded  by  the  sign  + ,  and   that  when 

thej  ore  preceded  by  unlike  signs  the  result  is  preceded 

bj  the  agn  — . 

66.      Fractions  such  as  ^    admit  of  the  same  cxplana- 
n  as  in  Arithmetic  :  and  the  rules,  with  their  deuionstra- 
itt,   for    their  addition,   subtraction,  multiplication  and 
•Srision   would  be  precisely  the  same  in  both 


67.      Upon    the    same    principles  likewise   wc  should  Orferof 
Ucr,  that  it  is  indifferent  in  what  order  diff'erent  opcrationii  "P*"""""" 
III!  II M  irH   eau:h  otber. 

60.  The  doctrine  of  indices,  wliich  is  applicable  to 
attthmetical  quantities  expressed  by  means  of  nrithmetieal 
~mboIis  would  be  equally  applicable  therefore  to  this 
n*t«n  of  Arithmetical  Algebra :  fractional  indict^s  would 
admit  of  the  some  interpretation  as  in  SymboUcal  Algebra* 
but   aegative    iodiees   must   be   rejected   as   impossible  or 


I 


09.  Iiuumuch  as    quantities    such  as   —  r    have   no 

KXislcncc    in    this  system,   aud    expressions   such   as    a  —  b 
an  ooOaKlt^'^  as  impossible,  unless  a  be  greater   (lian  b, 


_l 


we  must  of  course  reject  alt<^ther  such  quantities  as 
^  —  a,  which  indeed  could  never  occur,  when  the 
extent  of  algebraic  operations  is  limited  in  the  manner 
which  this  system  renders  necessary. 


I 


70.  In  Arithmetical  Algebra,  as  well  as  in  Arithmetic, 
ro  is  the  absolute  minimum:  thus  the  least  value  of 
—  A,  or  the  inferior  limit  of  its  variation,  would  be  when 
=  b,  or  when  o  — A  =  0.* 


prindpai  71.     In  order  to  determine  to  what  extent  the  prin- 

b^"^"'  ciples  and  operations  of  Algebra,  as  stated  in  our  first 
»riih.  chapter,  and  such  as  they  really  exist  in  practice,  can 
^MW^  be  deduced  from  the  principles  and  operations  of  Arith- 
"   '  metical  Algebra,  as  stated  in  the  preceding  articles,   we 

will  point  out  briefly   the  chief  differences  between  them, 
and  afterwards  proceed  to  their  separate  examination, 

(a)  In  one  system,  the  symbols  represent  numerical 
quantities  only:  in  the  other,  they  are  perfectly  general 
in  their  represeDtatioii. 

(j3)     In  one  system,  the  signs   +  and  —  denote  ad- 
dition and  subtraction  only :    in  the  other,  they  not  only 
operations  which  are   the  inverse  of    each   other, 
but.  are   likewise   used    independently,    one   or   other    of 
them  being  prefixed  to  all  symbols. 


*  8acb  wonlil  be  Uic  legiliiDste  principles  of  Aleebra  foandcd  entirely 
upon  Arithmetic,  where  the  tenus  and  opcratioDt  of  one  tcience  are  truu- 
lemd  to  the  other,  without  any  change  in  their  exteol  or  meaalDg:  toch  bIio 
arc  the  principlci  which  so-nie  modem  algcbraiitt  have  adopted  ia  their 
it  senM,  r^ecCuig  allogether  the  indepcBdeat  use  of  the  tjgus  and 
every  other  caueeijuciice  wkiich  has  not  its  prototype  in  Arithmetic,  and 
)t  a  fair  and  le^timate  result  of  the  difference  of  notalioa : 
bow  ever  Dinch  of  ils  boiiily,  symmetry  and  extent  the  science  must  lose  by 
beiiis  viewed  in  this  partinl  light,  at  all  event!  its  principles  anil  rulea  Would 
admit  of  strict  demauBtialio-u,  nithcmt  iniposbig  the  necessity  of  deducing 
coDchuioni  more  general  thau  the  premiKS  npoti  which  tliey  are  foiiiJded. 


(y)     In  one  system,  the  rule  of  signs 
lb  other  it  is  tummed. 


I  proved:  in 


(^  Id  one  aystem,  it  is  rtqiiired  to  be  proved  that 
i  is  indiSereiit  in  what  order  operations  succeed  each 
ribv:  in   the  other  it  is  assumed  to  be  so. 

(f)  In  one  system,  all  operations  arc  limited  by  the 
fnrifalUty  of  interpreting  the  results,  consistently  with 
nduoetical  prototypes :  in  the  other,  the  operations  are 
pvfectlj  unliinited,  there  being  a  symbolical  result  in  all 


(i|)      In    one  system,    zero  is  the  absolute  mijtimum: 
■  tlie  olber,  the  maofimum  and  the  minimum  are  equally 


(0  In  one  system,  the  general  rule  of  indices  is 
pnrciMi  to  be  a  consequence  of  the  first  assumption  of 
tbem,  and  limited  to  arithmetical  values :  in  the  other, 
it  i»  oMumed  in  its  most  general  form. 

(i)  In  one  system,  the  sign  =  means  arithmetical 
•quality  or  identity :  in  the  other,  it  means  symbolical 
tdoility  or  ^tnbolical  equivalence. 

72.  If  Symbolical  Algebra  is  to  be  considered  as  a  An  the 
taratx  admitting  of  complete  demonstration,  it  must  be  utias. 
founded,  like  all   other  sciences  possessing  demonstrative  sHmptions 
eviden<.-e,  upon   its  own  definitions  and  assumptions:    the  s^botioa 
fir«t  question,   therefore,  which  we  have  to  consider,   is,  i^*^. 
whether  those  definitions  and  assumptions  are   deduciblc  from  Ome 
(ma  luniiiiptions    as   well   as   propositions   demonstrated  °^  ^^■ 
m  Arithmetical    Algebra,   by   any   legitimate   process  of  Algebra? 
gmoalixstion. 

73.  Id   the  first   place,  we  may  correctly  generalize  «en«™iiiii. 
e  n^irrscntation  of  the  symbols  from  numerical  quantities  ^mi^l». 

'  Ti  Ihi-y  must  denote  in  one  system,  to  quantities  whicli 
lited,   both  in  thi-ir  nature  and  their  magnitude. 
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which  they  may  denote  in  the  other :  for  we  may  consider 
all  generalizations  in  language  and  notation  as  admissible, 
which  are  antecedent  to  any  consequences  to  be  deduced 
from  them. 


74.  In  Arithmetical  Algebra,  we  have  considered  0  —  6 
g  as  an  impossible  quantity,  when  a  was  less  than  b,  inas- 
much as,  the  operation  denoted  by  —  would,  under  such 
circumstances,  he  destitute  of  meaning  (Art.  63)  :  we  were 
therefore  compelled  to  consider  a  and  b,  though  general 
synihols,  as  limited  in  relative  magnitude,  when  placed  in 
such  a  position  with  respect  to  each  other. 

The  generalization,  however,  which  we  have  assumed 
with  respect  to  these  symbols,  would  preclude  all  limitation 
of  value,  which  was  not  conveyed  by  the  symbols  them- 
selves: and  as  the  symbols  a  and  h  convey  no  limitation 
of  greater  or  leas,  we  must  therefore  consider  a  —  haa 
equally  possible,  in  Symbobcal  Algebra,  whether  a  be 
greater  than  6  or  6  greater  than  a. 

"JS.  If,  however,  we  generalize  the  operation  denoted 
by  — ,  so  that  it  may  admit  of  application  in  all  cases, 
we  shall  then  find  the  independent  existence  of  this  sign 
will  follow  as  a  necessary  consequence,  and  we  shall  thus 
introduce  a  class  of  quantities,  whose  existence  was  never 
contemplated  in  Arithmetic  or  Arithmetical  Algebra,  and 
to  which,  in  those  sciences,  no  proper  interpretation  could 
be  given. 

76.  In  order  to  shew  that  such  consequences  would 
follow,  let  us  resume  the  consideration  of  a  —  b,  both  when 
a  is  greater  and  less  than  b :  in  the  first  case,  let  a  exceed 
b  by  a  quantity  c,  or  in  other  words,  let  n  =  b  +  c,OT  c-i-b: 
then  a  —  b  is  equivalent  to  b  +  c~b,  or  c-\-b  —  b:  if  we 
now  obliterate  b,  (since  the  operations  denoted  by  +  and  — 
are  inverse  operations)  the  two  results  are  +  c  and  e, 
which  are  therefore  equivalent  to  each  other.  In  the 
second  case,  let  b  exceed  a  by  a  quantity  c,  or  let  6  =  a  +  c: 
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Ifai  a—h  is  equrvalent  to  a  —  {a  +  c),  and  by  tlif  geoe- 
of  the  operation  denoted  by  — ,  it  becomes 
I  qaTalent  to  a  —  a  —  c,  and,  therefore,  by  obliterating  a, 
lib  equiTsIent  to  —  c. 

37-     This  generaUxafion  of  the  operation  denoted  by  K 
-,  is  in   reality  an  assumpttan,  inatiuiuch  as  it  is  not  a  ,° 
nsequence    Reducible  from  the  operation    of  subtraction  '^ 
s  defined  and  used  in  Arithmetic  and  Arithmetical  Algebra:  ,,! 
far  aa  the   operations  denoted  by    +   and  — ,  which  are  '> 
dtfincd    to    be    the   inverse  of   each    other,    (Art.  10.)    to 
wtiA  the  namps  of  Addition  and  Subtraction  are  given, 
(.Vrt.  5.)   are  further  defined  by  rules,  (Art.  25  and  28.) 
Thidi  are    the   mere  expression   in  words  of  the   rule  of 
At  amcurrence  of  like  and  unlike  siffna,  we  must  con- 
■dtr    the    generalization    oi    assumption    in    question,     as 
■ady    another   form   of  the   assumption  of  the  rule   of 
aigtu:     the    existence    of  independent    signs,    as  we    have 
mit  seen,    must   be   admitted   as  a  joint  consequence  of  i[ 
die  universal  application  of  the  rule,  and  of  the  unlimited  "' 
rrpreaeDtation  of  the  symbols. 

7B.     Algebra  may  be  considered,  in  its  most  general  A 
forn*  as  /Ae  science  mhich  treata  of  the  combinations  of  ^ 
mthUrary  aigna  and  symbols  by  vieans  of  defined  tltough  "•' 
arhtfrartf    Inica:    for  we    may    asauvte   any    laws    for    the 
d  incorporation  of  such  symbols,    so  long 
isumptions   are   independent,   and   therefore   not 
trith  each  other :  in  order,  however,  that  such 
>  may  not  be  one  of  useless  and  barren  speculations, 
■   some  snbonlinate  science  as  the  guide  merely,  H 
and  not   as   the  foundation  of  our  assumptions,  and  frame  ^, 
tlwD    in    such  a   manner   that  Algebra   may  become   the  '^ 
matt   general    form   of    that   science,    when    the   symbols  „ 
denote   the    same  quantities  which   are   the  objects  of  its  "> 
oncratiofiB  :   nnd  as  Arithmetic  is  the  science  of  ctdculation, 
to  the    dominion  of  which  all  other  sciences,  in  their  ap- 
otkaCioti   Kt-  Ic^ast,  arc  in  a  greater  or  less  degree  subject. 
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it   u  the  (me  which   is  usually,   because   most  usefullyi, 
selected  for  ttus  purpose. 

79.  In  Arithmetic  and  Arithmetical  Algebra,  which  h 
its  most  general  form,  we  find  the  two  operations  of  Addi- 
tion  and  Subtraction,  which  are  the  inverse  of  each  othei 
(Art,  51  and  61):  in  Symbolical  Algebra,  we  assume  the 
existence  of  two  operations,  denoted  by  +  and  — ,  which 
are  likewise  defined  to  he  the  inverse  of  eacli  other :  if  we 
now  assume  the  same  rfgns  +  and  — ,  to  denote  Addition 
and  Subtraction  in  Arithmetical  Algebra  (Art.  62),  we  shall 
deduce,  as  a  necessary  consequence,  the  rule  for  the  con- 
currence of  like  and  unlike  signs  {Art.  63),  from  the  pre- 
viously understood  and  defined  nature  of  these  operations: 
in  order  to  keep  up  the  parallel  between  the  two  sciences,  we 
assume  the  same  law  or  rule  of  signs  in  Symbolical  Algebra, 
which  likewise  further  defines  tlieir  meaning :  so  long,  there- 
fore, as  the  symbols  denote  arithmetical  quantities,  we  are 
allowed  to  interpret  the  meaning  of  the  operations  denoted 
by  +  and  — ,  as  in  every  respect  identical  with  Arith- 
metical Addition  and  Subtraction :  when  the  quantities 
denoted  by  the  symbols  are  no  longer  arithmetical,  whether 
they  be  numbers  with  negative  signs  attached  to  them,  or 
lines  or  areas  on  any  other  quantities,  their  interpretation, 
when  they  admit  of  any,  must  be  made  in  perfect  accord- 
ance with  the  assumptions  previously  made  respecting  them. 

1  80.  Again,  in  Arithmetic  and  Arithmetical  Algebra, 
we  have  likewise  the  operations  of  Midti plication  and 
Division,  which  are  the  inverse  of  each  otlier  (Art.  52  and 
64):  in  Symbolical  Algebra,  we  assume  the  existence  of 

I*  two  operations,  denoted  by  x  or  -^ ,  or  by  the  position 
of  the  symbols  with  respect  to  each  other,  which  are  like- 
wise the  inverse  of  each  otlier  (Art.  8  and  10) :  in  Arith- 

:.  metical  Algebra,  when  the  quantities  incorporated  are 
compound,  we  deduce  a  rule  for  the  incorporation  of  tlie 
signs  +  and  — ,  a«  a  necessary  consequence  of  their  pre- 
viously ascertained  meaning  (Art.  65) :  in  Symbolical 
Algebra,   such   signs  come   together,  in  performing  these 
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whether  the  expressions  are  compound  or 
Mple :  we  OMSume,  therefore,  as  we  are  at  liberty  to  do, 
Ac  same  law  of  the  incorporation  of  signs  (Art.  7-)=* 
w  anr  thus  enabled  to  asEume  tlie  operations  denoted 
^  X  aiul  -=-,  or  equivalent  modes  of  notation,  which  we 
oD  Huttiplicatiou  and  Division,  to  be  identical  with 
AntiiiDetical  &Iii]ciphcation  and  Division,  when  the  quan- 
aba  incorporated  by  means  of  them  are  arithmetical : 
■  ill  other  cases  the  interpretation  of  their  meaning, 
riwn  such  is  possible,  must  depend  partly  upon  the 
■amnptioos  made  respecting  them,  and  partly  upon  the 
fRsfic  nature  of  the  quantities  incorporated. 

81.  In  Aritlimetic  and  Arithmetical  Algebra,  it  is  Order  of 
ynwd  that  it  is  indifferent  iu  what  order  the  operations  of  ^^g^, 
«c  performed :  in  order  tliat  the  operations  may  be  the  ■"''1^ 
mxsm  in  Symlxilical  ^Vlgebra,  wlien  the  (|uantities  employed 
«rc  arithmetical)  the  same  proposition  is  assumed  to  he  ^H 
tme  in  all  cases  (Art.  9):  this  additional  assumption  serves  ^H 
ftiU  further  to  define  and  limit  the  interpretation  of  their  ^H 
results,  when  the  symbols  are  any  quantities  whatsoever. 


S3.  The  aMumption  of  indices  (Art.  11)  in  the  first 
iastancct  may  be  considered  as  common  to  Arithmetic  and 
to  Arithmetical  and  Symbolical  Algebra,  as  a  convenient 
abbrevinttun  of  notation :  and  the  law  of  indices,  when 
thev  arc  whole  numbers,  is  Jeduciblc  as  a  necessary 
coaaequeftce  from  it :  this  law,  however,  is  itself  an  as- 
curaptiont  when  the  indices  are  fractional  numbers,  or 
■ay  other  quantities  whatever,  and  is  made  in  accordance 
with  tiie  former  law  deduced,  in  order  that  they  may 
coincide  with  each  other,  when  those  indices  become  whole 


Rule  of 

4 


Vn.  m.  from  niurit  ytt  dtdiiced  Ihc  nite  far  tbe 
stiod  o'  "fP*  ■»  AriihiDctical  Algebra,  tiot  only  utumra  Ilie  iiaturE 
■I  tbp  opcrati"***  dcnotnl  by  +.  —  uul  x  .  <o  be  identicsl  wilb  Arilbmrticnl 
AMiika,  Sobtivctioa  uul  MnliiplicMioii,  biit  is  evidently  noi  applicable 
to  mA  ttmaa^^**  »  +"X+fr,  —ox— ft.  +aX  — ft,  "nd  —ox+fc; 
^  a^k,  •  X  —  ft,  "X— t,  »nil  — q  X  &.  wbcn;  ibi-  sipii  are  med  lod*. 
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numbers :  the  interpretatuai  of  all  other  indices,  of  which 
we  have  already  given  examples,  must  be  made  in  entire 
conformity  with  the  general  law  which  is  assumed. 


I  83.     The  parallel  which  we  have  drawn  in  the  preceding 

on  articles,  between  Arithmetical  and  Symbolical  Algebra, 
will  shew  in  what  sense  one  may  be  considered  as  the 
n  foundation  of  the  other:  considering  Arithmetic,  which 
Arithmetic  j^  j^g  science  of  calculation,  aa  the  moat  important  of 
Algebra.  all  the  suliordinate  sciences  which  Algebra  may  be  sup- 
posed to  comprehend ;  and  Arithmetical  Algebra  as  the 
mode  of  exhibiting  its  laws  in  their  most  general  form, 
at  the  same  time  that  their  mutual  dependence  and 
connection  is  most  strictly  preserved ;  we  assume  its  laws 
and  operations,  as  the  guide  for  those  assttmpHons  in  Sym- 
bolical Algebra,  whicli  constitute  its  real  foundation,  and 
which  alone  can  give  it  the  dignity  and  the  character  of 
a  demonstrative  science:  such  assumptions,  though  sug- 
gested by  Arithmetical  Algebra,  and  bearing  the  closest 
analogy  to  its  principles  and  laws,  are  not  on  that  account 
the  less  arbitrary :  they  are  chosen  and  not  deduced,  in 
order  that  the  two  sciences  may  have  common  laws  and 
common  operations,  as  long  as  the  quantities  which  are 
subject  to  them  are  common ;  and  that  we  may  thus  be 
enabled  to  transfer  the  conclusions  deduced  by  the  more 
general  science  to  the   one  which  is  less  so. 

UnduwhM  84.  Inasmuch  as  the  symbolical  laws  and  processes 
•unoai'the  of  Arithmetical  and  Symbolical  Algebra,  without  reference 
cmdiaioiu  jg  their  origin  and  establishment,  are  the  same,  with  one 
science  important  exception,  which  is  the  independent  use  of  the 
nmifcried  *'8"^»  ^^^  conclusions  must  be  the  same  in  both  sciences, 
ttiheoihsr.  with  that  exception  only:  so  far,  therefore,  as  they  agree, 
we  may  correctly  transfer  the  conclusions  of  one  science 
to  the  other,  without  any  limitation  or  modification,  inas- 
much as  it  would  be  perfectly  indifferent  which  of  the 
two  sciences  we  made  use  of  in  the  investigation  of  them : 
but  whatever  an  example   of  the  excepted  case  presents 
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wdt  in  the  result,  or  whenever  the  use  of  it  ig  essential  to 
im  operation,  we  must  then  apply  other  principles  to  the 
BUrpretetion  of  the  conclusion,  or  to  explain  the  in- 
loeQcc  and  effect  of  its  use  in  the  process,  towards 
bnoging  about  the  conclusion  itself. 


B5.  The  conclusions  deduced  by  Algebraical  oper-  f 
^ioD9  being  in  the  first  instance  purely  symbolical,  and  I 
toaofied  tipon  general  laws  for  the  combinations  of  symbols,  ■ 
■tech  have  no  reference  to  their  specific  nature,  it  becomes 
■B  enquiry  of  the  greatest  importance  to  determine  or 
lUerpret  their  meaning,  when  such  specific  volifes  are 
aaagaed  to  the  symbols  employed :  we  shall  thus  iind 
tiut  a  different  interpretation  of  the  same  result  will  be 
nni  iiiirjf  for  every  variation  of  the  nature  of  the  symbols, 
•hetfaer  they  denote  numbers,  or  lines,  or  areas,  or  forces, 
or  any  other  quantities  whatsoever :  as  such  interpretations 
WM  be  made  in  accordance  with  the  assumed  laws  of  the 
eanilMiiations  of  the  symbols,  and  also  with  their  arithmetical 
diancter,  when  the  quantities  which  they  denote  are  re- 
pmenled  by  numbers,  there  are  some  general  laws  by 
vhkA  they  are  always  regulated,  which  we  shall  now 
proceed  to  determine,  and  to  shew  their  application  to 
tneh  cases  as  are  of  most  common  occurrence:  we  shall 
camoKOce  irith  the  signs  +  and  — ,  when  used  inde- 
ptndendy. 


86.      The   general  principles  of  the  interpretation  of  Prindplti 
the  niconing  of  quantities  affected  by  the  signs  +  and  — ,  p„t.tii)n*of 
vbcMe  apcdfic  nature  is  a,ssigned,  must  be  founded  upon  ^■igns 
the  I  nnrntf"'  connection  between  the  independent  existence  when  uKd 
af    those    signs   and   the   laws   by    which   the   operations  "'^•"^    _ 
Jcnotctl   by  them  are  defined.  •■ 

Xbc  first  IS,  that  inasmuch  as  the  operations  denote<l 
\ff  +  anil  —  are  the  inverse  of  <?aeh  other,  the  properties 
which  they  designatt-,  when  used  independently,  must 
htM*  a   aimila'  relation. 
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The  second  is,  that  whilst  the  operation  of  Addition 
preserves,  the  operation  of  Subtraction  changes  the  pto- 
perties  or  affections  of  quantities  to  which  it  is  applied. 

The  first  of  these  principles  will  be  sufficient  to  ascer- 
tain the  relation,  as  well  as  the  nature  of  the  aifectioiis 
which  tnay  be  designated  by  the  signs  +  and  —  :  whilst 
the  second  will  enable  us  to  determine  the  specific  meaning 
of  the  operation  of  Subtraction  in  the  particular  case 
which  may  be  under  consideration. 


87-  The  use  of  abstract  numbers  excludes  the  con- 
sideration of  specific  properties,  and  so  far  as  affections 
are  concerned,  numbers  such  as  3  and  —5  admit  of  no 
interpretation,  as  distingtiished  from  each  other. 


The  terms  greater  and  less,  or  rather  the  phrases 
greater  by  and  less  by,  are  symboUzetl  by  +  and  — , 
I  u^"  "^  ^^^^  expressions  indicating  that  the  numbers  before  which 
ijwbolittd  those  signs  are  respectively  placed,  are  to  be  added  to 
or  subtracted  from  some  olfier  number  in  the  ordinary 
arithmetical  sense  of  Addition  or  Subtraction.  Thus, 
7  greater  6j  3  is  denoted  by  "J  +  3,  and  7  '***  %  3  is 
denoted  by  "J  —  3:  or  in  other  words,  "J  +  3  is  greater 
than  7  by  3,  and  7  —  3  is  less  than  7  by  3. 

J*""?!"  89.     It  would  heap  a  close  analogy  to  the  phraseology 

^ra.  used  in  this  example,   if  we  should  speak  of  zero  greater 

by  3,  and  zero  less  by  3,  and  denote  them  by  0  +  3  or  3, 

and  0- 

By  such  a  notation,  however,  we  merely  express  the 
relation  of  Addition  and  Subtraction,  as  inverse  operations : 
and  when  we  speak  of  a  number  less  than  zero,  which 
we  denote  by  prefixing  a  negative  sign  to  it,  we  mean 
that  the  same  number  being  added  to  it,  the  final  result 
is  equal  to  s 


It  is  in  this  sense,  and  in  this  sense  fnly.  tliat  we 
^mL  (if  numbers  as  greater  or  less  than  xero:  thus  the 
«ries 

5,  *,  3,  2,  1,  0,-1,-2,-3,-4,-5, 
«vald  reprcsmt  the  symbolic  results  of  the  successive 
M^itTsction  of  1  front  6,  and  its  successive  remainders, 
vlnch  are  the  terms  of  the  series:  or  the  terms  —1, 
-S,  —3,  —4.  &c.  would  denote,  that  If  1,  9,  3,  i,  8cc. 
Tere  added  to  them  respectively,  the  several  results  would 
be  equal  to  xero. 

90.      In  Arithmetic   and    Arithmetical  Algebra,    zero  I 
ii  thie    absolute   minimum :    in    a   more   extended    sense,  ^ 
bo«Fver,    zero  may  be  considered  as  the  cmntnon  limit  of  ■ 
megnthem   and  positive   quantities,    and  the  maj-imum   and 
mmkmutn  are  therefore  equally  unlimited. 

91>  When  abstract  numbers  or  quantities  are  con- 
ctraed,  the  only  interpretation  which  the  signs  admit  of 
vhen  UMd  independently,  has  reference  to  the  operations 
dcptitod  by  them:  when  concrete  numbers  or  quantities, 
however,  are  aifected  by  those  signs,  they  will  in  many 
cases  admit  of  a  specific  interpretation  dependent  upon 
tbcir  specific  properties. 

Thus,  if  property  possessed  or  due  be  denoted  by  a 
Boniber  or  symbol  with  a  positive  sign,  a  debt  would  be 
iodicatcd  by  a  number  or  symbol  with  a  negative  sign, 
or  ri/fineraeltf :  such  aiFections  of  property  are  correctly 
m/mMised  by  the  signs  +  and  — ,  since  they  possess 
the  inrerse  relation  to  each  other,  which  those  signs 
rrqtiire:  for  if  to  a  l>erson  A  there  be  given  a  certain 
propertv  or  sum  of  money,  combined  with  or  added  to 
a  debt  of  equal  amount,  his  wealth  or  property  remains 
thf  same  as  before* 

■  ir«  AaU  ■flentanl*  find  the  >ipi  V  — I  made  aw  of  to  denote  a 
■adWed  ■flection  of  qunlity,  equally  related  lo  iboie  denoted  by  + 
(^  _i  tbaa,  ((  o  denoted  property  po»eued,  and  — a  a  debt,  v — '*" 
^^M  <aiinl»i  property  ueiihcr  jioMcued  nor  owed,  tucli  u  a  mere  depwit  ^  J 


ligna  denote 
afecdoni  of 
piopeny. 
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Since  the  operation  of  Subtraction,  denoted  by  the 
sign  — ,  changes  the  «gn  of  the  quantity  subtra^ad, 
it  therefore  changes  its  affection,  and  consequently  the 
subtraction  of  a  debt,  in  algebraical  language,  does  not 
mean  its  obliteration  or  removal,  but  its  convereion  into 
property. 

We  should  also  be  enabled  to  symbolize  the  aiTectioDs 
of  property  considered  as  lost  or  gained,  bought  or  sold, 
by  the  signs  +  and  — ,  and  conversely,  since  such  quan- 
tities would  possess  the  requisite  inverse  relations  to  each 
other:  subtraction  would  in  these  cases  mean  the  conva- 
Bion  of  loss  into  gain,  of  property  bought  into  propectf 
sold,  and  conversely. 

It  thus  appears  that  the  signs  +  and  —  may  denote 
different  modifications  of  the  same  concrete  quantity  :  thus 
property  may  be  considered  as  possessed,  lost  or  sold: 
and  a  symbol  with  the  sign  +  attached  to  it,  or  under- 
stood may  be  assumed  to  represent  any  one  of  the  three : 
it  is  merely  necessary  that  the  modification  of  property 
designated  by  the  same  symbol,  with  the  sign  —  attached 
to  it,  may  possess  such  a  relation  to  the  former  as  may 
satisfy  the  general  laws  to  which  those  signs  are  subjected. 


if  1)2'  We  shall  now  proceed  to  the  interpretation  of 
the  signs  +  and  — ,  when  the  symbols  to  which  they 
are  attached  represent  lines  in  Geometry. 

If  a  body  moves  from  A  to  Bt      a  C  a 

and  back  again  from  B  to  C,   ils 

final   distance  from   A   in  equal   to  AC,  the  geometrical 
difference  of  A  B  and  B  C- 

If  we  denote  AB  by  a,  and  B  C  by  b,  without  refer- 
ence to  their  signs,  then  this  final  distance  is  denoted 
by  rt  — i,  which  is  the  algebraical  difference  or  gum  of 
the  symbols  which  denote  A  B  and  B  C,  according  as 
their  signs  are  the  same  or  different. 


It  a  =  b,  or  A  B  =  BC,  then  the 
body  retuTDs  to  ^:  if,  however,  we 
suppose  a  less   than  b,  or  A  B  Ichs 
than   BC,    the   body    on   its   return    passes   through   A, 
und    is    found    at    C :    it    follows, 

therefore,    that  the  distance    A  C,      c  7i  B 

Btill  represented  by  a  —  b,  is  equal 
to  a  —  {a  +  e)  or   —  c,  if  b  =  a  +c. 


i 


It  follows,  therefore,    that  if  a  line  ^  6  be  denoted 
a  symbol  with  a  positive  siga,  a  line  A  C  drawn  in  tlie 

opposite  direction  is  denoted  by  a  symbol  with  a  negative 

sign. 

It  appears,  therefore,  that  the  signs  +  and  — ,  when 
applied  to  symbols  representing  lines,  indicate  direction: 
for  if  a  line  in  one  direction  be  considered  as  positive, 
a  line  in  the  directimi  opposite  would  be  considered  as 
negative,  and  conversely :  and  this  would  be  (he  case, 
without  reference  to  the  point  from  which  they  were 
reckoned,  provided  they  were  upon  the  same  line :  fta- 
if,  ^«  be    denoted    by    a,    BC 

reckoned   from    B  to  C,   is  «/g«-     ^ T ? 

braicalitf  represented  by  —b,  and 
thor  a^ebraical  sum  or  AC  by  a  —  b. 

Again,  if  lines  on  one  side  of  a 
line  be  considered  aa  positive,  lines 
parallel  to  them  on  the  opposite  side 
must  be  considered  as  negative :  for  as 
far  as  direction  and  magnitude  are  — 
concerned,  the  equal  and  parallel  lines 
A  B  and  CE,  are  in  every  respect  identical,  and  therefore 
nay  be  represented  by  the  same  symbol,  with  the  same 
■ign:  under  such  circumstances,  Uierefore,  the  line  CD 
must  be  denoted  by  a  symbol  with  a  different  sign,  for 
it  is  drawn  in  a  direction  opposite  %o  C  E. 


i 
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OewMl  We   are  thua   enabled  to  coDclude  generally,    that  if 

paralhl  lines  in  one  direction  be  considered  as  positive, 
all  lities  parallel  to  the  former,  but  drawn  in  a  tUreetion 
opposite  to  them,  must  be  considered  as  rtegative.* 

Oiher  93,     The  terms  heighth  and  depth,  ascent  and  descentt 

■piiboliied  obove  and  below,  backwards  and  fonvards,  motion  with 
by  the  Bign*  gji^  motion  against,  as  in  the  case  of  a  boat  in  a  straUD, 
and  many  others  of  a  similar  kind,  involve  in  conunoa 
the  notion  of  opposite  directions  in  the  same  or  paraUii 
lines,  and  are  consequently  all  equally  symbolized  by  the 
signs  +  and  —  >  applied  to  the  symbols  by  wliich  they  tte 
denoted :  the  same  remark  applies  to  forces  conndecef 
with  reference  to  the  direction  of  their  action. 

94.  Time  also,  which  may  be  compared  to  motioB 
in  one  continuous  stream  in  the  same  line,  is  susceptible 
by  difiinat  of  similar  relations  expressuble  by  the  signs  +  and  — : 
for  if  we  reckon  it  either  from  the  present  moment,  or 
from  any  given  epoch,  considered  in  ^either  case,  as  i 
point  in  the  line  by  which  its  course  is  denoted,  the 
parts  of  the  line  on  one  side  of  this  point  may  represent 
time  to  come,  and  those  on'  the  other  side  time  past,  or 
conversely:  and  these  are  correctly  symbolized  by  the  sign* 
+  and  — . 

Again,  if  time  be  expressed  in  numerical  units,  whetfaot 

seconds,  minutes,  hours,  days,  weeks,  years  or  c«ntuiiei^ 

and  if  zero  correspond  to  the  moment  from  which  it  is 

reckoned,  the  series 

7,6,5,  4,3,2,  1,0,  -1,-2,-3,-4,-5,-6,  — 7,   * 


by  the  Bigni 

Time  put 

■nd  future 
eiprewcd 


*  Tlic  ugni  +  ""^  ~>  considered  nilh 
reference  to  e»eb  oilier,  could  not  be  applied 
to  lines  inclintd  to  each  oilier  like  JB  lud 
AC:  ibe  direction)  in  tbit  oaso  being  dif- 
ferent but  not  oppoaite,  and  therefore  not 
■BtiafyinB  the  invene  rehition  whidi  their 
theon,'  requires:  the  relation  of  their  positioo 
witli  respect  to  Gscb  other,  would  cequlre  a 
much  more  complicated  iripi   (cos  5  +  s/— 1 


rk.      1 


continued  intlelinitely  both  ways,  would  represent  the  suc- 
cessive instants,  separated  hy  the  interval  which  unity 
denotes,  in  time  past  and  time  to  come:  thus,  if  twelve 
o'clock  of  the  day  was  the  zero  point,  and  time  was 
expressed  in  hours,  3  would  express  three  hours  before 
noon,  and  —  3  three  hours  after,  or  conversely :  if  the 
zero  point  was  the  Utrth  of  Christ,  and  time  was  expressed 
in  years,  —  7^3  might  express  the  epoch  of  the  foundation 
of  Rome,  anti  1688  that  of  our  Revolution,  it  being  of 
no  consequence  wliich  of  the  two  signs  we  adopt  to  re- 
present time  past  or  future,  bo  long  as  different  signs 
are  employed  for  that  purpose. 


K 


95.      A  case,  strictly  analogous  to  the  preceding,  pre-  I 
senta  itself  in  the  graduation  of  thermometric  scales :    if  '^ 
the  zero  point  be  the  heat  or  rold  at  which  water  freezes,  o\ 
as  in  some,  or  at  a  certain  elevation  above  it,  as  in  others ;  ^ 
and  if  the  numbers  expressing  states  of  temperature  above  V 
the  7.CTO  point  be  considered  as  positive,  those  which  express 
states  of  temperature  below   the  zero  poiijt  must  be  con- 
sidered as  aegativci   or  conversely ;   if  the  term   hot  was 
invariably   applied  to  the  former,    and  cold  to   the  latter, 
the  ideas  of  hent  and  rold  would  be  correctly  Bymbolized 
Buch  a  case  by  the  signs  +  and  — . 


In  the  preceding  examples,  the  use  of  the  signs 
id  connected  with  the  notion  of  direction  in  a  straight 
line,  whether  regarding  position  or  motion,  which  is  made 
the  foutidation  of  their  interpretation ;  but  their  appli-  " 
cation,  even  in  Geometry,  is  not  confined  to  straight  lines, 
as  may  very  easily  be  shewn  by  the  following  example  and 
others  analogous  to  it. 

A   traveller   moves   along   the 

crooked  road  (TA  B,  from  J  to  B.      -r ^       f  — ^ 

and  then  returns  from  B  to  C:   if 

the  distance  travelled  over  from  J  to  £  be  denoted  by  a, 
and  the  distance  travelled  over  in  return  from  B  to  C, 
L 


bt  ugmnot 


be  denoted  by  b,  without  reference  to  their  »igns,  the 
distance  upon  the  road  from  the  point  of  starting  would 
be  denoted  by  their  geometrical  dift'erence  a  —  b,  which 
would  have  been  their  algebraical  sum,  if  the  distance 
BC  in  return,  had  been  denoted  by    —  b. 

If  the  traveller  returns  through  A  to  C,  and  if  BJC 
=  d  +  c,  then  the  original  expression  for  the  distance 
from  J  or  a  —  b,  becomes  a  — (a  +  c)  or  —  c:  in  other 
words,  if  distances  in  one  direction  be  denoted  by  symbols 
with  positive  signs,  those  in  the  direction  opposite,  whether 
upon  straight  lines  or  curved,  will  be  denoted  by  symbols 
with  the  negative  sign :  the  reasoning  by  which  this  con- 
clusion is  deduced  in  the  two  cases  is  precisely  the  same. 


Pmitire               Q'j_     If  J  be  a  point  in  a   circular  arc,   it  i.c 

tna  neg*.                ii,.ii                       ,-i                      ■  \ 

tivBuin.  would    follow    exactly    as    in    the  case    just   con-  \ 

^^  sidered,    that  if    the   arc   J  B  on  one    side  of   A  \. 

^L  be  considered  as  positive,  the  arc  AC  on  the  other  I 

^H  would  be  negative,  and  conversely  :  or  more  gene-  / 

^^M  rally,    if    any    arc    of    a   circle    be    considered    as  '■' 

^^B  positive,  any  other  arc  measured  in  the  opposite  direct! 

I  ■■"——■ 
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The  same  observation  would  apply  to  the  arcs  of  any 
other  curve,  whether  symmetrical  with  respect  to  the  zero 
point  or  not,  it  being  merely  necessary  that  the  distances 
should  be  measured  upon  the  curve.* 

It  would  be  very  easy  to  produce  many  other  examples 
of  the  meaning  and  application  of  the  signs  +  and  — , 
if  we  felt  ourselves  at  liberty  to  select  them  from  the 
various  branches  of  natural  philosophy :  it  will  be  found. 


'  Uodcr  thii  view  o[  (be  raeaning  of  oppoaitc 
dlreclioiu,  duUuces  upon  Iwo  tinci  'A  D  nnd  A  E, 
n  aagle  with  each  other,  might  be  denaied 
by  different  signi :  in  this  case,  ^  is  the  zero  poiul, 
and  die  motion  is  from  H  lliroiiBb  A  lo  C,  or  con- 
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k«rev«r,  chat  most  of  llie  cases  -which  occur,  bear  a  very 
do8»  analogy  to  those  which  we  have  already  considered : 
tod  at  all  events  the  general  principles  by  which  our 
Blerpretations  hare  been  regulated,  will  be  quite  sulli- 
drat  for  the  explanation  of  any  ca.se  which  can  present 
ttidf,  when  the  nature  of  the  quantities  or  the  conditions 
rf  the  questions  render  such  an  explanation  possible. 

98-      When  symbols  are  incorporated  by  the  operation  I 
ct  ^lultipUcation,    the  sign  of  tlie  product  is  determined  ^, 
by   the  rule  of  signs;  or  in  other  words,  the  signs  of  the  p 
bctors  determine  the  sign  of  the  product:    when,  there-  „ 
tare,    the    factors   of  any    product    are  assigned,    the  sign  '' 
at  the  product  is  no  longer  arbitrary,  and  its  interpretation 
must,  therefore,  be  regulated  by  that  of  the  signs  of  the 
Ekdors  themselves;   before  entering,   however,   upon   this 
enquiry,  it  is  necessary  to  interpret   the  meaning  of  the 
prodoct  itself,  independently  of  its  sign :    in  other  words, 
to  detennine  what  npecitic  quantity  this  product  may  and 
does  represent,  without  the  knowledge  of  which  no  mean- 
ing can  be  given  to  the  signs  +  and  — . 

99-  ^VheR  one  of  the  quantities  involved  in  +  a  ft, 
b  an  abstract  number,  the  product  simply  means,  that 
the  concrete  quantity  which  the  other  symbol  denotes 
rauftt  be  mullipUed  by  that  abstract  number  in  its  ordinary 
arithmetical  sense:  and  as  no  alteration  of  its  sign  or  re- 
presentation can  in  this  case  take  place  in  consequence  of 
that  operation,  the  interpretation  of  the  meaning  of  its 
■gns  with  reference  to  each  other,  must  take  place  accord- 
ing to  the  principles  already  investigated  and  exemplified  : 
the  same  remark   applies  to  the  quotient  resulting  from 

r  division  of  a  concrete  quantity  by  an  abstract  number. 
100.     When  both  the  quantities  incorporated  are  con- 
crete, whether  of  the  same  nature  or  not,  the  interpretation 
of  the  meaning  of  the  result  must  be  made  in  accordam^ 
intb  the  two  following  principle*. 
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1st.  The  product  is  alwayis  the  same  in  meaning  and 
quantity,  when  the  factors  incorporated  are  so,  without 
reference  to  their  order: 

2d.  The  operation  must  coincide  with  Arithmetical 
Multiplication,  when  the  quantities  incorporated  are  re- 
presented by  numbers. 

101.  The  most  important  case  which  we  have  to 
consider,  is  that  in  which  the  symbols  incorporated  by 
this  operation  arc  geometrical  lines. 

If  the  aide  ABoi  the  rectangle 
ABDC,  be  represented  by  a,  and 
the  side  ^  C  by  b,  the  product  ah 
will  correctly  represent  the  area  of 
the  rectangle,  "  " 

For  in  the  first  place,  this  area  is  always  the  same 
for  the  same  values  of  a  and  b :  and  in  the  second  place, 
this  area  will  represent  the  arithmetical  product  of  a  and  ft, 
in  the  only  sense  in  which  it  can  do  so,  wiien  a  and  h 
become  numbers. 

For  let  us  suppose  the  lines 
a  and  b  in  tlie  proportion  of 
the  numbers  5  and  4,  and  also 
represented  by  them:  ii'  we 
divide  A  B  into  5  equal  parts 
•  in  the  points  H,  b,  c,  d,  and  A  C 
in  4  equal  parts  in  the  points 
s,  /3,  7,  each  of  those  parts 
will  be  a  line  which  is  re- 
presented by  unily  or  1 :  through  the  several  points  of 
division,  let  lines  be  drawn  parallel  to  JC  and  J  B  re- 
spectively, and  the  whole  rectangular  area  will  thus  be 
divided  into  5  x  4  i)r  20  equal  squares,  constructed  upon 
one  of  the  linear  units :  in  this  case,  therefore,  ah  =  5  x  4 
s20,  as  it  uuglit  to  be,  but  the  units  in  the  factors  are 
equal  lines,  and  tliosc  in  the  product  are  squares  con- 
structed on  them:  the  unulogy,  however,  between  s&and 
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iv  rectsD^ular  area  is  complete,  as  far  as  it  is  requireil 
be   so,   and  one  truiy,  therefore,  be  correctly  taken  to 
'  e  other. 


It  does  not  follow,  however,  from  the  preceding  inves- 
t%atioo,  that  a  rectangular  area  is  the  only  area  which 
■■y  be  coirectly  represented  by  ab:  for  any  parallelogram 
i^Mtsc  adjacent  sides  are  a  and  6,  might  upon  similar 
piaciples  be  denoted  by  ab:  fur  if  the  sides  of  such  a 
panllelogram  be  denoted  by  numbers,  its  area  might  be 
£nded  into  a  number  of  equal  rhumbs  equiangular  with 
it,  wluch  would  be  equal  to  the  product  of  the  linear 
oatta  in  each  of  the  sides:  we  should  thus  find,  that  the 
muiogy  upon  which  our  interpretation  of  the  meaning 
of  such  products  is  founded,  would  be  equally  complete 
ia  both  cases. 

Wc  hare  suppooed,  however,  that  when  a  and  b  were 
gmn  in  magnitude,  the  value  of  their  product,  however 
iDlerpreted,  would  always  be  the  same:  if,  therefore,  ab 
be  supposed  to  represent  a  parallelogram,  whether  rect- 
angular or  not,  whatever  angle  bt^tween  the  aides  a  and  b 
wc  adtct  in  one  case,  we  must  adhere  to  in  all  others : 
tfa(»v  are  many  reasons  for  choosing  a  right  angle  in 
preference  to  any  other. 

For  in  the  first  place,  it  is  the  mean  between  all 
acute  and  obtuse  angles,  being  equally  related  to  both, 
awJ  on  that  account  most  naturally  selecteil.  In  the 
wcond  jilace,  in  the  science  of  calculation,  the  square  is 
taken  as  the  mea.sure  of  area:  thun  different  areas  are 
anapmreii  by  first  forming  squares  equal  to  them,  and 
timi  cciniparing  the  number  of  squares  of  the  ^me  linear 
lUDIfl  which  they  severally  contain*:  in  order,  therefore. 
In  k««:P  up  the  accordance  between  Arithmetic  and  Algebra, 
is  this   iu>  well  as  in  other  and  more  essential  particulars. 


we  consider   ab  to  denote   a  rectangular  area   only,  and 
DO  other,  vhen  a  and  b  are  lines. 


A 


Ifwing  of  102.  Having  thus  determined  the  meaning  of  a  6, 
\  when  a  without  reference  to  its  signs,  or  the  signs  of  its  factors,  it 
»d  1  arc  reniaias  to  determine  the  additional  interpretation  to  be 
given  to  it,  when  those  signs  are  taken  into  consideration : 
for  this  purpose,  if  we  assume, 
in  the  accompanying  figure, 
AB  =  a,  and  AC  =  h,  and  pro- 
duce the  lines  BA  and  CA  in 
a  contrary  direction  to  tliat  of 
AB  and  .^  C,  to  A  and  r 

spectively,  making  J6  =  ^B  a.nA  Ac  =  AC.,  then  it  follows 
from  what  we  have  already  determined  (Art.  92),  that  Ab 
is  denoted  by  —  n  and  Ac  by  —  ft :  complete  the  rectangles 
ABDC,  ABdc,  ACEb  and  Aceb:  the  first  corresponds 
to  the  product  of  a  and  h,  or  of  +  n  and  +  b,  and  therefore 
to  +ab  or  ab:  the  second  to  the  product  of  a  and  —ft, 
and  therefore  to  —  nft:  the  third  to  the  product  of  —a 
and  b,  and  therefore  to  —ab:  the  fourth  to  the  product 
of  —a  and  — ft,  and  therefore  +a&  or  ab:  the  signs  of 
these  products,  and  the  interpretation  of  their  signs,  is 
therefore  completely  determined  by  the  signa  of  the  factors 
themselves. 


Amblgult; 
in  passing 
tioca  the 
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103.  There  are  two  rectangles  which  correspond  to 
the  same  product  ab,  and  two  which  equally  correspond 
to  the  same  product  —aft:  the  two  first  correspond  to 
the  product  of  +«  into  +ft,  and  of  —  n  into  —b:  the 
two  last  correspond  to  the  product  of  +  a  into  — ft,  and 
of  —  a  into  +  ft :  in  passing,  therefore,  from  the  simple 
factors,  the  product  and  its  representation  are  in  every 
respect  determined:  but  in  passing  from  the  product  to 
the  component  factors,  there  are  two  different  pairs  of 
factors  which  equally  correspond  to  it,  and  its  deter- 
mination is  therefore  ambiguous,  even  supposing  the  abso- 
lute magnitude  of  the  factors  to  be  given. 


104-  If  the  product  ab  be  considered  as  a  simple  '^*.^^ 
nabol,  without  any  reference  to  its  factors,  representing  «,,  dnipb 
BT  rectangle  such  as  J  BCD;  and  if  we  suppose  two  "^"^ 
aptat  and  similar  rectangles  ACEb  and  ABdc,  con- 
Mructed  upon  its  sides  A  C  and  A  B  ■  then  if  the  first 
rf  these  rectangles  be  considered  as  positive,  each  of  the 
others  must  be  considered  as  negative;  for  rectangles  of 
^  tame  altitude  bear  the  sanic  relation  to  each  other 
m  the  lines  upon  which  they  are  constructed,  and  therefore 
may  be  analogicallv  represented  both  in  relative  magnitude 
and  affection  by  those  lines:  the  rectangle  ABDC  being 
tbercfore  positive,  being  constructed  upon  the  positive  line 
JB,  the  rectangle  AC  Eh  must  be  negative,  being  simi- 
hriy  constructed  upon  the  ?iegative  line  Ah:  in  the  same 
■■ana-,  the  rectangles  ABt)C  and  ABdc,  being  con- 
adered  with  reference  to  each  other,  if  the  first  be  positive, 
bdi^  constructed  upon  the  tine  A  C,  the  second  will  be 
aegative,  being  similarly  constructed  upon  the  negative 
linear:  the  fourth  rectangle  Ahec,  being  equal  to  ABDC, 
mbA  amilarly  related  to  ACEli  and  ABdc  respectively, 
ia  therefore  equally  represented  by  the  same  symbol  with 
tbe  Mune  sign. 


lOd-     If  we  extend  our  enquiry  to  the  determination  Prodiict 
cf   the    meaning   of  the  product    a  be    of    three    "yubols  ^     ^  j|._ 
«,  b,  e,    which    represent   lines,    we  shall  find  that  it  will  pnwntiag 
carrectly  represent  the  volume  or  solid  content  of  a  rect-         | 
■n^lar    parallelopipedon,    of   which   o.  />  and  r  are   three 
adjacent  edges :   for  if  we  supposed  that  a,  b  and  c  were 
denoted  by  numbers,  and  that   the  edges  which  they  se- 
verally represented  were  divided  into  linear  units  and  planes 
fMll"!  to  three  adjacent  planes  of  the  parallelopipedon 
wc  passed  through  the  points  of  division,  the  solid  would 
be  dirided  into  a  number  of  equal  cubes,  constructed  upon 
a   linear   unit,    which  would    Ik   equal   to   the  continued 
|atMliK:l   of   the  numbers    which    denoted    the    number   of 
linear  units  in  each  edge  respectively:    the  requisite  arith- 
cotidttion   is   therefore   satisfied,   it   being   merely 


to  keep  in  mind  that  tlie  units  in  the  protliict 
are  equal  cubes,  whilst  those  in  the  factors  are  equal  lines. 

The   solid  is  the  same,  whatever  arraiigeuienl  of   the 

symholB  or  edges  corresponding  is  made,  or  in  whatever 

order  they   are  taken:    and    the  product    abc    denotes    a 

octangular  and  not  an  obUque  parallelopipedon,  Nince  all 

Bolids  are  compared  together  by  making  cubes    equal    to 

'  them  in  value;   and  when  we  come  to  arithmetical  calcu- 

I  lation,  by  comparing  the  cubes  of  the  linear  units  which 

intuned  in  their  sides. 


Kgtiiof  106,      There    are    only    two   signs    of  the  product    of 

ofo.^mdf.  three  factors,  though  they  may  arise  from  eight  (hfferent 
modifications  of  those  factors,  which  are  as  follows. 


—  ax   ~l>  X   +  r  =  ah(.: 


-hx   +c 

Ihx   +c 


'^  -abc. 
'.-nbv. 


These  eight  products  would  correspond  to  eight  dif- 
ferent,   though    equal    and    similar,     rectangular    parallel- 
opipedons,  liaving  a  common  angle,  and  constructed  upou 
wliich  form   severally  one  of  each  of  the  pairs  of 
lines   corresponding   to   +a  and    —  o,    +i  and   —6,    -i-c 
the  lines  a,   b,  c,   and  therefore  —a,  —  fc,  —  c, 
being  at  right  angles   to  each  other:    those  solids  which 
touch    by    their    planes,    and    have,    therefore,    two  edges 
,  such  as  (1)  and  (5),  (1)  and  (6),  (1)  and  (7): 
or  (9)  and  (8),    (3)  and  (8),  (4)  and  (8),   will  partake 
(upon  the  principle  mentioned  in  An.  104)  of   the  signs 


tf  the  third  edges  of  each,  which  are  Dot  in  contact, 
■d  which  are  in  the  same  straight  line  but  in  opposite 
Anctiufui:  those  which  have  one  edge  only  in  common, 
aid  two  other  edges  of  each  in  opposite  directions  with 
Afferent  signs,  such  as  (1)  and  (2),  (1)  and  (3),  (1) 
■d  (4),  or  (5)  and  (8),  (6)  and  (8),  (7)  and  (8), 
■31^  for  the  same  reason,  have  the  same  sign:  whilst 
tkne  pairs  of  solids,  which  have  one  point  only  in  common 
nd  «U  the  three  edges  with  diiferent  signs,  such  as  (!) 
aid  (8),  (2)  and  (7),  (3)  and  (5),  {*)  and  (6),  will  have 
vnTftOy   different  signs. 

107.      If  we  should  attempt    the   explanation  of   the  P«>duet» 
poduct  of  four  or  more  symbols  representing  lines,   or  „,„,; 
rf  two  or  more  Bymhols  representing  areas,  or  of  any  other  ■J°'*"'»- 
wtbinalion  of  symbols  representing  lines,  areas,  or  solids, 
vhieh  should  exceed  three  dimensions,  there  is  no  proto- 
trpe  in  Geometry  with  which  such  products  can  be  com- 
pared,   and    consequently   no  interpretation    can  be  given 
to  them :   in  otlier  words,  the  existence  of  such  products 
is  posnble  in  symbols  only. 


4 


108.  The  process  of  the  solution  of  a  question,  where 
tbr  KTinbols  are  lines  or  areas,  will  frequently  in  the 
ruursc  of  the  operation,  and  before  its  completion,  lead 
to  powers  or  combinations  which  exceed  three  dimensions : 
dna,  however,  is  of  no  consequence,  so  long  as  the  results 
pment  themselves  under  a  form  admitting  of  intcrpreU 
Mioo:  for  the  operations  of  Algebra  take  no  account  of 
llw  speciSc  magnitude  or  nature  of  the  quantities  involved, 
the  synibolical  results  being  the  same  in  all  cases,  and 
thote  results,  with  the  originally  assumed  values  and  re- 
LBUuitations  of  the  symbols,  are  alone  concerned  when 
we  caate  to  the  business  of  interpretation. 

109.  We  have  traced  the  analogy  which  exists  between 
Oir  produrts  «fc  and  ahc,  when  the  symbols  involved  are 

■ben  and  gmmetricut   lines:    and   the   great  principle 
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vhich  we  have  assumed  as  our  guide  for  the  interpretation 
of  those  products  when  the  Byrobols  were  any  quantities 
whatsoever,  was  that  of  their  degenerating  into  arith- 
metical products,  when  the  symbols  were  represented  by 
numbers:  if  we  may  suppose,  therefore,  that  lines  may 
represent  numbers  (and  there  is  no  relation  of  magnitude 
which  they  may  not  denote),  they  may  likewise  represent 
mny  magnitudes  which  numWrs  denote,  and  therefore  any 
magnitudes  which  symbols  denote,  of  which  those  numbers 
are  the  representatives:  under  these  circumstances,  if  a 
and  b  are  represented  by  lines,  the  rectangle  contained  by 
them  will  represent  any  quantity  which  06  can  denote;, 
and  if  a  third  symbol  or  line  is  to  be  introduced,  the 
rectangular  paraltelopipedon  abc  will  be  equally  general 
in  its  representation,  whether  a,  b,  c  are  lines  or  symbols : 
we  thus  give  to  Geometry  the  character  of  a  symbolical 
science. 


■■wuuiuJ  ^^^'     Thus,  if  B  represented  the  uniform  velocity  of 

B  ^Hiicctaii-  a  body's  motion,  and  t  the  time  during  which  it  was 
"""**■  continued,  the  product  of  would  represent  the  space 
over  which  the  body  had  moved  in  that  time :  if  we 
assume  one  line  to  denote  i',  and  another  to  denote  f, 
the  rectangle  formed  by  them  would  represent  the  same 
space  equally  with  the  product  vl. 

When,  however,  lines  represent  quantities  like  v  and  (, 
which  are  different  in  their  nature,  and  therefore  admit  of 
no  comparison  in  respect  of  magnitude,  the  first  assumption 
I  "  f,,  ,1"^"  "^  them  must  be  perfectly  arbitrary :  thus,  if  v  denoting 
[  Hfaitmry.  »  certain  velocity,  be  represented  by  an  assumed  line, 
«'  denoting  any  other  velocity,  would  be  represented  by 
another  line  bearing  the  same  proportion  to  the  former 
that  r'  hears  to  « :  in  a  similar  manner,  one  line  may  re- 
present a  time  /,  and  another  line  any  other  time  t',  if 
they  bear  to  each  other  the  relation  of  ^  and  (':  hut  the  quan- 
tities V  and  /  admit  of  no  comparison  with  each  other,  and 
therefore  the  line  which  represents  an  assigned  magnitude 


n 

rf  one  quantity,  can  bear  no  determinate  relation  to  (he 
bw  which  represents  an  assigned  magnitude  of  the  other : 
m  other  words,  the  lines  which  represent  them  may  be 
iBDined  at  pleasure. 

The  same  remark  applies,  and  for  the  same  reasons, 
to  the  representation  of  essentially  different  quantities  by 
■BBS  of  numbers,  the  values  of  the  primary  units  being 
perfectly  arbitrary :  thus  the  unit  of  time  may  be  a  second, 
t  minute,  an  hour,  &c.  whilst  the  unit  of  space  or  velocity 
(6v  one  is  the  measure  of  the  other)  may  be  a  foot,  a  yard, 
ft  fttrloRg,  Sec.  :  thus,  if  the  unitsi  be  assumed  to  denote  a 
■cood  of  time  and  a  foot  in  space :  we  may  speak  of  a 
vdociiy  deitoted  by  1,  2,  3,  10  or  20,  being  such  as  would 
cause  a  body  to  move  uniformly  over  1,  2,  3,  10  or  20 
fnt  of  »pace  in  one  second,  twice  those  spaces  in  two 
Kronds,  tbree  times  those  spaces  in  three  seconds,  and 
thetvfore  through  a  space  which  would  be  denoted  by  vt, 
if  the  body  moved  with  a  velocity  equal  to  v,  during  any 
number  of  seconds  equal  io  t:  if  we  now  pass  from  Arith- 
metic to  Geometry,  we  may  assume  a  line  to  represent  a 
arcond  of  time,  whilst  an  equal  or  any  other  line  represents 
a  Jbol  in  space,  or  a  velocity  of  one  foot :  such  primary 
unila  being  thus  assumed,  all  other  values  of  those  quan- 
titir*  will  be  represented  by  lines  bearing  the  proper 
rdation   to  them. 


111.     The  following  example,  where  three  dimensions  tiit™»i  of 
■fc  involved,  will  illustrate  this  subject  more  fully-  ^l^nd 

If  p  represent  the  principal  or  sum  of  money  lent  or 
fariume.  r  the  rate  of  interest  (of  £\,  for  one  year), 
rod  /  (he  number  of  years,  then  the  interest  accumulated 
ordue  will  be  represented  by  prt:   for  if  r  be  the  interest 


rf  f  1 .   for  . 


-  year. 


pr   will  be  the   interest  of  a  sum 


of  moDcy  denoted  by  p  for  one  year,  and  therefore  prt 
vtD  be  the  amount  of  this  interest  in  t  years,  no  interest 
hong'  rtekoned  upon  interest  due:  such  would  be  the 
iKBlt  Mcconjing  to  the  principles  of  Arithmetical  Algebra. 
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If  we  now  suppost'  p,  r,  t  represented  respectively  by 
lines,  which  form  the  adjacent  edges  of  a  parallelopipedon, 
the  solid  thus  formed  will  represent  the  interest  accu- 
mulated or  due :  in  other  words,  it  will  represent  whatever 
is  represented  by  the  general  formula  prt,  when  specific 
values  and  significations  are  given  to  its  symbols:  for  in 
whatever  manner  we  may  suppose  any  one  of  the  symbols 
of  prt  to  vary,  the  solid  will  vary  in  the  same  pro- 
portion. 

The  lines  which  we  assume  to  represent  units  of  p,  r 

Uld   I,    are    perfectly    arbitrary,    whether    they    are    made 

\  ^ual  to  each  other  or  not ;  this  is  clearly  the  case  with 

'  p  and  t,  which  are  quantities  of  a  different  nature :  and 

the   third   cjuantity   is   likeivise   different   from   the  other 

two,  being  an  abstract  numerical  quantity  :  for  it  expresses 

the  relation  between  the  interest  of  ,f  Land  J?l,,  or  between 

the  interest  of  J'lOO.   and  j?100.,  which  is  the  quotient 

of    the  division  of  one  quantity  by  another  of    the  same 

nature:  thus,  if  the  interest  be  5  per  cent.,  then  r  =  ^or 

^:  if  4  per  cent.,  then  r=  ,^  or  g:   and  similarly  in  other 

I  cases:  the  line,  therefore,  which  is  assumed   to  represent 

'  file  abstract  unit  to  which  r   is   referred,  is   independent 

of  the   lines   which   represent  units  of  p  and  of  /,   and 

may  therefore  be  assumed  at  pleasure,  equally  with  those 

lines. 


The  lines  which  represent  p  and  t  form  a  rectangular 
area,  which  is  the  geometrical  representation  of  their  pro- 
duct: the  third  quantity  r,  being  merely  numerical,  may 
either  be  represented  by  a  line  as  in  the  case  just  con- 
sidered, when  a  sobd  parallelopipedon  is  made  the  repre- 
sentative of  prt:  or  we  may  consider  the  area  pt  as 
representing  the  product  prt  when  r  =  1,  and  that  this 
product  in  any  other  case  is  represented  by  a  rectangle 
which  bears  to  the  rectangle  p  t  the  ratio  of  r  to  1 : 
this  may  be  effected  by  increasing  or  diniinisliing  one  of 
the  sides  of  the  rectangle  in  the  required  ratio:  the  pro- 


iaet  j>rt  may  therefore  be  correctly  represeuted  either  bv 
t  adid  or  an  area,  when  one  of  the  factors  is  an  nbetract 
Duoibcr. 

The  examples  which  v-e  have  given,  and  the  observationp 
nnnecled  irith  iheto,  would  shew  that  such  geometrical 
rtjvesentations  are  coextensive  with  algebraical  products 
u  far  as  three  dimensions :  when  more  factors  than  three 
an  introduced,  the  analogy  of  such  products  with  Geo- 
iBctri<:al  areas  or  solids  ceases  to  exist,  and  it  is  only  by 
one  or  more  of  them  to  be  abstract  numbers, 
they  can  be  brought  mthin  the  limits  of  such  repre- 


112.  Id  the  solution  of  questions  in  the  Rule  of  Three,  Ii 
is  tke  many  different  forms  under  which  that  rule  presents  ^ 
iKtU^  ire  have  frequently  products  of  heterogeneous  factors,  ii 
to  which  it  is  not  necessary  to  give  any  interpretation:  j 
tar  in  such  eases  those  products  present  themselves  in  pairs,  '• 
c*ch  cootaining  the  same  number  of  factors,  which  are 
acrefsDv  homogeneous  with  each  other,  and  whose  relative 
nwgnitude    is  alone  considered,  without  any  reference  to 

spea&c  nature :    the  following  examples  will  more 

explain  our  meaning. 


E 


if  general  syroboli  in  malhe- 
neccuaTlly  adopted  ai  Ihe 
larni  at  Ihal  time  known  uf  tj-mbolkal  language:  and  long 
Av  lb«  oae  of  Alpebruiral  tymlwh  was  [nlly  iiDdrrttood,  tlic  iDflnence 
■I  Mw.il  HI  habiti  oud  auoTialitau  initiiced  natbematiciani  to  trdiic^e  the 
mmt^abUiotd  by  nwaiu  of  Uiem  to  Geonieirical  formt:  thii  practice  coa- 
tmKi  Mt  •  very  late  period  In  tliii  caontry.  In  nnuequence  of  its  liavinti 
Nm  BnctH»e<I  by  tlie  aulbority  o(  Newton  and  the  most  illuitrioot  ul  Iua 
n«M|i>iaiii »  It  wa>  eonlcudvd  lliat  Eucb  reprftcDlalioui  conveyed  u 
mmMc  laaffc  •>'  n>«EnUudet>  tn  the  eye  u  well  as  lo  tlie  mind,  and  that 
•ewe  that  enaUed  more  rtadily  and  narc  clearly  tn  teite  tlie  relatiaiu 
OMliw  ^B^pMg  IIi^im:  linl  >I  is  obviout  that  Nidi  lepreientatioQi  give  no 
pfalar  afal  to  tl>e  inltrpictatiua  of  their  meanin;  tlian  when  expreued  in 
Bsenl  ajwibab ;   and  that  a>  far  as  the  Inuincss  of  raleulaliaii  is  cc 


ir  mnoved  tnrai  the  rewll  in  m 


e  dian  in  Ibe  other. 
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"  If  a  number  of  men  (n»)  dig  a  ditch,  whose  length 
u  o,  breadth  b,  and  depth  c,  in  a  given  time,  what  number 
of  men  (m')  will  dig  a  ditch  whose  depth  is  a',  breadth  b', 
and  depth  c',  in  the  same  time?" 

The  ordinary  rule  or  process  for  the  solution  of  such 
questions,  leads  to  the  proportion 

m  :  m'  :;  abc  :  a'b'c', 
or  to  the  equivalent  fractions, 


*»'      a'b'c'      a'      b'      c 

The  ratios  of  a  to  o',  of  6  to  b',  of  c  and  c',  which 
are  severally  numerical,  and  totally  independent  of  the 
specific  nature  of  the  quantities  a',  b',  c,  are  alone  re- 
quired: we  from  hence  get  the  ratio  of  m  to  m',  and  are 
thus  enabled  to  determine  m,  which  is  the  quantity  re- 
quired :  for  if  — ,  X  r,  X  -  =  e,  then  m'=~- 
a       a       &  e 

If  we  should  form  two  solid  rectangular  paralletopi- 
pedons,  of  which  a,  b,  c  and  a',  b',  c'  were  respectively  the 
adjacent  edges,  the  ratio  of  their  magnitudes  would  be  that 
of  m  to  m:  they  would  represent  respectively  the  ditches 
to  be  excavated,  and  their  magnitudes  would  therefore 
be  the  measure  of  the  work  to  be  done  in  each  casei 
the  very  principle  of  tliis  representation  would  shew  that 
abstract  numbers  might  be  substituted  for  a  and  a',  b  and  b', 
and  for  c  and  c'. 

We  will  now  state  the  same  question  with  some  ad- 
ditional conditions. 

"  If  a  number  of  men  (tn)  dig  a  ditch  whose  length 
is  a,  breadth  6,  and  depth  c,  in  t  days,  working  for  h 
hours  each  day,  how  many  men  (m')  will  dig  a  ditch 
whose  length  is  a',  breadth  ft',  and  depth  c,  in  /'  days, 
working  for  h'  hours  each  day  't 
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Id   this  casCf  wi>  arrive  at  the  proportion 

m  ;  m'  ::  — '■  :  

ih         Ifh 

or  the  equiraleat  iractions, 

m       ahciK      a       b      r      (      K 

»'~  a'b'cth~  a'^  b''^  c'^7  ^  h' 

nd  it  is  clearly  a  matter  of  indifTerence,  when  the  pro- 
fortioa  is  once  established,  what  are  the  quantities  denoted 
by  a  and  a,  6  and  6',  c  and  c,  t  and  t,  h  and  A'  respet- 
tirdljr. 

113.  The  meaning  of  Algebraical  products,  when  the  ^ 
fictors  are  any  assigned  quantities,  being  once  determined,  ^ 
•e  experience  no  difficulty  in  interpreting  the  meaning 
rf  Algebraical  quotients,  when  the  dividend  and  divisor 
XK  iLSsigned  both  in  signification  and  value  i  the  general 
principle  of  such  interpretations  being,  that  "  the  operation 
'if  J>iri«OTi  \s  in  all  cases  the  inverse  of  Multiplication : 
in  other  words,  the  quotient  or  result  of  the  division  must 
be  such  A  quantity,  that  when  multiplied  into  the  divisor, 
it   wiQ  produce   the  dividend:    we  will   enumerate  a  few 


114.  If  the  dividend  and  divisor  be  both  abstract  ^ 
■ambers,  tbe  quotient  is  an  ordinary  number  or  numerical  d 
Dsction* 

If  the  dividend  be  concrete,  and  the  divisor  numerical 
avl  abstract,  the  quotient  is  a  concrete  quantity  of  the 
mau  nature  with  the  dividend. 


If  the  dividend  and  divisor  be  Iwth  concrete  and  of 
tbe  same  nature,  the  quotient  is  an  abstract  number  or 
a  ouiDerical  fraction :  for  no  change  is  produced  in  the 
e  at  the  divisor  by  being  multiplied  into  the  quotient. 
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If  the  dividend  be  an  area,  rectangular  or  not,  and 
the  divisor  a  line,  the  quotient  is  a  line  wliich  contains 
with  the  divisor,  a  rectangidar  area  equal  to  the  dividend: 
if  the  dividend  be  a  rectangle,  and  one  of  its  sides  the 
divisor,  the  other  side  is  the  quotient. 

If  the  dividend  be  a  solid  and  the  divisor  a  line,  the 
quotient  is  an  area  whether  rectangular  or  not,  forming 
witli  the  divisor  a  solid  equal  to  the  dividend. 

If  the  dividend  be  a  solid  and  the  divisor  an  area, 
the  quotient  is  a  line,  which  contains  with  the  divisor  a 
solid  equal  to  the  dividend. 

If  the  dividend  be  a  space  passed  over,  and  the  divisor 
the  uniform  velocity  with  which  it  is  described,  the  quotient 
is  the  time  of  describing  it. 

It  is  not  necessary,  however,  to  multiply  examples  of 
such  interpretations,  when  the  principle  which  connects 
them  with  the  corresponding  products  admits  of  such 
easy  and  immediate  application. 

115.  The  rule  for  the  division  of  compound  alge- 
braical expressions,  leads  necessarily,  as  we  have  alreadv 
seen  (Art.  46.  Ex.  19),  to  the  formation  of  incomplete  and 
indefinite  quotients:  it  is  an  enquiry  of  considerable  im- 
portance to  ascertain  the  meaning  of  the  sign  =,  when 
placed  between  such  a  series,  and  the  Algebraical  fraction 
from  which  it  arises ;  in  order  to  make  our  observations 
upon  this  subject  more  easily  understood,  we  will  connect 
them  with  a  particular  example. 

Let  us  conuder  the  quotient  of  the  division  of  a  by 
1  — (F,  which  gives 


If  we  retain  the  remainder  R,  the  two  parts  on  each  side 
of  the  sign  =  are  reducible  to  identical  cxpressious,  and 
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tfcey  «rie  therefore  equal  and  e<juivalcnt  to  each  other  in 
k  ordinary  sense  of  those  terms. 

Thus    supposing    the   division    continued    to  n    terms, 
vfa«xi  we  find 

=a  +  ax  +  a.v-+  ...  aar      +- : 

I  — Jf  l—x 

?  we  multiply  both  sides  by  1— jt,  we  get 

a=a-aj.-+  R  =  a, 

116.      There  are  two  questions  which  may  be  proposed  ^ 
with  respect  to  such  divisions,  which  are  the  reciprocal  or  , 
of  each  other. 


The  first  is,  "Given  the  dividend  and  divisor,  to  find 
the  indefinite  quotient." 

The  second  or  converse  question  is,  "  Given  the  divisor 
tud  the  indefinite  quotieut,   to  find  the  dividend.'" 

117.     The  series  or  indefinite  quotient  equally  results  ? 
frum    ihe  operation    of    division,    whether    we    retain    the  1 
»r  not :  when,  therefore,  we  say  that 


the  ngn  =  merely  indicates,  that  the  indefinite  series  on 
one  «de  of  it  is  the  result  of  the  operation  which  on 
the  other  side  of  it  is  indicated  and  not  performed. 

118.     There  are  two  modes   in  which  the  second  or  c 
coorerse  question  may  be  answered.  ^ 

First,  retaining  the  renuunder  and  multiplying  1  —  <r  1 

mUt  ffl  +  a«  +  0**  +  ojr'+  &c.  +  ij ,  we  necessarily  gel  n 

lb  fitvidend  at  whatever  term  of  the  series   the  original  f 
I  was  made  to  terminate :  if  the  division  was  sup-  A 

N 


Iticd. 

J 

gof  ihe 

I 
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posed,  liowever,  to  be  indefinite,  and  consequently  the 
actual  remainder  not  assigned  nor  aHsignable,  but  merely 
represented  by  a  general  symbol  such  as  R,  the  result 
of  this  multiplication  would  still  produce  the  original 
dividend. 


Given  the  ^g       j^  ^^^  ggp^^d  case, 

diriKW  Mid  '  , 

indeflnite     or  quotient  without  noticing  the  reraaindi 


quDlkcnt 
wilhout  the 

either  I?, 
presmlcd  or 
txpraued, 
U  Sod  the 

diridtnd. 


take  the  indefinite  series 
if  we  multiply 


thJB  series  into  the  divisor,  we  shall  get  the  original  di- 
vidend, with  an  indefinite  term  or  terms  which  are  neither 
exhibited  nor  capable  of  being  so  :  so  far,  however,  as  the 
discovery  of  the  dividend  is  concerned,  we  detect  it  equally 
by  multiplying  the  divisor  into  the  indefinite  quotient,  with 
or  wit/toiii  a  remainder,  omitting  in  the  second  case  all 
notice  of  such  parts  of  the  product  as  are  not  capable 
of  actual  Algebraical  expression. 


f  Second  j^q 

teuing  of 


When  viewed  in  this  light,  the  sign  =,  placed 

between and   the   series    a  +  ax  +  ax-  +  n aP  +  itc. 

means  not  only  that  the  series  results  from  the  fraction 
by  the  ordinary  operation  of  division,  but  likewise  that 
H  19  equivalent  to  it,  when  employed  as  a  factor  in 
multiplication :  for  thoi^e  quantities  are  considered  as  equi- 
valent in  Algebra,  which  produce  the  same  result,  when 
employed  in  the  same  operation  or  operations. 

Third  121.     So  long  as  the  remainder  was  retained,  the  parts 

meaning  of  i.      ■.        -    .         -  ,      .,  ,  .     ,    '^.     , 

tUcsign=.  on  each  side  of  the  sign  =  were  reducible   to  mdcntical 
expressions,  and  were  consequently  equal  as  well  as  eepii- 
_  valent:   and   such  an  equality   cannot   of  necessity  exist 

I  between  Algebraical  expressions  under  any  other  circum- 

stances. 

^*^-  122.  But  if  we  pass  from  the  use  of  symbols  in  their 
when  indi.  general  form,  to  assigned  or  relative  values  of  them,  the 
^^*' fraction  ajid  the  resulting  series  without  its  remainder, 
plsced  be-  may  become  Arithmetically  equal  to  each  other,  at  least 
[^'''      in  a  certain  qualified   sense. 


Thus*  if  <v  be  a  propel*  fraction  or  less  than  unity, 
the  texms  a,  ax,  asi'f  aiv^.  Sic.  and  therefore  the  succeaaive 
RBUUoders,  become  less  and  less  after  every  operation:  by 
proceeding  far  enough,  therefore,  we  may  arrive  at  a  re- 
naind^  less  than  any  fraction  which  may  be  assigned : 
m  other  words,  the  series  may  lie  made  to  differ  ^om 
the  true  quotient  by  a  frac^tion  sn  small  as  to  be  incapable 
of  Arithmetical  expression:  under  such  circumstances,  as 
Ux  aa  the  purposes  of  cidculatiun  are  concerned,  one  may 
be  uaumed  for  the  other. 

If,  however,  the  series  diverges,  and  its  terms  therefore  And  ¥ 
Bcraue   continuaUy,  the  remainder  is  greater  than  all  its  ""' 
leniB,  and   the  fraction  and  the  resulting  series  are  neither 
Arilhmfdcally  equal  nor  equivalent  to  each  other. 


X^.       The  fractioi 


and  - 


^..«     — -    are    equivalent 

to  each  other,  but  the  series  which  results  from  one  is, 
a—a^  -f-  a^^  —  av'  +  &C.;  whilst  that  which,  in  conformity 
vith   the    rule    for  division,   corresponds  to  the  other,  is 

. ^- -j+  Ecc. :  we  thus  find  two  series' essentially 

#     **       jr*       ^ 

Jigtaioft  trtfo  each  otiier  in  all  their  terms,  which  result 
ftai  equivaieiit  Algebraical  fractions:  and  several  examples 
if  «  similar  nature  may  be  seen  in  Art.  46. 

JJ4.  The  dividend  is  digcooered  by  multiplying  the 
fau  feries  bv  1  +'P.  ™*1  the  second  by  .r  +  1,  taking  no 
Mice  of  s»»<^l»  quantities  in  each  as  are  incapable  of  being 
Khnlly   expressed  or  exhibited. 

125  If  ne  pass  from  general  symbols  to  Arithmetical  >otci|uiv« 
m  definud  relative  values  of  them,  if  one  series  converges,  AriihnlTu-- 
iht  other  d*. verges,  and  one  only  of  the  two  series,  though  ™itcn«e. 
Alaebnucally  equivalent,  in  the  sense  attached  to  the  term, 
to  each  otlwr.  in  Arithmetically  equal  to  — ~  or  -— ^ . 


>ame&ac. 

I 


Ihey  Algt- 
bnically 
cqui  talent 
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126.     The  following  may  be  mentioned   as  the  moBt 
important  conclusiuns  -which  have  been  deduced  from  the 
I  g^"'^     preceding  examination  of  the  theory  of  indefinite  quotients. 

(a)  Indefinite  quotients  are  considered  as  Algebraically 
equivalent  to  the  Algebraical  fractions  from  which  they 
are  derived,  whether  with  or  without  the  remainder. 

(/3)  The  dividend  may  always  be  determined  from 
the  actual  product  of  the  divisor  and  the  indefinite  quo- 
tient, including  the  remainder;  or  even  without  the  re- 
mainder, if  no  attention  be  paid  lo  a  term  or  terms  which 
are  incapable  of  actual  Algebraical  expression. 

(•y)  The  sign  = ,  when  it  signifies  Algebraical  equiva- 
lence, has  no  reference  to  the  actual  magnitude  of  the 
quantities  between  which  it  is  placed. 

(S)  The  same  sign  =  implies  Arithmetical  or  ordinary 
equality  only,  when  Arithmetical  or  relative  values  are 
given  to  the  symbols,  and  when  the  terms  of  the  indefinite 
series  are  convergent. 


■  have  seen  above,  will  have 


Renewed  127-     The  sign  = 

coniddeT-       jjj 

■tion  of  the  ... 

diflennt  ing  to  the  peculiar  circumstances  of  its  position  and  use: 
th^i^=!  ^^  "^  ^^^  interpreUtion  which  must  be  given  to  it,  in 
any  given  case,  is  connected  with  some  of  the  most  im- 
portant theories  in  Algebra,  it  may  be  proper  in  this 
place  to  give  it  a  more  particular  examination. 

Its  most  common  signification,  which  may  he  rendered 
by  the  phrase  gives  as  its  result,  is  when  it  is  placed 
between  two  expressions,  one  of  which  is  the  result  of 
an  operation  which  in  the  other  is  indicated  and  not 
performed. 


Thus,  the  cxpressioi 
expreesed   us   follows : 


'   -  =  «  +  J-,  may  be  otherwise 
division  of  n'  — j.'  by  a  —  .v, 
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gives  at  Us  result  a  +  x.  Again,  it  is  the  same  thing 
whether  we  say  a"  x  a"  =  a"*",>or  the  product  of  a*  into 
a"  gives  as  its  result  n""*":  and  the  same  interpretation 
may  be  given  to  it,  whenever  it  is  used  in  the  examples 
given  in  the  last  Chapter. 

Id  all  such  cases,  it  may  be  expressed  likewise  by 
the  term  equivalent,  inasmuch  as  both  members  of  such 
equations  may  be  used  indifferently  in  Algebraical  ope- 
rations; and  again,  the  term  equivalent  may  be  replaced 
by  equal  in  its  ordinary  sense,  except  in  certain  cases  of 
indefinite  quotients,  where  the  remainders  arc  not  noticed- 

\28-  Id  all  such  identical  equations,  where  the  raera-  idcndol 
bers  on  each  side  of  the  sign  =  are  either  identical  or 
reducible  to  identity,  by  means  of  Algebraical  operations, 
the  syndwls  preserve  their  general  and  arbitrary  values,  no 
limitation  being  imposed  upon  them  by  the  conditions  of 
the  equation:  in  other  words,  they  arc  subject  to  the  taw 
of  continuity*,  and  admit  nf  every  possible  value  from 
infinite  and  negative  to  infinite  and  positive- 

129.  But  if  one  member  of  the  equation  is  not  redu-  EqiMtionm 
cible  by  any  Algebraical  operations  to  identity  with  the  d. 
other,  the  sign  =  can  no  longer  be  interpreted  in  its 
first  or  second  sense,  since  one  member  cannot  be  replaced 
by  the  other  in  Algebraical  operations:  under  these  cir- 
cumstances, the  sign  =  must  be  confined  to  its  third 
meaning,  of  equalitp;  and  in  order  that  this  may  be  the 
case,  some  one  of  the  symbols  must  be  dependent  upon 
the  other  for  its  value :  for  if  all  the  symbols  l>e  considered 
as  arbitrary,   and  arbitrary  values   be   assigned  to  them, 

'  We  make  aie  of  tbit  exprndon  oa  ■  Irchiiual  phrase,  thp  use  of  trhidi 
ii  tre<]iieittly  entremely  coDienicnt  lu  eipreu  the  diitinction  between  qnanlil; 
connliltrtd  u  continnouiuiii  diHontiODOiu:  aU  qntntity  eipresaed  bynumbera 
it  ducotltiinNrai,  tince  they  deiignme  valnei  whkh  are  Kparatri]  by  detcr- 
miiute  intrmli:  whiUt  qnantily  cipre»«il  by  Ocometiical  lines  orgeDcnl 
•ymbols  i>  continnoui,  unce  they  arc  cnpable  a(  comprehrndinK  every  pouiblc 
inlve  between  given  UmHi- 
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the  equality!  which  the  sign  =  expresses,  cannot  necessarih/ 
take  platx,  since  the  terms  of  the  expressions  on  each 
aide  of  it  are  neither  identical  nor  capable  of  being  made 


^^i  pro.  130.  It  is  not  our  intention  to  enter  al  present  into 
«ulution  of  the  examination  of  the  laws  of  dependence  of  one  symbol 
cquBiioni.  upon  the  other,  in  such  equations,  or  in  other  words,  of 
tlie  theory  of  the  solution  of  equations,  an  enquiry  of 
great  extent  and  ditficulty,  and  incomparably  the  most 
important  of  all  the  inverse  processes  of  Algebra :  it  will 
be  sufficient,  in  order  to  explain  our  meaning,  to  shew 
this  dependence  in  a  few  very  simple  instances. 

If  (P  =  o,  the  value  of  one  symbol  is  identical  with 
and  therefore  dependent  upon  that  of  the  other;  in  other 
words,  if  one  be  arbitrnry,  the  other  is  not  so. 

If  X  =  a  +  !i,  and  if  a  and  h  are  arbitrary  and  assumable 
at  pleasure,  the  value  of  a;  is  determined  by  them,  and 
therefore  dependent  upon  them :  again,  if  ,t  and  6  be  ar- 
bitrary, a,  wbicli  is  equal  to  *  —  ft,  is  dependent  upon 
■r  and  A  :  if  a:  and  a  he  arbitrary,  b,  which  is  equal  to 
.r— n,  is  dependent  upon  ,v  and  a. 

If  a.v  +  b  =  cj!  +  d,  the  relation  existing  between  the 
five  symbols,  x,  a,  b,  c,  d,  may  be  exhibitetl  under  the 
five  following  forms: 


(1) 


(3) 

t>  =  (,--a)x  + 

m 

ai+b-d 

.V 

(S) 

rf  =  („-,.),.  +  , 

1«8 

It  thus  appears,  that  if  we  consider  four  of  the  five 
•ynbol*  in  the  equation  as  arbitrary  aod  independent, 
the  fifth  is  necessarily  dependent  upon  them  and  its  value 
detennined. 

131.     Our  great  object   in   tlie  very  lengthened   dis-  fSeiKnl- 
cussion  which  we  have  just  concluded,  has  been  to  point  i^'ui^itiii 
out  the  distinction   between  the  science  of  Algebra  when  *"""'  ■'*"'' 
considered  with  reference  to  its  own  principles,  and  when  in  wWch 
considered  with  reference  to  its  applications,  and  to  shew  ?''J'*" 
in  what  manner  and  to  what  extent  the  assumptions  which  covncd 
regulate  the  combinations  of  general  and  arbitrary  symbols  ""'1^'" 
io  Algebra  were  suggested,  and  their  interpretation  limited 
by  other  and  subordinate   sciences:    the  principles  which 
determine  the  connection  between  these  sciences  being  once 
efttablished,  we  shall  he  fully  prej)ared  to  consider  to  what 
extent    we    can    consider    equivalent    forms     suggested    or 
invntigated   upon   the  principles  of  a  subordinate  science, 
as  equally  true  when  expressed  in  general  symbols. 

Thus  the  principles  of  Arithmetical  Algebra  lead  to 
■(be  equation 

when  «  and  m  were  whole  numbers:  it  was  the  conversion 
of  this  conclusion  in  one  science  into  an  assumption  in 
the  other,  which  lead  to  the  same  equation, 


rwhen  n  and  m  were  general  symbols. 

If,  however,  we  had  commenced  with  the  aagutnption 
that  there  existed  some  equivalent  form  for  a"  x  a",  when 
H  uul  m  were  general  symbols ;  and  if  we  had  discovered 
and  proved  that  this  form  in  Arithmetical  Algebra  was 
a"*",  where  n  and  m  wore  such  quantities  as  Arithmetical 
Algebra  recognizes,  then  we  might  infer  that  such  Ukewise 
"  4  be  the  equivalent  form  in  Symbolical  Algebra :  for  this 
1  can  undergo  no  change,  according  to  the  assumptions 


ich  we  have  made,  from  ( 


change  ' 


the  nature  of 


its  symbols,  and  must  therefore  continue  the  same  when 
the  symbols  are  numbers:  if,  therefore,  we  discover  tliis 
form  in  any  one  case,  we  discover  it  for  all  others. 

-bwof  the  132.  Let  us  again  recur  to  this  principle  or  law  of 
of  MuiTk.  the  'permane?ice  of  equivalent  forms^  and  consider  it  when 
•uKd"    't*'^*!  i"  'he  form  of  a  direct  and  converse  proportion. 

"  Whatever  form  is  Jlgehraically  equivalent  to  another, 
when  expressed  in  general  symbols,  must  be  true,  whatever 
those  symbols  denote." 

Conversely,  if  we  diacover  an  equivalent  form  in  Arith- 
metical Algebra  or  any  other  subordinate  science,  when 
the  symbols  are  general  in  form  though  specific  in  their 
nature,  the  same  must  be  an  equivalent  form,  when  the 
symbols  are  general  in  their  nature  aa  well  as  in  their 
form. 

ud  proved.  fhe  direct  proposition  must  be  true,  since  the  laws 
of  the  combinations  of  symbols  by  which  such  equivalent 
forms  are  deduced,  have  been  assumed  without  any  reference 
to  their  specific  nature,  and  the  forms  themselves,  therefore, 
are  equally  independent. 

The  converse  proposition  mnst  likewise  be  true  for 
the  following  reasons: 

If  there  be  an  equivalent  form  when  the  symbols  are 
general  in  form  and  in  their  nature  also,  it  must  coincide 
with  the  form  discovered  and  proved  in  the  subordinate 
science,  where  the  symbols  are  general  in  form  hut  specific 
in  their  nature:  for  in  passing  from  the  first  to  the  second, 
no  change  in  its  fom)   can  take  place  by  the  first  propo- 


Secondly,  we  may  assume  such  an  equivalent  form 
in  general  symbols,  since  the  laws  of  the  combinations  of 
symbols  are  assumed  in  such  a  manner  as  to  coincide 
strictly  with  the  corresponding  laws  in  subordinate  sciences. 
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wdi  as  Aritbmeticttl  Algebra:  the  conclusions,  therefore, 
a>  &r  aa  their  form  is  concerned,  are  necessarily  the  same 
in  both ;  and  the  Algebraical  equivalence  which  exists 
n  ooe  case  must  exbt  likewise  in  the  other. 

133.  The  principle  which  is  expressed  in  these  pro-  Ii 
poatioas,  which  we  have  named  the  law  of  the  permanence  '" 
^  algebraical  forms,  is  one  of  the  greatest  importance, 
nd  merits  the  most  profound  and  careful  consideration ;  it 
poiots  out  the  proper  object  of  those  demonstrations  in 
Algebra,  which  have  reference  to  the  research  of  equivalent 
bnns,  and  shews  why  they  may  be  safely  generalized, 
FTen  though  they  may  be  obtained  by  the  aid  of  specific 
niues  of  tlie  symbols:  if  a  general  equivalent  form  be 
Bsumed  to  exist,  it  is  clearly  sufficient  if  we  can  discover 
it  in  any  one  of  its  states  of  existence,  corresponding  to 
the  different  specific  values  of  its  general  symbols :  and 
if  we  commence  by  detecting  its  existence  for  specific  values 
of  the  symbols,  we  may  generalize  the  symbols,  since  the 
WUOK  form  continues  to  be  equivalent  for  all  algebraical 
operaDoDs. 

134.  Thus,  we  may  assume  the  existence  of  an  equi- '' 
•alent  form  for  (1  +*)■,  when  n  is  a  general  symbol,  and 
we  may  discover  it  when  n  is  a  whole  number:  or  we 
nav  commence  by  the  discovery  of  the  equivalent  form 
of  (1  +sy,  when  n  is  a  whole  number,  and  subsequently 
aannne  the  existence  of  it,  when  »  is  a  general  symbol : 
ID  tbti  first  case,  assuming  its  existence,  it  is  necessarily 
llw  fann  discovered :  in  the  second  case,  the  law  we  have 
■KDtioDed  and  the  reasoning  by  which  it  is  established, 
vould  ahew  that  the  form  discovered  is  algebraically 
ajuivalenti  when  ti  is  a  general  svmbol. 

135.  It  is  no  obiection  to  the  use  of  this  principle,  ^'oimiie 
1  consequence  of  its  extreme  abstraction  and  gener-  b;  cnlier 


;  require 


I  great  i 


I  pan 


iful  effort  of  the  mind  ^ 


■prebend  thuruughly  the  evidence  of  its  truth,  unles 


it  can  be  shewn  that  there  are  other  and  more  easily 
intelligible,  though  less  general,  methods  of  arriving  at 
similar  conclusions ;  but  a  very  littlo  consideration  will 
shew,  that  the  province  of  demonstration  is  extremely 
limited  when  general  symbols  are  employed,  since  we  must 
reject  altogether  the  lud  derived  from  the  specific  values 
of  the  symbols  :  we  are  thus  confined  to  the  assumed  laws 
of  their  combination  and  incorporation  with  each  other, 
and  consequently  demonstration  can  only  extend  to  cases 
which  those  laws  comprehend :  it  is  for  this  reason  that 
there  can  be  no  demonstration,  independently  of  additional 
assumptions,  of  the  existence  of  an  equivalent  form  for 
(1  +«■)',  when  «  is  a  general  symbol. 

^metri5  ■  ^36-  Amongst  the  most  important  aids  for  the  dis- 
adeombi.  covery  and  determination  of  equivalent  forms,  whether 
their  general  existence  can  be  assumed  or  proved,  may 
be  mentioned  the  principle  of  symmetrical  comtnnationa, 
of  which  use  has  been  made  in  many  examples  in  the  lost 
chapter:  it  may  be  considered  as  such  a  modification  of 
the  principle  of  sufficient  reason  as  is  applicable  to  the 
science  of  Algebra,  and  in  its  most  general  form  may 
be  stated  as  follows: 

"  When  several  events  are  equally  likely  to  happen, 
if  one  can  be  shewn  to  happen,  the  others  must;  and 
if  one  o/  them  can  be  shewn  not  to  happen,  neither  can 
the  others  happen." 

When  we  speak  of  events  as  equally  likely  to  happen, 
we  mean  that  they  are  similarly  circumstanced  ;  and  when 
we  speak  of  one  event  as  necessarily  determining  the 
others,  we  merely  say  that  the  same  premises  must  ne- 
cessarily lead  to  the  same  conclusion. 


137.  Thus,  in  our  determination  of  the  product  or 
equivalent  form  of  {.v  +  a)  {x  +  li)  (.p  +  c).  we  observed 
that   the  general  symbols  a,  b,  c  were  equally   Involved 


1« 

M  each  of  the  factors  a>  +  a,w-i-b  and  js  +  c:  and  we  con- 
duded  from  the  general    principle  above-mentioned,  that 
if  a  *•  was  a  term  of  the  product,   bar  and  c*"  must  be 
Hiually    so:    and  lliat  if   ab.v  was  a  term  of  the  product, 
o«i    and  bcx  must  be   equally   so:    for  the  same  reasons 
vfaich   determined  the  existence  of  aji  and  ab.T,  must  de-       ^^M 
Urmiiie    that    of   b,v"  and    ai^    in    one  case,    and    that    of       ^^| 
«rx  and  frco*  in  the  other:   if  we  deny  these  coneequences,       ^^1 
there   is   an  end   of  all   certainty   in  our  reasoning  from 
tbe  aaine  causes  to  the  same  effects. 

138.     Amongst  other  processes  of  reasoning  which  are  Diffbent 
ODployed  in  the  discovery  of  equivalent   forms,   we   may  ^dueiioD. 
mentJoD    Induction,    of    which    there  are   several   species, 
pmeotiDg  very  different  degrees  of  evidence,   from  what    ^^^m 
k  merely  probable  to  what  may  be  considered  as  demon-  ^^^H 


139-     The  first  and  most  humble  of  these  species  of 
Induction,  is  that  by  which  we  draw  a  general  conclusion 

ti  the  observation  of  particular  facts. 
to  physical  science,  such  inductions  are  useful  as  a 
iM  of  classifying  facts,  and  as  furnishing  indications 
m  geoeral  truths,  which  other  methods  may  estabUsh.  In 
Algebra,  or  rather  in  Aiithmetical  Algebra,  it  may  suggest 
tbe  existence  of  an  equivalent  form,  but  no  dependence 
can  1m  placed  upon  the  generalisation  of  conclusions  thus 
deduced,  unless  other  methods  can  be  invented  for  their 
danoDstr  ation .  * 


illi  wlitcli  lucb  giMiFtalilfaliuiis  sliuuld  bi 


4- -11 


*  A*  ■■  ekunple  of  Uie  ditlmst  1 

ntmtd,  na)  be  meDtioiieil  the  tomii 

a-' 4 

iJMimliil  bj  tMer,  ubicli  rpprcwtiU  prinu  numbers  for  all  values  of  x,  from 
■  ta  W:  it  wonld  br  >  falie  indaclion,  bawtvet,  to  inler  fmm  m  niaiijr  cou- 
^MftjM  lacti,  that  nwb  wonli)  gt^n^nlly  be  the  cam,  for  it  j-^40  or  11.  the 
la^MT  expicHcd  by  the  fonniila  is  clearly  diviiible  by  41.  Another  and  a 
^■R  iiiii«ffc«)'lr  Fxamijle  oTcura  in  the  lonniila  i'+  1,  which  Fcnnal  ■>■ 
^,ll,|  ir«*  al%nys  a  prime  numher,  but  which  Eoler  tbewcd  iiol  lo  be  «o,  when 
la  the  tlieoty  of  mimbtTt,  we  nieel  with  niimeroMK  exaiuplei  of  i 
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We  Advance  considerably  upon  the  scale  of  evidence, 
when  the  facts  upon  which  our  inductions  are  founded 
are  connected  with  each  other :  thus,  if  a  formula  be  found 
to  be  true  for  several  successive  numbers,  and  there  is 
B  discoverable  dependence  of  the  several  cases  upon  each 
other,  when  taken  in  the  order  of  their  succession,  we  may 
assume  it  to  be  true  for  any  number ;  the  demonstration, 
however,  is  not  complete,  unless  we  can  sliew,  that  assuming 
its  truth  for  any  given  number,  it  must  be  true  for  the 
number  immediately  succeeding.  We  can  then  pass  up- 
wards from  the  known  cases,  by  means  of  this  proposition, 
to  any  extent  wc  please. 

An  example  of  this  species  of  Induction  is  given  in 
Ex.  12,  Art.  39,  in  ascertaining  the  law  of  formation  of 
the  product  of  any  number  of  binomial  factors  x  -^a,  j?  +  ft, 
*  +  c,  &c. ;  in  order  to  complete  the  demonstration  of  the 
proposition  there  deduced,  it  would  be  requisite  to  shew 
that  if  true  for  («—  l)jfactorB,  it  must  necessarily  be  true 
for  n  factors;  a  step  in  the  process  of  reasoning  which 
it  is  not  very  difficult  to  supply. 

Analogy:  \\0.      General    conclusions    drawn    from    analogy,   are 

lent  ii  ni«y  founded  upon  probable  evidence  only,  and  require,  like  those 
be  nulled,  deduced  by  Induction,  the  confirmation  of  demonstrations 
drawn  from  other  sources:  the  operations  and  resulting 
forms  in  Arithmetic  and  Geometry,  expressed  in  symbols, 
bear  a  strict  analogy  to  operations  bearing  the  same  names, 
and  to  the  forms  resulting  similarly  from  them  in  Algebra, 
where  the  symbols  are  perfectly  general :  but  it  is  by  the 
law  of  the  permajience  of  equivalent  forms,  and  not  by 
analogy,  that  wc  are  enabled  to  pass  from  one  to  the 
other :  it  is  only  so  far,  tiierefore,  as  analogy  may  be 
considered  as  a  modified  expression  of  tliis  law,  that  we 
are  legitimately  enabled  to  generalize  conclusions  deduced 
hy  means  of  it.  We  will  explain  our  meaning  more  fully 
by  an  example. 

If  we  replace  1  +  il',  1  +^■1*,  1  +  jj'*,  1  +  a; |',  &c. 
by  equivalent  forms,  the  second  terms  of  these  forms  will 


MBS 


ht  severally  2x,  3x,  4.t,  &x,  &c.  where  the  coefficient  of 
«  ii  the  index  of  the  binoniial  1  +  a7 :    if  we  sought  for 

EquiTalent  forms  of  1-r  j.'1  ,  1  +ic|  ,  1  +  »j  ,  &c,,  we 
Wnuld  conclude  from  analogy,  that  their  several  seeond 
ttzms  would  be  gjF,  -^.v,  ^^,  &c.:  such  a  concluaioi),  faow- 
msy  would  not  be  correct  or  capable  of  generalization, 
imleas  the  second  term  of  the  equivalent  form  of  1  +»I" 
WW  i»jr,  whatever  n  might  be :  in  other  words,  all  such 
deductioDs  from  analogy,  where  algebraical  forma  are 
;  law  of  the  permanence  of 
luthority  from  it. 


coBcemed,    depend    upon    the 
tfncalent  forms,  and  derive  their  i 


141.  A  different  case  from  the  one  just  considered,  is  A 
vliere  the  analogy  which  exists  between  the  operations  in  " 
diflerent  sciences,  leads  to  analogous  rules  in  corresponding 
|«aces0es,  which  differences  of  notation  and  other  circum- 
stances may  make  very  different  from  each  other ;  thus,  in 
the  coarse  of  the  nest  two  chapters  we  shall  have  to  consider 
the  rules  for  finding  the  greatest  common  mcasiue  of  two 
mimben,  and  the  highest  (in  dimensions)  common  factor 
of  two  compound  algebraical  expressions,  which  bear  the 
noM  intimate  analogy  to  each  other,  both  in  form  and 
expreaaon,  though  the  process  of  reasoning  by  which  they 
are  aeverally  deduced,  is  essentially  distinguished  in  the 
two  CBseft,  in  consequence  of  the  essential  difference  of 
numerical  and  algebraical  notation. 


«imd 

I 


142.     Before  we  conclude  the  very  long   and  miscel-  ^ 
laneoua  discussion   of   the   different  subjects  contained  in  ^ 
this  chapter,  it  may  be  proper  to  add  a  few  remarks  in  " 
■oawer  to  the  question  of  "  What  constitutes  a  demonstra- 
tiaa  ?"  or  in  other  words,   under   what  circumstances  the 
{■roof  of  a  proposition  may   he  considered  as  complete  in 
point   of  form   as  well   as  in  point  of  evidence:    for  this 
purpuse,  it  is  necessary  to  state  distinctly  in  the  first  place 
what  we  mean  by  a  demonstration. 


WP 


A  demonstration  is  the  establishment  of  a  iiecebsaky 
eonnection  between  the  proposition  to  be  demonstrated, 
and  one  or  more  other  propositions,  one  of  which  has 
been  already  demonstrated  to  be  true,  or  may  be  assumed 
to  be  so. 

>•  143.  In  the  first  place,  definitions  are  essential  to 
demonstrations:    for   we  must  perfectly  understand   what 

■  are  the  objects  of  the  science,  as  well  as  the  nature  of 
the  operations  to  which  they  are  subject,  before  we  can 
deduce  any  certain  or  necessary  conclusions  respecting 
them:  in  Geometry,  where  lines  and  the  figures  formed 
by  them  are  the  objects  of  the  science,  we  liave  no  concern 
with  such  as  are  actually  traced  upon  paper,  but  with  such 
only  as  possess  the  properties  which  the  definitions  assign 
to  them :  physical  lines  and  physical  triangles  do  not  possess 
the  properties  of  geometrical  lines  and  geometrical  triangles, 
but   are  essentially   variable,    and   incapable,  therefore,  of 

f  liccurate  description,  and  consequently  of  definition:  there 

I  can  be  no  certainty  or  necessary  truth,  therefore,  in  general 
conclusions  concerning  them :  in  other  words,  demonstration 
in  this  and  in  all  other  cases,  can  have  no  existence  when 
the  objects  of  demonstration  are  incapable  of  being  defined. 

144.  Demonstrations  terminate  in  demonstrated  or 
admitted  truths,  and  consequently  always  in  the  latter, 
if  pursued  completely  to  their  conclusion:  such  admitted 
truths  or  axioms,  as  they  are  generally  called,  are  pro- 
positions not  resolvable  into  others  of  a  more  simple  nature, 
and  consequently  not  admitting  of  formal  demonstration ; 
they  are  propositions,  in  short,  of  such  a  nature,  that 
no  reasoning  can  add  to  the  force  of  their  evidence,  and 
therefore,  if  they  are  denied,  there  must  be  an  end  of  all 
demonstration,  since  at  the  utmost  we  can  only  succeed 
in  establishing  a  necessary  connection  and  dependence  be- 
tween two  controverted  propositions,  and  it  is  only  by 
Ae  concession  of  one  that  we  cam  be  said  to  have  demon- 
-Btrated  the  other :  it  is  in  this  sense  that  demonstrations 
ly  be  said  to  depend  upon  axioms. 


1 45.  Axioms,  however,  depend  upon  delinition.s  equally  ! 
>ttfa  other  propositions :  thun,  equality  in  Geometry  is  de- 
fined to  be  determined  by  the  coincidence  of  quantities  in 
•U  their  parts:  in  Ariihmetic,  it  ia  the  identity  of  the 
■umbers;  and  in  Algebra,  the  identity  of  the  aymbola, 
by  which  quantities  are  represented,  or  in  terms  of  which 
they  »re  expressed;  without  such  a  definition,  the  pro- 
position that  "  things  which  are  equal  to  the  same  are 
equal  to  one  another,"  could  no  longer  be  considered  as 
axiofnaiic,  inasmuch  as  we  should  be  at  a  loss  for  the 
[vindpte  or  principles  by  which   the  equality  was  to  be 


146.  If  demonstrations,  therefore,  depend  upon  axioms,  Demomira- 
ihey  depend  upon  definitions,  and  may,  therefore,  be  said  pj^^  ^,|,". 
to  be  entirely  founded  upon  them:  it  remains  to  be  con-  outKioim. 


*  Hm  rfefinitioiii  and  aximis  which  appear  in  Euclid,  preaent  maay 
•sanptn  ol  tbe  confuaioa  of  one  with  the  other:  tbna  the  deGnitionoI  equality 
•■4  Ihe  *B«n  abote-mentioned,  which  U  fouuded  upon  it,  are  equally  referred 
lBtt«tiM«(uioaii:  a  ilraight  liue  is  defined  to  l>e  "  a  line  which  Itesfrnilji 
b«Ca«M  to  extreise  poiota,"  whilst  bi«  euential  definition  of  luch  linci  ii 
laasd  MMOcU  the  axiomj,  when  it  ia  uuerted  »i  a  aelf'^vldeot  troth,  tliat 
**  RM  Mndght  line*  cannot  endiue  a  apace."  Ag;ain,  parallel  linei  are  defined 
»  be  IhBM,  "  which  in  Ibe  aunc  plane  never  meet,  if  produced  ever  to  tar ;" 
■■ri  tbey  wc  tbcrefnre  determined  to  be  m>  by  a  teat  which  is  incapable  of 
affBcation,  itnlen  tbroagh  the  medium  of  another  proposition  :  we  are  there- 
ttm  aMIged.  in  order  to  complete  Ibe  theory  of  such  lines,  to  make  nae  of  Ihe 
nth  miion,  which  is  not  a  self-evident  consequence  of  their  definition:  if 
hMP*«(T,  nc  thonld  make  the  13th  axiom  itself  the  definition  of  parallel  lioei : 
•r  it  we  siMuld  replace  it  by  the  following,  -which  is  more  simple  and  imnie- 
Atfe  is  ill  applications ;  "  that  lines  in  the  aame  plane,  which  make  equal 
MglM  toward*  the  sane  parts  with  any  line  which  meets  them,  are  said  lo  be 
|waM  In  each  other,"  we  should  eipeiiencc  no  diSiculiy  in  proving  not 
■crdrlbeUUi  aiioia,  but  likewise  every  other  propoiitton  conceniing  them 
«Uek  ia  mplired  for  the  pnrposes  of  Geometry :  the  proposition,  which  was 
bilan  tlie  defiidlioa,  thai  pandlel  Unes  never  meet,  if  produced  ever  so  far. 
•ill  now  luUow  as  a  consequence:  its  converse,  thai  lines  in  the  same  plane 
wUil  never  meet,  liowever  far  they  may  be  produced.  Is  totally  nseless 
M  a  Byalcin  of  Geometry,  inasmuch  as  it  can  only  present  itself  as  a  coo. 
Nqoeacc  ol  otbcr  conditions :  it  is  true  however  tliai  this  definition  would  re- 
flire  soMa  modification  of  the  delinilion  of  a  straight  line,  by  which  it  niielil 
he  tBletred,  ttiBl  whatever  coDCiusion  is  true  of  one  straieht  line  and  of  any 
isrtlau  ol  it,  must  be  Irae  Ukewise  of  every  portion  of  Ihe  same  aiKl  of  every 
olhrr  atiaiehl  line. 


ftidereJ,  whether  the  formal  statcmcat  ofasioms  is  essential 
to  the  form  or  to  the  evidence  of  demonstrations. 

In  the  first  place,  the  preliminary  statement  of  an 
axiom  can  add  notliing  to  the  evidence  of  a  demonstration, 
inasmuch  as  its  truth  is  an  equally  manifest  consequence 
of  the  definitions,  wliether  it  appears  for  the  first  time 
among  a  series  of  dependent  propositions  or  not:  and  in 
the  second  place,  it  is  of  little  importance  as  far  as  the 
form  of  the  demonstration  is  concerned,  inasmucli  as  it 
requires  a  similar  act  of  the  mind  to  perceive  the  neces- 
sary dependence  of  one  proposition  upon  another,  that 
is  required  to  perceive  the  necessary  dependence  of  an 
axiom  upon  a  definition  or  definitions. 

Vk  of  li'J.    In   systems  of  Geometry,   lists   of   axioms  are 

Ovmtay.  given,  which,  if  properly  selected,  should  include  all  those 
propositions  which  are  necessary  and  self-evident  conse- 
quences of  the  definitions,  and  wliich  are  not  susceptible 
of  formal  demonstration :  we  should  exclude,  therefore, 
from  such  lists,  propositions  like  the  following,  namely, 
"  That  all  right  angles  are  equal,"  and  "  that  all  circles 
are  equal,  whose  radii  are  equal,"  which,  though  obvious 
consequences  of  the  definition  of  a  right  angle  and  a  circle, 
require  and  admit  of  an  intermediate  process  of  reasoning 
to  connect  them  with  the  definition  of  equality.  In  such 
a  science,  where  the  relations  of  the  quantities  with  respect 
to  magnitude  are  simple  and  definite,  the  use  of  axioms 
adds  something  to  the  concinnity  and  completeness  of  de- 
monstration, by  empowering  us  in  all  cases  to  refer  to 
a  definition,  or  to  a  demonstrated  or  acknowledged  pro- 
position, and  in  consequence  enables  us  to  limit  controversy 
concerning  such  demonstrations,  by  shewing  that  they  all 
terminate  when  pursued  to  their  conclusion,  in  a  small 
and  determinate  number  of  self-evident  propositions. 

No  uiomi  XiQ.  The  case,  however,  is  very  dilferent  in  a  science 
bo^'  of  generd  symbols,  which  by  themselves  express  no  rela- 
Algchra.       lions  of  magnitude:  in   such  a  scionte  there  are,  properly 


lis 


speaking,  no  axioms,  since  the  propositions,  immediately 
deducibie  tram  the  definitions  and  assumptions,  must  be 
cciDsidcred  rather  as  tlie  necessary  and  immediate  conse- 
quences of  defined  operations,  than  the  necessary  and  self- 
evident  results  of  reasoning. 

IW.  It  is  only,  therefore,  in  the  sciences  subordinate  Aiionunoi 
lo  AJgebra,  such  as  Arithmetic  and  Arithmetical  Algebra  ^fonn»ny 
and  Geometry,  that  we  must  look  for  the  application  of  "^"^  i" 
axioms:  if  stated  formally,  therefore,  they  must  be  spe-  aubordtuu 
cially  adapted  to  those  sciences  and  the  series  of  them  wAlgebn. 
which  correspond  to  one  science,  would  only  correspond 
U>  another  so  far  as  the  definitions  from  which  they  were 
deduced  were  the  same :  under  such  circumstances,  it 
seems  unnecessary  to  encumber  our  demonstrations  by  re- 
ferences to  them,  as  they  may  in  all  cases  be  supplied 
by  the  understanding  of  the  reader :  a  deficiency  in  form, 
which  will  be  much  less  observable  in  demonstrations  in 
(Dost  of  the  sciences  subordinate  to  Algebra,  than  in  that 
ct  Geometry,  inasmuch  as  they  are  less  complett'  in  the 
mutual  dependence  of  all  their  parts  upon  each  other,  in 
cxMUHjuence  of  the  more  miscellaneous  nature  of  the 
quantities  which  are  considered,  and  tliL'  algebriucal  form 
under  which  they  are  exhibited. 


CHAP.  IV. 


'  Algebra  to  t 
:al  Fractions. 


bntial 
^_    feuiioi 

A  have 
mcoauj 

»IU>lef 


150.  There  are  some  advantages  attending  the 
separate  consideration  of  numerical  and  algebraic  frac- 
T  tions:  for  in  the  first  place,  the  processes  for  the  reduction 
^  of  numerical  and  compound  algebraical  fractious  to  their 
most  simple  terms,  are  merely  connected  by  analogy,  and 
are  not  founded  upon  the  same  principles :  in  the  second 
place,  there  are  some  propositions  which  are  intimately 
connected  with  the  theory  of  numerical  fractions,  which 
have  no  application  with  respect  to  those  which  are  alge- 
braical :  iu  the  third  and  last  place,  the  demonstrations  of 
the  rules  of  numerical  fractions,  merely  require  the  aid 
of  that  Arithmetical  Algebra,  the  nature  and  use  of  which 
we  liave  very  fully  considered  in  the  preceding  chapter. 


may  be  reduced  to  an  equivalent  fraction  in  lower  terms, 
'  when  a  and  b  have  a  coumion  divisor :  and  the  process  for 
finding  the  greatest  common  divisor  or  greatest  eomvion 
measure,  as  it  is  called,  of  the  nmnerator  and  denominator 
of  a  fraction,  or  of  two  numbers  generally,  one  of  the 
most  common  and  most  useful  in  the  arithmetic  of  fractions, 
is  expressed  in  the  following  rule. 

162.  Divide  the  greater  of  the  two  numbers  by  the 
less,  and  the  last  divisor  by  the  last  remainder,  repeating: 
the  process  until  there  is  no  remainder:  the  last  divisor 
is  the  greatest  common  measure  required- 
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153.     The  form  of  the  operation,  expressed  in  symbols,  Pa>n  of 
may  be  exhibited  as  follows :  atumf^" 

b)a  (p 
pb 

c)b(q 
qc 


d)c  (r 
rd 


The  interpretation  of  this  form  of  the  process  is  very  '*•  *"!*- 
easy :  6  is  contained  in  a,  p  times,  with  a  remainder  c; 
€  is  contained  in  6,  q  times,  with  a  remainder  d;  d  is  con- 
tahied  in  c,  r  times  and  th«*e  is  no  remainder. 

We  have  supposed  the  process  to  terminate  after  three 
divifflons :  the  demonstration  which  follows  would  be  equally 
applicable,  if  it  had  proceeded  to  a  greater  number  of  them : 
for  this  purpose,  it  is  convenient  for  us  to  premise  the  two 
following  LemmaSr 

154.  Lemma  I.     If  a  number  measure  another,   it  Lemma. 
will  measure  any  multiple  of  that  number. 

If  a  =  CcT,  then  ma^=mcw:  or  a?  is  contained  c  times 
in   Oy  and  mc  times  in  ma. 

155.  Lemma  II.     If  a  number  measure  each  of  two  Lemma. 
others,  it  will  measure  their  sum  and  difference. 

For  if  a^cx  and  b^dx,  we  have 
a-\'b^cx-\-dx^{c-k-d)x\ 
and  a  — 6  =  ca7  — da?  =  (c  — d)a?: 

and  since  c  and  d  are  whole  numbers,  c-fd  and  c  — d  are 
whole  numbers ;  and  therefore  a?,  which  measures  a  and  6, 
measures  a  +  ft  and  a  —  6. 


156.  Id  the  first  place,  we  shall  prove  that  d  is  a, 
measure  of  a  and  b. 

Since  d  measures  c  by  tlie  units  in  r,  it  measures  gc 
(Art.  154) :  it  measures  qc  +  d  or  b,  since  it  measures  ^c 
and  d  (Art,  155):  it  measures  6,  and  therefore  pb:  it 
measures  pb  and  C,  and  therefore  pb  +  c  or  a  :  it  appears, 
therefore,  that  rf  is  a  measure  Iroth  of  a  and  b. 


'*         157'     I^  ^^  second  place,   we  shall  prove  that  every 
measure  of  a  and  6  is  a  measure  of  d. 

For  if  a  numher  measures  a  and  fc,  it  measures  a  and 
pb,  and  therefore  their  difference  (Art.  155)  a  —  pbotc:  it 
measures  b  and  c,  and  therefore  6  and  qc,  and  consequently 
b-qc  or  rf. 

158.      Since   every    number   which  measures  a   and  b, 

kgiwuit       measures  d,  the  greatest  numher  which  measures  a  and  6 

lurcof    measures  rf:   therefore  rf,  which  measures  n  and  ft,  is  their 

greatest  common  measure ;   for   no   number  greater   than 

rf  can  measure  d. 


159.  If  the  greatest  common  measure  of  tliree  num- 
■  bers  a,  b  and  c  be  required,  we  must  find  rf  the  greatest 

common  measure  of  a  and  b,  and  then  the  greatest  common 
measure  of  rf  and  c  is  the  greatest  common  measure  of 
(I,  b  and  c. 

For  every  common  measure  of  a  and  6  is  a  measure  of 
d  (Art.  157),  and  therefore  the  greatest  common  meastire  of 
d  and  c  is  the  greatest  common  measure  of  a,  b  and  c. 

The  same  principle  may  easily  be  extended  to  find 
the  greatest  common  measure  of  four  or  more  numbers. 

160.  If  a  and  b  have  no  common  measure  except 
unity,  they  are  said  to  be  prime  to  each  other,  and  the 

fraction  -   is  in  its  lowest  terms :  for  in  that   case   there 
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is  DO   other  fraction  equal  to   7,   whose  terms  are  not  tennsaie 

6  not  equi- 

equimuldples  of  a  and  b.  Tand  ^T 


o 
6 


In    order   to  prove  this  proposition,  let   us   suppose 

a' 
i  -  :  then  by  the  process  for  finding  the  greatest  com- 
mon measure  of  a  and  6,  and  of  of  and  b'  respectively, 
we  get 

b)aip  h')af(p 


c)biq 
d)c(r 


c')b'(q' 
cT)  ^  (r' 


and   p 
c 


* 

a  ^pb  +  e,  and  a'  s=p'b' 
g>=P  +%'■    and  81 


6        6' 

_  c'  c      c 

.^  ^W  -f-  •— ,  and  consequently  p=p'  and  -  =  r, 
4J       ''^        o  6       6 


m 

p'V  +  </,  we  have  -.  =P  +  - 
^  6     ^6 

'^  '  -7,:    and   since  r  =  r/>   ^^  have,   therefore, 
b  6       6 

.^  1 — .     on^i  /./^na/^iiATifiv  •!  ^  V  and  -=TV>  sincc 

6       6 

tf  c 

and  7  and  -;  proper  fractions. 
6         6 

Since    ^  ^=^  T"  ^^  follows  that  their  reciprocals  -*  and  ^, 

^Iga  equal ;  for  midtiplying  them  both  by  66',  we  find 

-X  hi/  ^  Tl  ^  ^^'  ^^  cb'^cb:  again,  dividing  by  cc ,  we 

^t,'    ^'h     b'  b 


n  +  ^  ^p  +  •7V9  And  consequ 
h  ^ 

p  MiiW  p   are  whole  numbers, 

# 


V 
c 


C^  Cr        C 


Since    ft  =  9^  +  <*  find  6'  =  ^c'  +  if,  it  follows  as  before, 

sinr*.  -  ==  — ,9  ^**a^  7  =  9'»  -  =  -/J  and  therefore  also  --  =  -,. 
MDce  »'  c       c  da 


c 


If  o  be  prime  to  b,  the  last  divisor  d  must  be  equal 
to  unity  (Art.  152),  bdiI  therefore  e=  r :  and  since  -j  =  -j, » 
we  have  r=r',  and  there  can,  under  theae  circumstanceB,  be 
no  remainder  or  —  =/:  it  consequently  follows  that  rf"  is  t 
common  measure  of  a'  and  h'. 

Also  c' =  cd' :  for  c'  =  r'd'  =  rd'  =  cd' : 

b'  =  bd':  for  b'  =  q'c' +  d' ^qcd' -i-d' 

=  {qc  +  \) d'  =-bd' ,    since  h  =  qe ->r\-. 

a'^ad':  for  a'=p'b' +  c' =pbd' +  cd' 

=  (p6  +  f)  d'=ad',    since  a  =  pb  +  c. 


We  thus  get  - 


■  in  other 


are   either  equal  to  a   and   i   respectively,  in  which   case 
d'=l,  or  they  are  equimultiples  of  them. 

161.  In  the  reduction  of  several  fractions  to  a  common 
denominator,  as  well  as  upon  many  other  occasions,  it  is 
important  to  find  the  least  crnnmon  multiple  of  two  or 
more  numbers ;  that  is,  to  find  the  least  number  which 
is  severally  divisible  bj'  those  numbers,  without  a  re- 
mainder: we  shall  first  prove  the  common  rule  for  this 
purpose  for  two  numbers,  and  then  shew  in  what  manner 
it  may  be  extended  to  any  number  of   them. 

Let  m  be  the  least  common  multiple  of  two  numbers 

a  and  b,    whose  greatest  common  measure  is  .v :    since  m 

is  a  multiple  of  both  a  and  b,    we  may  suppose  m=pa 

lb,  where  p  and  q  are  whole  numbers :  also,  since  p  a  =  qb. 


we  have  (by  dividing  them  both  by  pb)  -■  =  -  :   and  since 

m  is  the  least  possible,   q  and  p  are  the  least  possible, 

the  fraction  -  in  its  lowest  terms: 


West  terms:  then,  since  — ,=  -■ ,  we  have  q'b'=p'a,  or 
there  are  multiples  of  a  and  &,  which  are  less  than  pa  and 
^h,  which    is   impossible :  it   follows,   therefore,   that  ~   is 

Uk  fraction  -  in  its  lowest  terms,  and  therefore  we  have 

(Art,  160)  9=     ,  and  consequently  fn  =  7&=  — :  a  result, 

from  which  we  conclude,  that  the  lea«t  pommon  JOHllipte 
if  a  arui  b  ii  their  product  divided  bjf  their  greatest 
CHMKm  measure. 

163.      Every  other  multiple  of  n  and  6  is  a  multiple  f 
tt  a:     for    let   J/   bo   any    other    multiple,    and    suppose  „ 

M'=J*a^Qb;    we   consequently    have    -=  — =  -  :    and 
•^  b      P      p 

Btkcc  -   is  in  its  lowest  terms,   it  follows  (Art.  160)  that 

P 
Qs^nq  and  P=np,  when  n  is  a  whole  number:  we  thus 
M   Jif^  Qb^Hqb  =  nm,  since  m  =  qb. 

\C3.  If  the  least  common  multiple  of  three  numbers  L 
M,  b  and  c  he  required,  we  must  find  tit  tlie  least  conunon  „ 
■ultiple  f*f  a  and  6,  and  then  m'  the  least  common  multiple 
(f  m  and  c,    is  the  least  common  multiple  of  a,  h  and  c. 

Pot  every  common  multiple  of  a  and  A  is  a  multiple 
^  ,_  aiid  therefore  the  least  common  multiple  of  m  and  c 
t(  the  least  common  multiple  of  u,  i  and  c. 

fii    B     «imilsr  manner    we    may  lind   the  least 
iiu]tit>le    of  four  or  more  numbers. 

jg^,.        In    adding  fractions  together,  or  in  subtracting", 
fi-oV    each  other,  it  is  necessary  to  reduce  them  to  "l 


iDUJiipIc  or 

miiltipk. 


1 

KflliicUaB 
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equivalent  fractions  with   the   same  denominator:    this  is 
done  by  the  following  rule  (Art.  Si). 

Multiply  the  niimeratoT  and  denominator  of  each 
fraction  into  all  the  denominators  of  the  remaining  frac- 
tions :  the  TeatUting  fractions  are  equivalent  to  the  former 
and  have  the  same  denominator. 


Thus  - 


C     e  .     ,  '  adf    cbf     ehd 

are  equivalent   to  •—,■,  -m,,  — r-,.    the 
^  }„lf    dhf    /AiJ' 


'  S'  5'/  ""  "'"■■"'-"'  "  hdf'  dbffbi 

numerator  and  denominator  of  each  fraction  being  mul- 
tiplied by  the  same  quantity. 

Reduciion  16s.     When  the  denominators  of  the  fractions  admit 

to  ihc  IcMt  "f  a  common  multiple  which  ia  less  than  their  continued  pro- 
'-  duct,  their  least  common  multiple  may  be  made  the  common 
denominator,  and  equivalent  fractions  found  under  a  more 
simple  form  than  by  the  common  rule:  thus  the  fractions 

<*       "  ■    .  "f         ,     ''P  ... 

— ,  —  are  equivalent   to   — —   and   ,   m  bemg   the 

px     qx  pqx  pqiv 

greatest  common  measure  of  the  denominators,  and  pqx 


their  least 


multiple:  again,  the  fractions  — ,   — , 
px     qw 

bpray        cpyax 


pqraxy     pqrsjiy     pqrsxy 
where  pqrswy  is  the  least  common  multiple  of 


— ,   — ,  are  equivalent  to 
ry     ay 

dpqrw 
pqraxy 

the  denominators.  It  is  always  convenient  and  frequently 
of  essential  importance  to  attend  to  this  reduction  of  frac- 
tions to  their  most  simple  forms,  with  a  common  deno- 
minator. 


166.  We  have  on  a  former  occasion  {Art.  65,  56)  ex- 
plained the  principles  of  the  rules  for  the  addition,  sub- 
traction, multiplication  and  division  of  numerical  fractions : 
and  as  those  principles  would  derive  no  additional  evidence 
or  generality  from  the  use  of  symbolical  language,  it  is 
not   necessary    to   repeat    them   here  i    we  shall  therefore 


ISl 
oarselTes  to  a  statement  of  the  rules,  with  a  few 

(a)       Reduce  the  fractions  to  a  common  denominator,  Rule  for  the 
add  the  numerators   together  and   subscribe   the*  common  fraetiooB. 


a       e^ad       be       ad -{-be 
^'^'   ^       b'^d"bd^bd^~bd~' 

^       ^      a       c       e      adf       bcf       Bde 
b^  d^  f      bdf^bdf^  bdf 

_  adf  +  bcf  +  bde 

bdf  *    ^ 

a         c    _   arf         ftc    _  gd  -f  be 
bs      daf       bdoB       bda  bdaf 

^        ^        a         b        acx        b         ax -h  b    .  ^       ,^^^ 
Ex.  4.      -  +  —  =  -_  +  _,= ^   (Art.  165). 

0?  CW  OW  CCO"  CX' 

(B)      Reduce  the  fractions  to  a  common  denominator,  Role  for  the 
subtract  the  ni\merator  or  sum  of  the  numerators  of  the  of  f^^^^ 
fractions  to  be  subtracted,  from  the  numerator  or  sum  of  *^«»- 
die  numerators  of  the  others  and  subscribe  the  common 
denominator. 

a       c       ad       be       ad  ^  be 
Ex.    1.       7  --;=  7-7-T-;  = 


Ex.    2 


h       d       bd       bd  bd 

a       e       e      adf      bef      bde 
l"  d'^  f^  bdf^bdf^  bdf 

adf  -^  bef  ^  bde 


( 


bdf 

ace         adfv'-^  bcfx  -f  bde 
^^'    ^'       6^  "■  d^  "^  fv'  ^  bdfr' 

Art.  165). 
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R^forthc  (^)  Multiply  the  numerators  together  for  a  new 
don  of  numerator,  and  the  denominators  together  for  a  new 
^^**^*^-     denominator. 

_      -         a       c       ac 

Ex.2.        -xjx--  — . 

a        cx       acw       ac 
bof        d       hdx       hd 

aao      c       ey       acewy        ace 


Ex.  4.       ^-  X  -  X  — ^  = 


hy      d     fa^       hdfx^y       hdfw' 


Role  for  the        (J)     Invert  the  divisor  and  then  proceed  as  in  Mul- 

diTitkni  of    •   1 .     , .  ' 

fttctiooi.     tipucation. 

a      c      a      d      ad 

Ex.   1.         7'-r%=rX'^  =  -p-  . 
o       d       h       c        be 

^      _        aof      ex      ax      dy       adxv       ad 
Ex.  2.       — -r  — =  j~^  X  —  =- — ^  =  — . 
by      dy      by      ex       bexy       be 

aaP       c«r*  ^  a^       dy*       adx^tf^       ady 
bxy   '    dy^       bxy       ca^        bcx^y  be 


CHAP.  V. 


On  tax  RsDOCTroN  of  Alo^braicai.  Exfbbsbionb  to 

£qCtVAl.KNT    AND    MORE    BlUPLB    FoBMS. 

167-     Is   the  division  of  algebraical  quantities,  where  fWuctioo 
tbe  quotient  would  not  be  complete  and  finite,  it  is  com-  bnic  bu. 
mualy   most  convenient  to  leave  the  dividend  and  diWsor  iion»,whoM 
andpr    a  fractional  forn] :   but  in  many  cases  such  a  form  ■  (nounoQ 
would    rot   be  the   most   simple  which   the  expression  is  ^'i*"- 
capoiblc  of  receiving,  without  altering   its  value  and  eig-        ^^h 
nification :   inasmuch    as  the    numerator    and    denominator       ^^^H 
taav  be  divided  by  tmy  factor,  whether  simple  or  compound,      ^^^| 
which  is  common  to  them  both.  ^^^ 


168.  If  this  factor  or  common  divisor  be  a  simple  Acommoo 
Algebraical  term,  it  is  discoverable  by  inspection,  and  the  which' »• 
reduction  required  may  be  efiected  at  once:  thus,  a  is  a  wnglt'oTn. 
(fiTUor  of  every  term  of  the  numerator  and  denominator  of 

— ,  which  ia  therefore  equivalent  to 

a'-i-a^r  a  + 

drriwof  of  everv  term  of 


I 


:e  reducible  therefore  to 


■ad   other  instance*  will   present  themselves   amongst   the 
examples  which  follow. 

Again,  if  all  the  tenns  of  the  numerator  and  denominator  ; 
Jmvc  Quntericiil  coefficients,   a  common  measure  may  exist  ^ 


amongst  them,  which  may  be  detected  either  by  inspection 
or  by  means  of  the  rule  (Art.  152),  the  proof  of  which  has 
been  given  in  the  preceding  Chapter. 

"-  169.       But    the   reduction  uf  an  algebraical   fraction 

which  is  effected  by  these  means,  is  frequently  not  the 
only  one  of  which  it  admits:  for  in  many  cases  the  nu- 
merator and  denominator  may  have  a  common  factor  con- 
sisting of  more  than  one  term,  which  is  not  discoverable 
by  inspection :  for  as  the  factors  of  a  numerical  product 
are  lost  sight  of  in  the  result,  so  likewise  an  algebraical 
factor  consisting  of  more  than  one  tenn,  after  its  incor- 
poration with  other  quantities  by  multiplication,  may  leave 
no  diiicoverable  traces  of  its  separate  existence :  it  becomes 
an  enquiry,  therefore,  the  importance  of  which  is  not 
limited  to  the  reduction  of  algebraic  fractions,  to  find 
the  factor  of  the  highest  dimensions  which  is  common  to 
two  algebraical  expressions :  we  say  factors  of  the  highest 
dimensions  and  not  the  greatest,  for  the  terms  greater  and 
less  can  have  no  application  when  we  are  reasoning  with 
general  symbols,  to  which  no  specific  values  are  given. 

'^n^        170.     The  process  /or  finding  such  compound  factors 
ound    is  analogous  to  that  for  finding  the  greatest  common  mea- 
I  fcciorn.        g^j.^,  yf  ^^^  numbers. 

Let  A  and  B  represent  two  compound  algebraical 
expressions:  arrange  them  as  much  as  possible  according 
to  the  powers  of  some  one  letter,  and  make  that  quantity 
the  divisor  whose  dimensions  are  not  the  highest :  let  the 
remainder  after  division  be  Ce,  where  C  is  a  compound 
quantity,  and  where  c  is  a  quantity  whether  simple  or 
comiKJund,  which  is  obviously  not  a  divisor  both  of  A  and 
B:  make  C  alone  the  new  divisor  and  the  last  divisor 
the  new  dividend,  and  let  the  remainder,  if  any,  after 
division,  be  Dd,  where  d  is  not  a  factor  of  A  and  B: 
make  D  a  new  di^-isor  and  C  a  new  dividend:  if  there 
is  no  remainder  after  this  division,  then  D  is  tlie  required 
compound  factor   of  A  and   B:    if  there  Is  a  remainder, 
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we  must  proceed  as  before  until  a  divisor  is  found  which 
ktTes  no  remainder:  if  no  such  divisor  can  be  found, 
J  and  JB  have  no  common  factor,  or  this  process  fails 
to  discover  it. 

The  following  scheme  may  help  to  make  the  process 
telligible: 

B)J(P 

PB 


Cc 

C)B(Q 

QB 

Dd 

D)C(R 

RD 

In  order  to  prove  the  truth  of  this  process,  we  must 
premise  the  following  Lemma. 

171.  Lemma.  If  D  is  the  highest  common  divisor  of  l^""™*- 
A  and  B,  it  is  likewise  the  highest  common  divisor  o{  Aa 
and  Bb,  if  a  and  b  have  no  common  factors.  For  the 
factors  which  are  common  to  A  and  By  are  the  same  which 
are  common  to  ^a  and  Bb^  no  new  common  factor  having 
been  introduced  by  multiplying  a  into  A  and  b  into  B. 

It  follows  from  this  Lemma,  that  we  may  divide  or 
multiply  either  A  or  B,  by  a  factor  which  is  not  common 
to  both,  or  which  has  no  divisor  common  to  both,  without 
affecting  the  dimensions  or  form  of  their  highest  common 
factor. 

172.     That  Dy  the  last  divisor  found  by  this  process,  Proof  of 
\%  a  factor  of  A  and  B,  may  be  proved  as  follows.  ^  "***' 
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C^RD, 

2>  is  a  divisor  of  C,  and  therefore  of  QC  and  Dd^ 
and  therefore  of  QC  +  Dd  or  £:  and  since  it  is  a  divisor 
of  B  and  C,  it  is  a  divisor  of  PB  and  Cc,  and  therefore 
of  PB  +  Cc  or  urf. 

Again,  every  compound  divisor  of  A  and  A  is  a  divisor 
of  Z>. 

For  every  compound  factor  of  A  and  B  is  a  factor 
of  A  and  PJ9,  and  therefore  of  A^PB  or  Cc^  and  there- 
fore of  C  alone,  since  c  has  no  factor  common  to  A  and  B : 
it  consequently  divides  A  and  QC,  and  therefore  B^QC 
orDdy  and  therefore  D  alone,  since  d  has  no  factor  common 
to  A  and  JS. 

It  follows,  therefore,  that  D  is  the  highest  compound 
divisor  of  A  and  B. 

rSxamplet.  173.     (1)     To  reduce  the  fraction  —i to  its  lowest 


x^  —  a^ 


terms. 

w^  —  a^)  0?'  —  a'  {x 


(Dividing  by  a*)  a^x^a^ 

4?  —  o)  J?*  —  a*  (a?  -H  a 


x^^ax 


ax-^t]^ 


ax'—a^ 


The  highest  common  divisor,  therefore,  of  j?^  —  a^  and 
m^  —  a^^  is  «r  — a,  and  the  fraction  reduced  is  - 


a?-i-  a 
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In    this   example  we  have   stopped  the   first   division 
after   one   operation :    if  we  had  proceeded   further,   the 

successive  terms  in  the  quotient  would  have  been  — ,  — ^-. 

a      or 

a* 

3^,   See.    and  the  successive  remainders  would  have  been 

—  a*H , -^,  — —H — -,  &c.  which,  when  severally 

divided  by ,— , -^  &c.  would  have  given  the  same 

X    or  Or 

quantity  jr  —  a  for  the  new  divisor :  in  order  to  avoid  such 
unnecessary  divisions,  it  is  convenient  to  adopt  this  general 
rule  :  continue  the  division  as  far  as  possible  in  each  case  Role  for 
mihaui  introducing  a  term  into  the  quotient  under  a  [[^I^ohmu 
fractional  form^  and  no  further.  diviiiaiB. 

^^^     «    1         ar*-|-(a  — 6)0?  — aft 

(2)     Reduce  -r — -^ to  its  lowest  terms. 

^  o?^  +  (a  +  6)a?-f  aft 

When  the  first  terms  of  each  expression,  arranged  ac- 
car^ag  to  the  powers  of  some  one  letter,  are  identical, 
write  one  of  them  beneath  the  other  and  subtract. 

J?*  +  (a  — 6)4?— aft 
^*  +  (a-fft)«i?-faft 


(Dividing  by  -  2ft)    -  2ft.r  -  2aft 

«?  -h  a)  »r*  -h  (a  +  ft)  j?  +  aft  (or  +  ft 
0?'  f  a«v 


ft.r  -f  aft 
ftx-i-oft 

Xhe  common  factor  is  .r  +  a,  and  the  fraction  reduced  is 
j-f-  ft 
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(3)     Reduce  -= £--   to  its  lowest  terms. 

^-3^7^70)  a;5-39 0?-!- 70  (a?H-3 

0*3  _   3^2 -.70a? 

3a?«  +  31j?+   70 
3a?2-   9a?  — 210 


(Dividing  by  40)  ¥Sw  +  280 

00^1)  a.«_3,r-70  (o^-lO 

.r-  -t-  7<T 

-10a? -70 
-10a?-70 


The  fraction  reduced  is 


.    a?'  — 7a?  +  10 


a?-10 


In  this  case  we  proceed  as  far  as  two  terms  in  the 
quotient  of  the  first  division,  no  fractional  quantity  being 
thus  introduced :  we  then  divide  the  remainder,  40»r  H-  280, 
by  40,  which  is  a  measure  of  both  its  terms. 

,A^     ^    1        «'  +  (! +o)aa?  +  a?-       .     , 

(4)     Reduce  3 — —- to  its  lowest  terms. 

c'*H-(lH-o)acr-|-.r')  a*  — o?^  (a 

a*  +  (1  +  a)Qrx  -\-  ax" 

[Dividing  by  -  (1  +  a),v\      -i-  (1  +  o)  a^o?  —  (1  +  o)  j?^ 


The  fraction  reduced  i 


The  first  remainder  iu  this  case  involves  a',  and  the 
division  might  have  been  continued  without  introducing 
a  term  under  a  fractional  form  into  the  quotient :  it  is 
nore  convenient,  however,  to  avail  ourselves  at  once  of 
die    obvious    reduction   which    arises    from   dividing    by 

-(1  +  <.)X. 

,„     „    ,  abc  +  9t>c  —  5v-  .    , 

(5)      Reduce  to  its  lowest  terms. 

^    '  \2adf+l8bdf-l0cdf 

It  is  ob%-iou8  that  c  divides  every  term  of  the  numerator, 
aad  Sd^  everj'  term  of  the  denominator;  if  we  separate 
these  factors,   the  fraction  assumes  the  form 


6 -5c 


2d/ 


2d/' 


■     (6)       Redui 

^k  If  we  fiho 
^PbniJBator, 


acx' +  {ad  +  bcfx  +  ltd 


to  its  lowest  terms. 


If  we  should  begin  with  dividing  the  numerator  by  the 
iaatoT,   the  firnt  term  in  the  quotient  would  be  - ,  a 

mtmtity  under  a  fractional  form :   in  order  to  avoid  this, 
we  multiply   the  numerator  by  a,  as  follows: 
^  ac*'  +  {ad+bc)j.+bd 


^P      g^jg*—b*)  a'cof'  +  {ad  +  hc}a.v  +  abd  (c 
a'cx'  —  h'c 

DiridiDg  by (ad+fcc),    (ad  +  be)  ax  +  abd-k-  b-r 

a.r  +  b)  a-.v-  —  b'{ax~b 


ISO 


The  fraction  reduced  is  7 


(7)     Reduce  — r— 5 — --7 — 7= —  to  its  lowest  terms. 

4o —  oab  -j-  b 

In  order  that  the  first  term  of  the  quotient  may  not 
be  fractional,  we  multiply  the  numerator  by  4. 

4 


4o*-6afe+6«)  12a*-12a«6-|-4a6*-4i'(3o 

12a»-15o2i  +  3aA- 


3a«6  H- o6«  -  46^ 
4 

4a«-.6a6+i«)  12a«6-|-    4a6«-l66^  (36 


(Dividmg  by  196^)  19a6«  - 196^ 


a-6)4fl*-5a6+6«(4«-6 
4a*— 4a6 


-06+6* 
-06+6* 


The  fraction  reduced  is — 

4a  — 6 


We  might  have  made  the  first  remainder  the  new 
divisor,  after  dividing  it  by  6:  it  is  more  convenient, 
however,  to  multiply  it  by  4,  and  to  retain  the  old  divisor. 


I 


ISl 

(8)       Reduce  the  fraction        lf^  +  y  +  3^  +  7 

to  its  loirest  terms. 

27«*+   63d;»-13««-  28a? 
5 


1S*»  +  36««  +  3«  +  7)  136ar«  +  316ar»- 60a?*- 140ar  (9» 

136a?*  +  316a?»  +  27a»*+   63a? 

(DiTiding  by  - 29a?)  -87 a?*- 203a? 

3a?  +  7)  16a?»  +  36a!*  +  3d?  +  7  (6a?  + 1 
16a^  +  36a?« 

3a?  +  7 
3a?  +  7 


The  firaction  reduced  is  ~—t — ;— . 

9ai'— 4ar 

In  this  case  6  x  27  or  136  is  the  least  common  multiple 
of  15  and  27- 

o*  +  6*  +  c*  +  2oft  +  2oc  +  26c 
(9)        Reduce   „._fc«_,._2fe, *»  '*« 

lowest   terms. 

a«  +  6*  +  c-  +  2a6  +  2oc  +  26c 
a*  —  6*  —  c*  —  26c 


2a6  -I-  2ac  +  26*  +  46c  +  2c« 
or  2(6 -h  c)a  H- 26« -h  46c  +  2c- 

Dividing  by  2(6 +c)       a  +  6  +  c)  a«-62-.26c-c«(a-6-c 

a*  +  o6  +  ac 

—  a6  —  ac  —  6'— 26c— c* 

—  a6  —  6^  —  6c 


—  oc  —  6c  —  c" 

—  ac  —  6c  —  c* 


The  fraction  redut^ed  is 


Cms  where 
powen  only 


(10)      Reduce 


c+  ad  +  hc  +  bd 


to  its  lowest  terms. 


./+  be  +  bf 

In  cases  of  this  kind,  where  simple  powers  only  of 
each  symbol  are  involved,  the  rule  for  finding  common 
factors,  which  has  been  employed  above,  no  longer  can 
furnish  us  with  any  aid. 

A  little  consideration,  however,  of  the  nature  of  the 
factors  which  produce  such  products,  will  direct  us  to 
the  mode  of  detecting  those  which  are  in  common. 

Such  products  can  only  arise  from  the  multiplication 
of  compound  factors,  all  whose  terms  are  different  from 
each  other. 

Such  common  factors  must  eitist,  therefore,  as  co- 
efficients of  more  than  one  of  the  synibols  involved. 

Form,  therefore,  successively  the  coefficients  of  each 
symbol,  until  such  a  one  is  found  as  divides  both  the 
numerator  and  denominator:  if  no  such  factor  is  found, 
they  can  have  no  common  divisor. 

In  the  present  instance,  the  coefficient  of  a  is  c  +  d, 
of  b  the  same,  of  c,  a  +  h,  and  of  d  the  same :  it  will  be 
found  that  a  +  /*  alone  divides  both  numerator  and  de- 
nominator, and  the  reduced  fraction  becomes  . 

e+f 

It  is  obvious  that  this  method  will  enable  us,  in  all 
cases,  to  resolve  algebraical  products  into  their  component 
factors,  whenever  different  powe.m  of  the  same  hymbol 
are  not  involved. 

Thus,    the  coefficient  of  a  in 

ae  —  he  —  bf—ad  +  af+ce  —  cd  +  cf+bd 
is  e+f~d:    and  it  will  be  found  by  trial  to  be  one  of 
the  factors  of  this  product. 
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The  coefficient  oi  a  in 

ace  +  acf+  ade  +  adf+  bee  +  hcf+  hde  +  bdf 
B   rp  +  r/"+dfl+ d/,   which   is  a  factor  of  the   product: 
and  agxin,    the  coefficient  of  r  in  ce  +  c/+  rfe  +  d/  is  e  +/, 
vluch    is  likewise  one  of  it§  factors :    we  thus  resolve  the 
original  product    into   the   simple   factors  a  +  h,  e  +  d  and 

(11)      Aeduce  the  fraction 

Id  its  lowest  terms. 

la  the  first  place,  we  discover  by  inspection  that  Aiax 
is   ■  factor   of  the   numerator,    and   7^^  a  factor  of  the 

denominator :   dividing   the  fraction   by   -=-j   or  ^--^y   in 

order   to   simplify   the   remaining   part  of   the  operation, 

anil  arranging  the  result  according  to  powers  of  a,  we  get 

(c-d)t(^  +  6(fef-ftd)a  +  9(ft'c-fc-d) 

{he—bd  +  c'—  cd)a  +  Z{b''c  +  be-  +  6-d  +  bd-) ' 

In  the   next  place,    we   find    by    trial   that   c  — d,    the 

•oeiBcient   of  a',   is  a  factor  of  the  numerator  and   deno- 

;  the  fraction  reduced,  in  consequence,  becomes 


(&  +  ()a  +  3(ft"  +  tc) 


We  find  by  trial,  that  fi  +  c  is  a  factor  of  the  denomi- 
Hor,  and  the  other  factor  whith  results  is  a  divisor  of 
'  numerator:  we  thus  reduce  the  fraction  to  the  form 
n  +  36 


t  we  muUiply  this  fraction  by  -—^,  by  which  the  original 
IS  divided,  we  get 

4rt(H+3*) 
1^'ih  +  c) 


IM 

for  the  most  simple  equivalent   form  to  which  it  can  be 
reduced. 

P,31iecoiii-  iy4.     This  method  of  findins  the  common  factors  of 

■  »m  Acton  .  i     i      ■     .  ,        .     . 

Wtttwo  '■^o  algebraical  expressions,  though  in  many  cases  one 
I  "Igiiiinoeai  of  successive  trials,  vet  will  always  succeed  in  detecting 
.   such  factors  whenever   they  exist- 

I  S*?ouiid*'*  ^''"'  '"  ^^^  *''"**  place,  when  the  same  power  of  each 
letter  only  exists,  the  expressions  are  separately  resolvible 
into  their  component  factors. 

In  the  second  place,  when  different  powers  of  the  same 
letter  exist,    the  factors  which  do  not  involve  that  symbol 
must  exist   in   the   coefficients  of   every   term   when    the   . 
expressions  are  arranged  according  to  the  powers  of  that 
letter. 

In  the  third  place,  common  factors  involving  that 
letter,  may  always  be  found  by  the  common  rule:  for 
by  successive  divisions,  according  to  that  rule,  we  must 
arrive  at  a  remainder  in  which  that  letter  does  not  appear : 
if  this  remainder  be  zero,  or  identically  equal  to  zero, 
the  last  divisor  is  s  common  factor:  if  not,  there  is  no 
common  factor  in  which  that  symbol  is  involved. 

Under  these  circumstances,  it  will  only  remain  to 
examine  the  common  factors  of  all  the  coefficients  of  that 
symbol:  and  if  those  coefficients  involve  more  than  one 
power  of  some  one  or  more  letters,  they  will  only  require 
the  application  of  the  preceding  theory  to  detect  the  com- 
mon factors,  if  any,  which  they  involve. 

17s.  We  shall  subjoin  a  series  of  examples  of  the 
combination  and  incorporation  of  algebraical  expressions, 
whether  fractional  or  not,  by  addition,  subtraction,  mul- 
tiplication and  division,  reducing  them  in  every  instance 
to  their  most  simple  forms:  we  shall  add  occasionally 
tucb  remarks  as  may  be  requisite  to  guide    the  student. 
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either  in   effecting  such   reductions  or   in  shortening  the 
process  for  that  purpose. 

The  sum  of  the  semi-sum  and  semi-difference  of  two  quan- 
tities is  equal  to  the  greater. 

a^-b       a  —  b 

The  difference  of  the  semi-sum  and  semi-difference  of  two 
quantities  is  equal  to  the  less. 

a  +  6       a^b  _  a^-{-2ab^b^       a'-^ab-i-lr 

_2a'-f  26* 

The  fractions  in  this   and  all  similar  cases   are  reduced 
to  a  common  denominator. 


(4) 


(5) 


(6) 


(7) 


a  +  6       a  — 6         4a6 

a  —  6       a-|-6       ar  —  b^' 
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1-fJ?       1— d?^l—  a?^' 

1               1                  2a? 

l-j-a       l-^w~       1— jr^ 

1               2           1+0? 
1  — jy       1— jj^       1— or       1 

2           j?-l 
-a^^l-d7« 

ss  — :  reducing  the  fraction : 

1+j?                 °                        1— «* 

1  — or 

terms. 

l-»» 


(8) 


1S6 
1  1 


(9) 


a)—2       a  — 5  x^  —  lm  +  lO 

11  1 


—  ~T 


or  — 6       4  —  6       jt'  — lla?  +  30 


7a -6&  _  7o-26  _ 7o-46fe 

^   '     "~lo  11     ~    110    ■ 

„,_        o  — 3ar       3c  — 6af       3o  — 6df 

(11)       ___  +  ___  +  _^^=a-2^. 

The   fractions  must  be  reduced    to   their   least   commoti 
denominator  20. 


13a«55       7a-26       3o       89o-556 

(12)  —J g y=        60 

The  number  60  is  the  least  common  multiple  of  4,  6  and  5. 

,^ox       3a  — 46      2a-6-c      16a  — 4c      85a-206 

(13)  -^^ 3— +  -T2 ^^^• 

7^-10      3£-7       27.y-30       1 
6  "~6~  30        "6" 


(14) 


X  jr*       _  ir(l  — a?)+a?*  _        ,r 


\-ai       (l-a?)»  (l--r)"  (l-a')' 


(16)       l+«  + 


a;* 


(17)     1 +«  +  ««  + 


l_a7       1— J? 


1— a?       1—* 


c        c(c  +  dxy       n+  dw' 


13T 

_  b        ad  — be    _a  +  bA' 

d      d(e  +  dai)       c  +  dcc' 

2ar«  2x*  a^-x^ 


(20)      1  -  -r  + 


(21)        l-2«  +  4aj«- 


6«*— 4ir*       1  — a?  +  a?' 


l+.r— .r*      l+af— .T* 


1  2  —  ai 

<22)        X7T— T  + 


3(1 +ir)      3(l-.»  +  ic«)       l+.r' 


<23>        S7i — --  + 


3(l-ar)       3(l+af  +  a^)       l-a?» 
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(24)      TTT-r:::^  +  in-^  + 


4(l+a^)       4(l-.r)       2(l+ar»)       1-jf' 


1  1 


^^^^  8(ar-l)  ~  4(a?-3)  "*"  8(ir-5) 

_■ 1 

—  1  1_  1  1 

(^^^         J+2  ■*■  2(^+1)  "^  2(iF+8)  ~ a^+Bir'+llir+e" 

1  l-.r 


(27)  4(1  -  ar)*  "^  8(1  -  a)  "*"  8(1  +  *•)       4(1  +  a") 

1  +  .T  +  .r' 

4.r+13  4.T-3 1 

(^^^  25(.r+2)'-  ~"  250^+1)  ""  .r*  +  4,i'»+5a°  +  4a'+4" 

_J 4_  9 .»-■« 

(29)         2(4+1)      .1+2  "^  'iOt'+S)  ~  ,r"+().i''  + 11. 1+6" 

S 


188 

(30)       it w T- + 


c"  1        ^ 

(a—e)  (6— c)  '  «+c~  (*+«)  i^+b)  (x+c)' 

1  12  136  352 

(31)       o7:-T-.  -  T— -s^  + 


3(«  +  l)       (»  +  2)       2(iP  +  3)       3(a?  +  4) 

125 <p«-7a>» 

"''2(«+6)~«'*+16»*+«6«»+225af«+274»+120 

a     a'— Sab     a'— c*6— a6*_o'  — 4ofe-  +  ocd 
^    )       S"^      cd      ■**  ftwf  6^dT 

^^       ld''"l««'*"l^*'  i«»  * 

,„_,        o        6       c      a  +  ft«*  +  c»* 
(35)       J +  3+-  = 


www  w 


rr-^ 


^     '       (a  +  6)»  ~  (o  +  6)«      a  +  6  (o  -|-6)» 


>>  Y  4 


a  —  x       {a  —  wY       {a  —  wy      (o  — «)' 

2o'iF— 2a''af'  +  aw" 
'^  (a-w)* 

(88)        .J'^ff       -f  ^ 


(3-.»)(l+ir)     (2+.i;)(l-3a?)     (l+w){2+w) 

23  +  l6w~30ar-3w' 
(3- Of)  (1  +  w)  (2  +  .r)  (1  - 3^)  ■ 


1S9 

3^3jy_^„6^--9ay*-'7j^-3jj^ 

"■l+3a?  +  6a?*  +  6ar*  +  6ar*  +  3ar*  +  4y«' 

a  +  6       o  — 6       a^  — 6*  ,  .  ,  .         , 

(41)  X    -5—  =  — 7 —  >   multiplying  the  nume- 

2)  jf  4 

rators  together  for  a  new  numerator,  and  the  denominatcMrs 
tc^ther  for  a  new  denominator. 

a  +  b 
^,^^     a  +  b       a-^b  2         2(a  +  6)       11  +  6 

^     ^        2  2  0-6      2(a-6)       0-6 

2 

multipljring  the  numerator  of  the  dividend  into  the  de- 
nominatcNr  of  the  divisor  for  the  numerator  of  the  quotient, 
and  the  denominator  of  the  dividend  into  the  numerator 
of  the  divisor  for  the  denominator  of  the  quotient. 

wa  +  6       a— -6       0^  —  6^ 

<*3)    -^.  X -—  = -^— p  =  1. 
a  — 6       a-\'b       ar^b^ 

a  +  fr 
g-f  6   ,   0  —  6        a  — 6_  a'H-2a6  +  6^ 

<     ^     ^~b'^  a+6-o'  +  a«6-a6*-<P"'a^+2o6  +  6-" 
reducing  the  fraction  to  its  most  sin^^  termi. 


(46) 
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o'+fc"      a-b     o' +  o«6  +  a6»  +  6'  o=  +  6* 


a^-6«  '  0+6  •  o»_o«6-o6«  +  6»      a«-2a6  +  &'' 


1*7)  .  o  O  .     X      — — — ^— —  ^    T  J— — 

'  a'  — a*af  +  odr  — «*  0  +  *  a  —x 


a^-9iv  +  20      a?*- 13a; +  42 

_x*-  22a^  +  179af-  -  638a>  +  840 
~  ar*-ll«'  +  30.x* 

_^-n«  +  28 

IF-       ' 

when  reduced  to  its  lowest  tenns. 

the  first  product  being  reduced  to  its  lowest  terms* 


(50) 


ar  +  Zx  +  2       .xr^  +  5.r  +  4        x--\-  S<v  +  6 

or +  20^-^1    '   .r*  +  7^  +  12  ""  w^  +  2ci?  + 1 


ac-\-  (ab -f  bc)tV -t- b'^^       fie 4-  (a/—  be)w^bfx' 
a-'hx  a  +  bw 


(52) 


,««4 


«•  +  (2oc  —  b')af^  +  c'«i? 


o     4 


a^  +  2a6a?  +  (2ac  +  6*).ir  -f-  2bca;^  +  c-cr 

^    2: 1 ^^  

when  reduced  to  its  most  simple  form. 
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a      c       ad  +  bc 


(53)     fr      <*_^      ft<^      ^(ad  +  bc)fh 

e      g~  eh+fg      {eh+fg)bd' 
f'^h         fh 

first  adding  together  the  fractions  in  the  num^ator  and 
denomkiator. 


(54) 


(55) 


{56) 


(57) 


ace 

6  "^  5  "^  7  _    (ad/+  bef+  bde)b'd'f' 

a'      ii     d      (a'd:f  +  b'e'f  +  b'd!<i)bdf 

V'^df'^f 

a  b  a^  +  b" 

=  1. 


o  +  ft 

'   a-b 

=  1. 

-6« 

a 

b 
a  +  b 

,v 
+  1-. 

+  6« 

a-b 

1 

l+a> 

-6« 

1 

w 

1  —  cT        1  +  a' 


1  -h^* 1 


1  — 


1  -h^ 


a  -+.  a'       a  —  ,2? 


-  + 


rt  —  b.v       h  —  ax       nb{\^ar) 


fi 


—  fe.r       i  — rt,?' 


/• 


u» 


(60)    ^+" 


a         1  — df 


Of         l-4>      2^-1 


1  4-57  J? 

1  1 

+ 


(62) 


1— d7  l+« 

1  ZP 


lH-1       1+a?' 


1 


(63)        ^  ^  ^  +  '' 


1  +  1  ,  1  l+a^  +  a;*' 

r  .  1         1+^  +  - 

J? 
putting  ^-}-"  in  the  place  of  w  in  Ex.  62. 

^     ^     1+1  _^  l+2a' 

1+1  "^l+a? 


o  ad 

(66) 


6+c         6d-|-c 


(66)    — ^  «(c^+|) 

putting  rf  +  -  in  place  of  d  in  Ex.  65. 
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(67)     ^  =     ^-^ 

-d  +  e_  (W  +  c)(/+|)  +  6« 

h 


(68) 


(»> 


{adf+ae)h  +  adg 


\  (bd  +  c)f+  be]h+(bd  +  c)g 


1  1  2w  +  a  +  b 

+ 


ar  +  a      x  +  b 

1  _  a?»— 49a>-120 

~1  i  i  3«'-49 


+  -—;:  + 


jr+3       «-f5       «— 8 


jT  +  l  _     a>  +  l 

or  — 3 


.*'-4cr^  +  12/r-15 


(71) 


1    H-.T 


1  4-  a*  4-  .r 


i  +  «  +  'i?^  +  •«? 


1  -h  a*  +  .r*  +  .1?^ 


CHAP.  VI 


rRTBBB   DEVELOPEME] 


'.  Tbeoht  op  Indices. 


'cfthe  ^7^-  Our  first  OESumption  of  indices  was  made  for 
r«diidp]e  of  the  purpose  of  abbreviating  the  expression  of  the  continued 
|fadias.  product  of  a  symbol  (whether  arithmetical  or  not)  into 
itself,  the  index  denoting  the  number  of  times  that  symbol 
appeared  as  a  factor:  thus  n'  was  taken  to  denote  aa, 
a'  to  denote  ana,  and  a"  to  denote  the  product  of  a  . 
into  itself,  when  repeated  a  number  of  times  equal  to  n : 
under  these  circumstances,  our  interpretation  of  the  mean- 
ing of  the  expression  n"  was  confined  to  those  values  of  n, 
which  were  positive  whole  numbers:  and  it  was  deduced 
as  a  necessary  consequence  of  this  notation,  that  whenever 
n  and  m  denoted  whole  numhers,  a"  y  n"  was  identical 
with  «"+".     (Art.  11,  12.) 

Taking  this  conclasion  as  a  guide  for  our  assumptions, 
we  next  assumed  the  existence  of  expressions  such  as  a", 
where  n  was  perfectly  arbitrary,  like  all  other  symliols 
in  Algebra :  but  in  order  that  the  interpretation  of  the 
meaning  of  such  expressions  should  not  be  arbitrary  like- 
wise, when  particular  values  of  the  index  were  assigned, 
we  assumed  as  a  general  principle  that  in  all  cases  the 
product  of  n"  and  n",  whatever  n  ami  m  might  be,  should 
be  equivalent  to  o"*". 

It  was  in  conformity  with  this  principle  that  we  shewed 
that  rtl   was   equivalent   to    \^a,   n*  equivalent  to    -\/a, 

a^  equivalent   to   '/e?   or   to   the  cube  root  of   n^,   and 

oS  equivalent  to  \/  a",  or  to  the  wt"'  root  of  n",  where 
m  and  n  are  whole  numbers:  by  this  means  a  consistent 
meaning  and  interpretation  was  given  to  all  indices,  whicli 
were  positive  fractions.     (Art.  13.) 


It   is  our  present  object  to 
of  the  same  principle- 


,'xamine  the  ottie 


177.     Since  the  index   of  a"  is   perfectly   avbitrarv,  Nsgatire 

,  .  „  ,;  .  ''  .        ■"     indioei:  n-n 

It    may    be   negative  as   well    as    positive:    it    n^mains  to  njuivakni 

ascertain   the  algebraical  meaning  of  such   expressions  as  to  -^ 

o— .  ^' 

Thegeneral  principle  of  indices,  gives  a"x  o""  =  a""", 
SXKQ  n  —  m  is  the  algebraical  sum  of  n  and  —m.  Again, 
if  we  multiply  n'~™  into  a*,  the  result  by  the  same  prin- 
ciple is  o"~"'''"  =  a":  and  if  we  multiply  —  into  a",  the 

rc^t  is  blicwise  a",  since  multiplication  and  division  are 
inrerse  operations ;  it  follows,  therefore,  that  a"  "  "  is  equi- 
valent to  —1^ ,  since  they  both  produce  the  same  result  when 

multiplied  into  the  same  quantity :  and  consequently,  it  is 
indifferent  whether  we  multiply  a"  or  any  other  quantity 
by  a~"  or  divide  it  by  a",  the  two  results  being  equivalent 
to  each  other. 


^fcHded 
^Klo  a- 

^^jDows 


Again,  since  a*  multiplied  into  ~  is  equivalent  to  a" 

by  a"  (Art.  i2.  Ex.  5.) ;  and  since  a"  multiplied 
■  is  likewise  equivalent   to  a"  divided  by  o";  it 

lows  therefore  that  «""  and  —  arc  equivalent  to  each 


This  is  a   most   important   conclusion,   and   is 

elher  independent  of  the  particular  value  of  the  index : 

I  that  any  quantity  may  be  transferred  fi-om  the 

erator   to  the   denominator   of  a  fraction   by  merely 

;  the  sign  of  its  index  and  conversely. 


Qtianlitlra 
tmiiifcfrcd 


Thus, 


1 


1 


1 


vcrady  by 
changing 
the  liitTiii 


179-     Since  —  =  1  =  a"""  =  a",   it  foUowB  that   a" 

is  in  all  cases  equivalent  to  unity,  being  the  representative 
of  a  quantity  divided  by  itself:  this  result  is  a  necessary 
consequence  of  the  notation. 

]  80.  The  continued  product  of  a"  into  itself  repeated 
*  »  times,  would  be  denoted  by  (o")",  according  to  the 
general  principle  of  indices :  and  it  may  likewise  be  shewn 
by  the  same  principle,  that  the  same  product  may  be 
denoted  by  a"",  or  by  a  with  an  index  equal  to  «  times 
the  index  of  the  simple  factor  a":  for  a"  x  o"  =  o""*"" 
=  a"" :  a"  X  W  X  n"  ^  a^" :  and  if  a"  appear  four  times 
in  the  product,  the  result  is  o*",  if  five  tiroes,  it  is  a*", 
and  consequently,  if  it  appears  n  times,  (where  n  is  a 
whole  number)  it  is  denoted  by  a"". 

We  have  thus  obtained  an  equivalent  form  for  (a")", 
where  the  symbols  m  and  n  are,  one  or  both  of  them,  par- 
ticular in  their  representation,  though  general  in  their 
form ;  it  follows  therefore,  from  the  law  of  the  permanence 
of  equivalent  forms  (Art.  131.  132),  that  a™  is  equally 
equivalent  to  («")",  where  m  and  n  are  any  quantities 
whatsoever.* 


with  reference  to  tbu  coae,  tlie  reasoning 
made  Die  of  in  tlie  eslablUlitnenl  ol  that  law :  it  there  lie  an  eqnivalent  fonn 
(or  (a")",  it  must  necessarily  be  u™,  inawnodi  as  it  must  coindile  with  the 
result  abtained  in  ariltimetici)!  AlEi'l)ra,  in  rDuforiiiity  with  the  priuciplc  of 


■ 

^^                ^^^^^^^H 

181.      We    subjoin    a    aeries    of   exitmples    wliidi    wiU  Example.. 
explain    more   fully   the    consequences  of   these    general 
conclusions,  and   will  serve  to   shew  the  great  variety  of     ^^h 
cquirslent  forms  which  we  are    consequently   enabled   to     ^^H 
give  pi  algebraical  expressions.                                                   ^^^H 

0) 

~-=-»^-    -■ 

(2) 

»™-=^=S=^.      ■ 

(3) 

=-=£=_L.        ■ 

(*) 

-a             _—______,           ^^H 

<S) 

3o-x  -ia-x  -7«'  =  8ia'  =  Si,amea'  =  l.     ^^M 

(6) 

6°*     3S    _,        3S                                                     ^^M 

(7) 

^^^^^^^1 

^^B 

(8) 

■ 

^^■■BK^Mnl  (oim  (or  all  value,  ol  H  and  a ;  ami  Kcoadly,  we  may       ^^M 
^■■ySSHMIkHtfl<1Di*aleDl  farm  of  f^)*,  iuaimach  aa  it  ctrincides  wiUi        ^^H 

*Ma  Ol  A^eln  Iutb  been  aMnmcd  to  eoindde,  wlien  Uie  gymbols  coindde  to         ^^H 

iliyfaaiiiii   aiiiin  imi  r r-T"  '"-  Ifwd  toiesolts  inconauieiil  wilh  aoy        ^^^| 

laMiiiilli ' '-I-—- f~'                                  ^^M 
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.1 

(9)     ab-'c-*xa^b^c^=:'Jb'K~^^    "^ 


t        7  • 

c 


ftl.1 


(11)     aK-^(l-^+aK^-f^) 


w  a 


T  T  7 

«*       a?'       «* 


(12)  ^ax  ^a  =  a^xa^^a^'     (Art  13.) 

(13)  Jax  ^ax^a^a^  X  o'  x  o^  =  o**. 

(14)  V^o  =  V«"^  =  (o*)*  =  «^- 


1      1 


(16)     v'^y^/o=y^a^  =  v'(«')'  =  v/«'*  =  «*'- 
This  notation  is  equivalent  to  {(a^)^}^* 


=    /a*=:a'«'. 


1  1   1    i_ 
This  notation  is  equivalent  to  {{(a'^)'^}'}'- 

(17)  («-»)-» =  a«. 

(18)  {(a-')-«}-«  =  (o«)-3  =  a-«'=i. 

(19)  {(a-^)-'r'  =  (a')''  =  a'""4-. 


149 


3        S       1  11  9      8 


(20)       (tt'"  6'  f  =:  a'  6'  =  a*6*  =  (a*6«)*  =  ;;y{aH\) 

In  this  case,  the  indices  are  reduced  to  a  common  deno- 
minator. 


1      «      .    1  11  1  rO 


(21)      (o«6"'/)"'  =  o'^6'c"''= 


»     4 

a  c 


(22)     C«*V(»*')  4/«**  -v/"**)"*^ 

=  {ab*  (ab'f  {ab*f  (afe*)^}+ 


1ft    T9    1  5     78 


(23)      ^7 (a*  6^o»6c)*  =  {o»6  x  a*6+c^  J* 


U    6      1      5 


(34)  ^: — li  ^=- — zT'^-rt 

(26)      {(«  +  -)  V((r^)}*  =  {^^^^} 

=  {6*  (o  +  m)i\i 
=  U  (a  +  a^)* 


ISO 

Amongst  the  preceding  examples,  the  indication  of 
roots  is  sometimes  effected  by  signs,  and  sometimea  by 
indices:  before  the  reduction,  however,  of  the  indices  is 
effected,  it  is  always  convenient  and  frequently  necessary 
to  replace  the  signs  of  the  different  roots  by  their  corres- 
ponding indices:  it  is  usual,  indeed,  in  nearly  all  cases, 
to  replace  radical  signs  beyond  the  square  root  by  indices, 
and  it  would  conduce  very  greatly  both  to  the  clearness 
and  uniformity  of  notation,  if  the  use  of  the  former  was 
abandoned   altogether. 

The  transformation  of  binomial  and  other  expressions 
consisting  of  more  than  one  term,  as  in  the  following 
ten  examples,  to  equivalent  forms,  where  the  first  term 
of  the  binomial  or  polynomial  is  1,  will  be  found  ex- 
tremely useful  in  simplifying  their  developement  by  the 
binomial  theorem  or  by  other  methods. 

(27)  (a-  +  ».>i={»'(l+?)}'  =  a5(l+?)'. 

(28)  (•.-  v'«)'={v'»(l-^)}' 

(29)  (o'»-a«')"'=  j<.'»(l-|)}"' 

=  „-5.-5(i_f)-. 

(30)  a"»(o'-(l"»)'»  =  o"*{<i'(l-?)]-» 
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(31)     a*  «*(o»^-  aV)*= «+,iioV  (l  ~  ?)U 


(3»)     (««-«.  +  *«)i={o«(l>5  +  5)}+ 


(33) 


7         1  J, 


5^)4 


1 26 1    ^     -*    r     3a       3a'i 


5a?' I -f 


(35) 


~l    26   J    r"3^'*"3a»i 


2(*  +  y)   .  (^  +  y)\\:k 


r)} 


15S 


=^{i  ,'^| 


y 


/r^* 


{<'-i)y 


The  following  are  examples  of  miscellaneous  reduc- 
tions of  compound  expressions  involving  radical  quantities 
and  indices,  to  other  and  equivalent  forms. 


(36)     lOLlf)  =  •(!_,). 


1/(1-^*) 


(37) 


//'Jf_\      VU+^) 


2^x 


(38) 


^^"rllTc^. 


(39) 


1-a/'  (l-ar)«" 


v'(a«  +  a?')  +  V'(«*-*0       \/  («*  +  *') 
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1 


(41) 


(42) 


V(l+2.)-^^^^^^^ ^ 

.  1  !+«■ 

>/(^-^2*)  +  7(r;i;^ 
i+j   _  ^(1+^) 

^(l+ar*)  l+«  a; 

1+*  V(l+ai»)    ~1  +*  +  »«' 

^(H-»«)  1+ar 


(43) 


V(l+^)-V(l-^) 

^{V^(l+a;)  +  V^(l-x)}» 

_  1+^(1 -/r»)  /P 

«  =•  l_^(l_a»«)' 

multiplying  the  numerator  and  denominator  by  ^(1  +a>) 
+  ,^(1 — x)  in  one  case,  and  hy  ^^{1 +ai)  — ^{l  —  ai) 
in  the  other. 

(44)     ^  ^  '^         - 


<» 

.v 


multiplying  numerator  and  denominator  in  the  first 
instance  by  v^^r'  +  1)  -h  1>  and  in  the  second  by 
^(ar+l)-l. 

U 
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1 


~  (1-.t)V0+^) 
since  ^(1  -  ««)  =  ^(1  -  a^)  >/(l  -  a^)- 

^    ''    ^/(«^-6)-^/(«r*H 

o  +  6-.(o— 6)» 

_  o(l  +/p)  +  b(l-m)  +  2»y{a--b^,v 
~  a(l  —  w)  +  b(l+ai) 

a(l  — <r)  +  b(l+a>) 

~o(l+ar)  +  6(l-*)-2^(o*-6*)ar' 

multiplying  the  numerator  and  denominator  of  the  fraction, 
in  the  first  instance,  by  its  numerator,  and  in  the  seconc 
by  its  denominator. 

multiplyiDg  and  dividing  by  \/(«— \/fc). 

multiplying  and  dividing  by  is/{a  +  y/b). 

I 

(49)     ^{a  +  ^b)  =  (o  +  Jbf  =   ^°'"^^". , 

(a-^b)-' 

1  1. 

multiplying  and  dividing  by  (a  —  ^6)" :   for  ia-\-  ^hy  x 
{a-^by  =  {ia+^b){a-Jb)\-  =  \a-^-b\\ 
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(50)     ^{a-Jb)  =  -^ ^ 

(a  +  ^b)' 


multipljing  and  dividing  by  '>J{a  —  >^b). 

multiplying  and  dividing  by  t^h-^M^Jc* 

(53)      >/{\/(«fc) +«/(««)}  ^       /joHi  +  aMv 

c^a  +  d-^6       ace-^hdf-^-  {de'-'cf)sjah 


•2 


a&^h^ 


ace  —  6d/—  (dc  —  cf^sjah 

multiplying  the  numerator  and  denominator  of  the  fraction 
bv  em^ a,  — fs/^  i"  ^c  first  instance,  and  by  Ci,J a  —  dyjh 
in  the   second. 

*''^>    3 V^  +  Vy 

_  6j7-12y  +  ^(.r//)  ^  4<r-9y    

9^«16y  '6j?-12y-^(:;^)* 

This  is>   a  particular  case  of  the  preceding  example. 
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a-b 


^''^  T^^^^"""^'- 


(57)  _^Z^  =  o"^  +  a-^ft^  +  ft^. 

(58)  -^^  =  o»  +  o*6*  +  oift*  +  bi. 

The   four  last   results   are  obtained  by  the  ordinary 
process  of  division. 

/«rt,  1  o*  -  a* 6i  +  a* 6*  -  ft* 

multiplying  the  numerator  and  denominator  by  the  quo- 
tient of  a  —  ft  divided  by  ^a  +  y/b. 

//J,  V     ^a+J/b       a  +  b  +  2ai6i  +  20*6*  +  2a*ft* 

(61)  ^7 ^=  -— r , 

^a—^b  a-b 

the  numerator  being  the  product  of  ^a  +  ^b  into  the 
quotient  a—b  divided  by  i^a  —  i^b. 

(62)  ^{a  +  ^b)  +  ^{a-^b) 

=  J{2a  +  2^{a--b)\. 

(63)  ^{a+Jb)-^ia-^b) 

=  ^W{a  +  ^b)-^{a-^b)Y' 
=  ^/{2a-2v^(a«-ft)}. 
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=n/{7(»+v/6)+>7(«-n/6)}' 

replacing  ^(o  +  ,^6)  +  \/(o— ^6)  by  its  equivalent  form 
given  in  "Ex.  61. 

If  the  radical  signs  be  replaced  by  indices,  the  last 
result  will  appear  as  follows: 

[{2o  +  2  (o*-6)*}*  +  2  (o*-6)*]*. 

(65)    *y(o^-v'6)  +  ^y(o-^/6) 

=  V{>/(»W*)+7(»-n/6)+27K-*)1 
=  >/{n/ {N/{2a+2y(a*-6)} +27(o«-6)} 

The  last  result^  may  be  exhibited  under  the  follow- 
ing form : 

(66)     ^aw  + J —  =  —7-^^ — /    • 

a  —  y/ax     As/a^y/a; 

W)     i77T-T-rv r  + 


reducing  the  several  fractions  to  their  lowest  common  de- 
nominator. 
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(68) 


(69) 


1 

26ar                     460^ 

o«ir(o+6««)"^       o" 

(o+6««)^      o(o  +  6»«)^ 

36*ar» 

1 

o*(o+6««)* 

2c 

{2cw  +  6)« 

V{a+bx+car') 

2(aH-6a?  +  ca?*)* 

4ac-6* 

5  yo?*      5a?      6\       1  —  0? 


<70)     2772^=^- (3 +  -6-+ 2> 


(71) 


2^(2ar-a^)       \3^  6  ^2/^(2^-^ 

(2*P  S\        y  ^' 

1 fr  +  e^ 

a'a?i/(a  +  6^  +  c«*)  ""  o*(a  +  6^p  +  a?*)* 

6  4-c«»  6  +  ca? 


*  7 


1 


a?(a4-6a?  +  ca?^) 


C\T 


(72) 


l+a?"^  +  a?  +  a?V  l+.T 


2a;+2a;^+3a?^  +  3^*       2^7 +  3a?'^ 


When  simple  radicals,  like  V^a?  or  w^y  are  involved  in 
a  fraction,  it  may  be  reduced  to  its  most  simple  terms, 
in  the  same  manner  as  if  all  its  terms  had  been  rational. 

' '   ^     i  — 2v'<rH-<r  +  2a*-2a?2  +  ^p^  ""  l-a?*  +  cr^' 

the  common  factor  of  the  numerator  and  denominator  being 
1  —  a?i  +  o^i. 


159 
the  common  fScurtor  of  the  numerator  and  denominator,  being 

^  +  ^*  y*  4-  y 

the    (xnnmon  factor  of  the  numerator  and  denominator, 
being  j?+^y*  +  y. 

a?*4-«x?  — 1 

In  a  case  like  this,  where  a  compound  radical  is  in* 
ToWedy  along  with  powers  of  the  same  letter  which  appears 
in  that  radical,  the  rule  for  detecting  the  common  factors  of 
the  numerator  and  denominator,  must  obviously  fail,  inas- 
much as  we  can  no  longer  arrange  the  dividend  and  divisor 
according  to  the  powers  of  that  letter,  upon  which  the 
application  of  the  rule  depends. 

In    this    instance,    we  know   from  other   sources  that 

^  .       /  1 J?  is  a  factor  of  the  numerator  and  denominator, 

and  that   consequently  the  fraction  is  reducible  to 


X-~s^\^X 


J7-  — a?4-l  +  2ir^l  —a: 


CHAP.  VII. 


On  the  Theoby  of  Decimal  Fbactions. 

Numbcfs  182.     Any   number   may   be   expressed  in   an   alge- 

ptetaedin  braical  form,  by  multiplying  each  digit  into  a  power  of 
^]2ff"  ^^  equal  to  the  number  of  digits  which  succeed  it,  and 
form.  connecting   the    results   together   with    the   sign  + :    thu» 

the  number 

31245 
expressed  in  this  manner  becomes 

3x10*  + 1x10^  +  2x10*  + 4x10 +  5, 

the  truth  of  wldch  conversion  will  be  manifest,  if  we  write 
the  number  in  words  at  full  length  and  keep  in  mind 
that  10%  10^  and  10*,  are  100,  1000  and  10000  respect- 
ively. 

Decimals:  183.     If  we  divide  this   number   by  10%  the   result 

Acur  mean-  expressed  algebraically,  would  be 

3xl0  +  l  +  2xl0-'  +  4x  10-«  +  5  X  10"* 


or,  otherwise 


2         4  5 

3xlO  +  l+-+j^,  +  j^, 


which,  expressed  arithmetically,  is 

31.245, 

the  digits  after  the  mark  (.),  which  is  called  the  decimal 
point,  being  divided  by  powers  of  10,  whose  indices  express 
their  distance  from  the  place  of  units. 


161 

If  we  divide  the  same  number  by  10^,  the  result  ex- 
algebraically  is 

lO"**!^"^  10^"^  10*"*"  10"' 

whi<:fa  is  expressed  arithmetically  by 

.31245 
where  all  the  digits  are  decimals. 

If  we  had  divided  this  number  by  10^  instead  of  Id^, 
the  algebraical  result  would  have  been 

A.    Jl    L    jL     ^ 

10^"^  10^  "^  10*  "^  10'  ^  To^' 

and  the  arithmetical  form  of  it 

.0031245 

wiira-e  the  first  significant  digit  is  in  the  third  place  from 

the  place  of  units,  3  being  the  index  of  10  in  the  denomi- 

3 

nator  of  the  fraction  -—5. 

10^ 

It  follows  from  the  notation  just  explained,  that  the 
Sgits  of  all  numbers  are  to  be  multiplied  or  divided  by 
powers  of  10,  whose  indices  express  their  distances  to 
the  left   or  to  the  right  of  the  place  of  units. 

3 
Thus  300  means  3  x  10^  and  .03  means  — :  7OOOO 

7 
mesns  7  X  10^  and  .0007  means  -^ :  3260  means  3  x  lO' 

3         2         5 

+  2  X  10^ -h  5  X  10   and  .00325  means   —  +  ^  +  _5 

and   similarly  in  all  other  cases.  -    Conversion 

of  a  decimal 

184-       We  are   thus  enabled   to  express  any  decimal  into  an 
number,   by  a  series  of  etiuivalent  fractions  connected  by  SfcrtJonT* 

X 
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the  sign  +  :  if  we  add  those  fractions  together,  reducing 
them  to  the  lowest  common  denominator,  which  is  a  power 
of  10,  we  shall  obtain  a  single  fraction  which  is  equivalent 
to  the  decimal. 


Thus, 


o..        3         1  4 

•314  =  t::  4-  r^  + 


10       10^       10' 
3xl0^-i-lxl0-h4_314 

To'  "W 


1       A       JL       ± 
10'  ^  10"  "^  10*  "^  10^ 


07598=     '+-,+  —  +  _3 


_  7  X  10^  +  5  X  10'  -f  9  X  10  -h  8 
"  10^^ 

_  7598 
"lO^' 

Inasmuch  as  the  reduction  of  these  partial  fractions  to 
the  lowest  common  denominator  which  is  a  power  of  10, 
leads  to  the  multiplication  of  the  several  digits  in  their 
numerators,  by  powers  of  10  equal  to  their  respective  dis- 
tances from  the  last  decimal  place,  it  follows  that  the  sum 
of  these  numerators  (of  the  fractions  with  a  common  deno- 
minator) is  equal  to  the  integral  number  which  arises  from 
omitting  the  decimal  point :  we  thus  get  the  following  rule 
for  the  conversion  of  a  decimal  into  an  equivalent  single 
fraction. 

Rule.  Omit  the  decimal  point  and  divide  the  result- 
ing integral  number,  by  a  power  o/*  10,  whose  indew  is  the 
number  of  decimal  pktces. 

Thus, 

754  =  7^^ 
'  10^ 


.00419  = 
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419 
10* 

73 


.000073  =  ^^, 

If  the  origiDal  quantity  be  partly  integral  and  partly 
deeimaly  the  same  rule  applies:  for  the  numerator  of  the 
improper  fraction  which  is  formed  by  adding  together  the 
integral  number  and  the  fraction  equivalent  to  the  decimal 
port,  is  equal  to  the  integral  number,  which  arises  from  the 
omissicm  of  the  decimal  point  in  the  first  instance :   thus, 

7  3S^7  I    35  ^  700  +  35  _  735 
'*  '       10''  10«       ~  10« 

45       3045 


3.045  =  3  + 


10»        10* 


M«  «,«/.      «o       126       730126 
73.0126  =  73 +  ^,  =  ^3^: 

for  in  this  and  all  similar  cases,  the  integral  part  being 
multiplied  by  a  power  of  10,  which  is  equal  to  the  number 
of  decimal  places,  its  last  digit  must  be  removed  from  the 
place  of  units  by  the  same  number  of  places :  the  numerator 
of  the  fraction  equivalent  to  the  decimal  part  is  therefore 
added  to  it  by  writing  its  digits  consecutively  in  their 
proper  positions. 

185.     Any   fraction,   whose   denominator  is  a  power  €onvtnion 
of  10,  may  be  converted  into  an  equivalent  decimal,  by  fractloD 
omitting  its  denominator  and  making  a  number  of  decimal  ^^^^^^ 
places  in  the  numerator  equal  to  the  index  of  10.     This  a  power  of 
is  the  converse  of  the  proposition  just  demonstrated,  and  is  *^„^U2^ 
a  necessary  consequence  of  it.  decimal. 

Thus, 

1  =  3.7. 
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4191        ^,,^, 
^  =  .04191 

^.  =  .000031. 
10* 

Froofof the        166.     The  knowledge  of  the  proposition  and  its  con- 
multiplica-  v^fse,  which  ate  demonstrated  in  two  preceding  Articles, 
tkmofded-  wfll  enable  us  very  easily   to  demonstrate  the  common 
rules  for  the  multiplication  and  division  of  decimals. 

Let  d  and  d!  be  two  decimals,  with  n  and  nf  decimal 
places  respectively,  and  let  N  and  N*  be  the  integral  num- 
bers, which  arise  from  omitting  the  decimal  point  in  each : 
then  by  what  we  have  just  shewn,  we  have 

d  ^ and   d'  =  —  : 

10»  10«' 

consequently  their  product  is 


10"      10"'     10"+"" 

or  is  equal  to  the  decimal,  which  arises  from  striking  off 
from  NN^y  the  product  of  the  decimals  considered  as  whole 
numbers,  a  number  of  decimal  places  equal  to  n  +  n',  or  to 
the  number  of  decimal  places  in  the  multiplicand  and  mul- 
tiplier together :  this  is  the  ordinary  rule. 


Thus, 


'  10»        10* 

2219904 


10^ 


=  .2219904 


=  8.172 
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=  .00000085. 
187'      Again,  if  we  divide  d  by  d\  we  get  STlhl^^ 

dlvUonof 


rf'  ~  10"  ■*■  10^  ""  JV  ^  10" 


drdmalg. 


we  must  here  consider  three  cases,  according  as  n'  is  greater, 
equal  to  or  less  than  n. 

Let  n'  be  greater  than  n,  and  therefore  Gmc  1. 

or,  the  quotient  of  the  decimals,  is  equal  to  the  quotient 
of  the  decimals  considered  as  integral  numbers,  with  a  num- 
ber of  zeros  attached,  equal  to  n'  —  ny  or  to  the  excess  of 
the  number  of  decimal  places  in  the  divisor  above  the 
number  of  decimal  places  in  the  dividend. 

Thus, 

400 
400-r  .25  =  -—  X  10*  =  16  x  10«  =  1600  : 

25 

10287.36-=- .00036  =  ^^^  x  10» 

36 

=  28576  X 10*  =  28576000 
.01 -r  .0002=5  ^  ^^'=^^  10  =  50. 
Let  n'  =  n,  and  therefore  CawS* 

—  =  —  X  10^  =  —  • 
(t      iV  AT' 

or  the  quotient  of  the  decimals  is  the  same  as  if  they  were 
itMisidcred  as  whole  numbers. 
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Thus, 

1 45 .  817  n- .663 = i^:?  =  259 : 

66.40-r.l5  =  ^?^  =  376. 

15 

Cue  3.  Let  n   be  less  than  n,  and  therefore 

d       N         1 


or  the  quotient  of  the  decimals  will  be  found  by  striking  oiT 
from  the  quotient  of  the  decimals  considered  as  whole  num- 
bers, a  number  of  decimal  places,  equal  to  n  —  n^  or  to  the 
excess  of  the  number  of  decimal  places  in  the  dividend 
above  their  number  in  the  divisor. 


Thus, 


c  .o^..     ..  c     263944       1 
2.63944-72  =  -,^  xj^ 

48       1         4 
.00048-rl2=^  X  j^  =  j^  =  .00004. 


Any  num-         188.     The  ordinary  rule  for  division  of  decimals  reduces 

jn^y  ^       the  three  cases  to  one,  by  directing  us  to  subjoin  zeros  to 

■deled  aAer  the  dividend  when  necessary,  so  that  the  number  of  decimal 

auit%m.  places  in  it  may  be  at  least  equal  to  the  number  of  decimal 

places  in  the  divisor:  for  a  very  little  consideration  will 

shew,  that  the  value  and  signification  of  a  decimal   is  not 

affected  by  such  additions:  thus  3.78  is  equal  to  3*7800 

or  to  3. 7800000,    which,    if    converted    into  equivalent 

fractions  according  to  the  rule,  severally  become 

378      37800      37800000 
10^'       W  '         ^10^       ' 
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the  numeratcNT  and  denominator  of  the  first  fraction,  being 
in  each  case  multiplied  by  the  same  powers  of  10. 

189-      We  may  therefore  continue  the  division  of  two  S^^J^J^ 
mimbers,   whether  decimal  or  not,  as  long  as  there  is  any  genenUy 
renudnder,  by  subjoining  zeros  to  the  dividend  as  long  as  ^^' 
may  be   necessary. 


Thus, 

75 
16 

7.60000 
16 

1 

.46875 

3_ 
4~ 

3.00 
4 

75 

1 
25 

1.00 
25 

.04 

1 
3~ 

1.000... 
3 

■  = 

.333 

190.  In  this  last  case,  the  division  never  terminates,  Circulating 
there  being  the  same  digit  for  a  remainder  after  each  divi- 
sion :  these  remainders,  however,  are  continually  decreasing 

in  value,  being  the  digits  of  a  decimal  quantity  whose 
distances  from  the  place  of  units  are  always  increasing: 
the  quotient  therefore  continually  approximates  to  the 
value  of  the  true  quotient,  though  not  arithmetically  equal 
to  it,  unless  the  division  be  supposed  to  be  continued  with- 
out limit. 

191.  I  =  .428571 428571 

In  this  case,  there  is  the  same  digit  for  the  remainder,  Recurring 
after  every  six  divisions,  which  is  the  same  with  the  original  ^^ 
numerator :  the   same   six   digits   428571   must   therefore 
appear  in  the  quotient  periodically,  since  they  arise  from 
the  recurrence  of  the  same  dividend. 


I«8 

It  is  evident,  that  in  every  case  of  this  kind,  vherc  ' 
the  division  never  terminates,  the  digits  in  the  resulting,' 
decimal  must  recur  in  periods,  the  number  in  each  being  ■ 
always  less  than  the  original  divisor :  for  when  it  is  neces- 
sary  to  introduce  zeros  in  the  dividend,  it  is  very  manifest 
that   there  cannot   be  a  series    of  consecutive  remainders 
different  from  each  other,  and  also  from  0  and  the  divisor, 
which  can  be   equal  to   the  divisor  :   the   same'  remainder 
must  therefore  recur,  and  if  so,  the  digits  in  the  decimal 
quotient  must  recur  likewise. 

It  is  not  often  that  the  number  of  places  in  the  repeat- 
ing period  will  rcac^h  this  extreme  limit :  we  Iiave  an  instance 
in  all  fractions  in  their  lowest  terms,  whose  denominators 
are  IJ;  thus 

1 


and  the  repeating  period  consists  of  16  places:  there  is 
of  course  an  equal  number  of  places  in  the  periods  of 
the  decimals  resulting  from  fractions  which  are  multiples 

of  —  by  numbers  which  are  prime  to   17;  thus, 


.8823529+11764705. 


16 

a  period  of  16  places,  where  the  digits  are  the  same 
as  in  the  former  period,  removing  the  two  first  from 
the  beginning  to  the  end  of  it. 

192.     It  becomes  a  question  of  some  interest,  to  ascer- 

"  bprimTw   ^^^  '**  what  cases  the  division  will  terminate  and  in  what 

enAofiwonot;  preparatory  to  its  discussion,  we  must  premise  the 

prime'i"  '  following  Lemmas,  which  are  of  great  importance  in  the 

Arir  pro-    theory  of  numbers. 

Lemma  1.     If  a  number  c  be  prime  to  each  of  two 
others  a  and  b,  it  is  prime  to  their  product  ab. 
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For   if  not,    let  c  and  ab  have  a  common  measure  .7 
and    let    ab^j?p,    and   therefore  -  =  -:   but   aince  a  in 

prime    to     .V,   (for  a  is  prime    to  c)    the  fraction 

its  lowest  terms, 'and  therefore  b  is  either  equal  to  w, 
or  to  a  multiple  of  x;  (Art.  I6O.)  in  neither  case  there- 
fore, can  it  be  prime  to  e,  which  is  contrary  to  the 
hypothesis :  It  follows,  therefore,  that  ab  and  c  have  no 
eommon   measure. 


193.      Lkmma  2.     If  c  be   prime   to  a.   It   is   prime  }f^J^  ' 

to    OT.  bcr  bepiiaN 

For  by  the  same  process  as  in  the  last  Lemma,  it  '^'^^"™' 
would  appear,  that  if  c  be  prime  to  a,  it  is  prime  to  powei  of  lb 
n  X  a  or  a'',  and  therefore  if  prime  to  a  and  or,  it  is 
prime  to  <i  x  a^  or  a^ :  if  prime  to  a  and  a\  it  is  prime  ^^^H 
to  a  X  a'  or  a* :  and  in  a  similar  manner  it  may  be  shewn  ^^^H 
to  be  prime  to  any  integral  power  of  a.  ^^^H 


I 


194. 

whenever   it   can   be  reduced   to  an   equivalent   fraction,  *<, 
whofle  denominator   is   a   power   of  10,  and  in  no  other 
case :   for  whenever  the   corresponding   decimal   is  finite, 
it   may  be  converted   into   such   a  fraction;   (Art.  184.) 

a         ax  10"         JV 
we  muBt  have,  therefore,  -  = ^—  =  ■- — ,  where  N 

0        ox  10         10' 
ia   a  whole    number :   now,  if   b  or   any   factor   of  6  be   . 
{■rime    to  a    and  to    10,    b  or    that   factor  of  b  is  prime 
io   o   and  10",   and   therefore    to   a  x  10" :    (Art.    193.) 

a  X  10"  i 

the  quantity —  can  never,  therefore,  become  a  whole  \ 


number,  and  the   decimal  corresponding  to   -   can   never 

terminate:  but  if  6  contain  no  factor  prime  to  10,  or  in 
otber  worda,  if  6  be  cmnposed  entirely  of  powers  of  9  and 


n* 

of  6>  the  (tiviaioB  will  lerminate  after  a  number  of 
operations  et^xial  to  the  index  of  the  highest  of  those 
powers:   for  if  6^2^51,  and   If  p  be  the   greatest   the 

^      a       flxlOP  ox2''x5'' 

two  numbers  p  and  q,  then  -  = 


'6  xlO^        aPxavxlO" 


axSy-i 


10* 

«     .PC     51 

f 

6 

a 

X  lot 

a  X 

a»«  5J 

a  xS'-' 

b 

X   10? 

S'x 

Sf  X  10< 

101      ' 

3_ 

3 

3x10' 

3x2<x6' 

T 

hus. 

4  ~ 

9" 
3x6' 

a«xio 

'      7S 

2'xlO" 

™ 

10" 

'  ~  10=  ~ ' 

,75: 

7 
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7 
5- 

7x10" 

S'xlO* 

7  X  2>  X  5" 
5-x  10" 

= 

7x2"        66 
10'          10" 

.05«: 

1 

1 

lO"                    2'x 

«• 

400 

=  a^ 

75'-¥li 

5-  X  10'       2'  X  6« 

X 

To' 

^ 

5' 

:  .0025. 

10* 


^  I9&.  We  liave  already  shewn  that  a  finite  decimal 
may  be  at  once  converted  into  an  equivalent  decimal  whose 

0  denominator  is  a  power  of  10 ;  and  it  is  obviously  necessary 
merely  to  reduce  that  fraction  to  its  lowest  terms,  in  order 
to  get  the  most  simple  fVaction  from  which  the  decimal 
originated,  or  to  which  it  ia  equivalent :  it  remains  to  con- 
sider in  what  manner  we  may  convert  an  indefinite  but 
eirculating  decimal  into  an  equivalent  fraction,  or  in  other 
words,  in  what  manner  we  can  discover  the  fraction  from 
which  such  a  decimal  arose :  for  this  purpose  it  is  con- 
venient to  premise  the  following  Lemma. 


in 

Lbmma.     The  decimal  oorresponding  to  the  frcctioB  Laamx. 


—,  is  a  circulating  decimal,  whose  repeating  period 

eooststs   of    n   places,   with    zero  in  alt   of  them,  except 
tbe  last,  in  which  is  1. 

For  if  we  subtract  10"— 1  from  10*,  the  remainder 
u  1  :  or  in  other  words,  if  we  divide  10"  by  10"  — 1, 
the  first  retDainder  is  I ;  to  which,  if  n  zeros  be  sub- 
joined, we  get  the  original  dividend :  and  so  on,  however 
long  the  division  may  be  continued. 

In  a  similar  manner,  if  we  divide  1  bj  10"  — 1,  the 
&st  remainder  is  1,  and  the  first  significant  flgure  in 
tbe  quotient  is  1  in  the  »('"  decimal  place:  the  continuation 
of  the  process  will  give  a  second  1  in  the  Sn"*  dedmaJ 
place,  a  third  1  in  the  Sn"'  decimal  place,  and  so  on 
for  ever. 

196.     It  follows  from  hence,  that  If  p  be  any  number  F 

p  r 

eoBttatmg  of  not  more  than  n  places,  then  -— — =■  will  be  ^ 

oooTertible    into  a   circulating   decimal,    whose   repeating  di 
period  is  p:   for  if  the  circulating  decimal  corresponding 

Id  ■^— ; — Z-,   be  multiplied  by   p,  each  of  its  circulating 

perioda  will  be  changed  &om   I  into  p. 

Coaversdy,  therefore,  it  follows,  that  all  circulating 
deeiiBiU,  whose  repeating  period  is  p,  and  consisting  oi 
n  plMvs,  eommencing  immediately  from  the  decimal  point. 


n 

n 


originate  from  the  fraction 


10"-! 


If,    however,    the   repeating   period   commences   after 
:  n*^  decimal  place,  and  not  before,  the  fraction  from 
iriiicli    the   circulating  part   of  the   decimal  originat«s   is 
P 


10-  X  00-  - 1) 


for  if  we  divide  the  first   and  all  mh- 


aequent  repeating  periods  by  lO",  they  are  expressed  by 
the  same  series  of  digits  removed  m  places  further  &om 
the  decimal  point. 


If  in  those  m  decimal  places  after  the  decimal  point, 
or  in  any  places  before  it,  there  exist  significant  digits 
which,  when  the  decimal  point  is  removed,  form  the  integral 
number  ij,  then  the  whole  decimal,  including  its  non- 
repeating as  well  as  its  repeating  parts,  is  expressed  by 
9  p  qxW  —  q  +  p 


10" 


10"'(10'-1)         lO'-ClO"-!) 
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We  from  hence  derive  the  following  general  rule 
of  a  circulating  decimal  into  an  cqui- 


I  Bale  for 

■  drcniiu    for  the  < 

|[«  dednul  vaient  fraction. 

Inioui 

eqninlent 

"'  "  From  the  repeating  period  subtract  the  non-repeating 

part  of  the  decimal,  both  considered  as  integral  numbers, 
and  add  the  remainder  to  the  non-repeating  part  followed 
by  as  many  zeros  as  there  are  places  in  the  repeating 
period :  this  is  the  numerator  of  the  fraction,  whose 
denominator  is  formed  by  the  digit  9  repeated  as  often 
as  there  are  places  in  each  repeating  period,  followed 
by  as  many  zeros  as  there  are  decimal  places  before 
the  repeating  period  begins." 

*'  If  the  repeating  period  be  leas  than  the  non-repeating 
part,  both  considered  as  integral  numbers,  we  must  sub^ 
tract  the  first  from  the  second,  and  afterwards  subtract 
the  remainder  from  the  non-repeating  part  followed  by 
as  many  zeros  as  there  are  places  in  each  rejieating  period, 
in  order  to  determine  the  numerator  of  the  equivalent 
fraction." 


This  equivalent  fraction  must  be  reduced  to  its  lowest 
terms,  in  order  to  get  the  most  simple  form  of  the  fraction 
from  which  the  circulating  decimal  originated. 


198.     The  following  Examples  i^ill  serve  to  illustrate  Eiampin. 
the   applicstioa  of  this  rule. 

k        (1)     .333 

^B        The  repeating  period  is  3,  cotnmeDcing  from  the  de- 
^K^Bsl  point.     The  equivalent  fraction  is,  therefore, 
B  3       _  3  _  1 

■  10-1  ~  9  ~  3' 

B         (3)     .125  135  125... 

The  repeating  period   is  125,   commencing   from  the 
decimal  point ;  and  the  corresponding  fraction  is 
125     _  125 
1(P-1  "999' 
which  is  not  reducible  to  lower  terms. 

(3)     .02439  02439 .... 

The  repeating  period  is  .02439,  and  the  fraction  cor- 

j-       -      2*39  I         ^  J      J         ■      , 

fopondrng  »   ■-■■  ■  =  — ,   when  reduced   to   its  lowest 


(*) 

The  repeating  period  consists  of  21  places,  commencing 
from  the  decimal  point ;  and  the  fraction  corresponding  is 
23255813953488372093   _    1 
999999999999999999999  "    ~ 
«hea  reduced  to  its  lowest  terms. 

(S)     .63  64  64  G4  ... . 

The   repeating   period   is   64,   and   the   non-repeating 
part    63:    their   difference  is   1 :    and  the  fraction  corres- 
hi       6301 


9900  9900 
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(6)    1.142857  142857  •.  • 

The  non-repeating  part  is  1,  and  the  repeating  period 
is  142857:   the  fraction  corresponding  is,  therefore, 

1142857-1  _  1142856       8 
-  999999      -  999999  ~  f* 
when  reduced  to  its  lowest  terms. 

(7)   4.53777. • 

The  corregpondinfi:  fraction  is . 

(8)  .1394  230769  330769.... 

29 

The  fraction  corresponding  is  ^~. 

(9)  .337I8I8 

3709 
The  fraction  corresponding  is  — - — . 

^       *       11000 

(10)    21.6761904761904 
The  fraction  corresponding  is  -^4^* 


Om    IwvBBSE   Operations   in  Algesba,  and  on  thh  Ex- 
traction OP  TBE  Sqdake  and  otueh  Roots  op  Aiak- 

«mAICAL  AND   NiTMEBICAL   QUANTITIES. 

199.  If  the  product  of  two  or  more  algebraical  quan-  ^ 
titles  be  required,  the  process  for  finding  it  is  general  ^ 
and  certais ;  but  jf  the  product  alone  is  given,  and  it  is  " 
required  to  Bnd  the  factors,  tlie  question  becomes  more  di 
difiicult,  and  in  many  cases  it  admits  not  of  solution,  and 
■s  far  as  the  signs  of  the  factors  are  concerned,  it  is  always 
to  a  cert^n  extent  ambiguous. 

It  is  not  our  intention  at  present  to  enter  upon  the 
general  question  of  the  resolution  of  an  algebraical  pro- 
duct into  its  component  factors,  as  we  shall  hare  occasion 
to  diKusB  it  when  we  come  to  the  general  theory  of  equa- 
tions :  we  shall  merely  mention  in  the  £rst  instance,  a  few 
cases,  where  such  a  resolution  may  be  effected,  and  after- 
wards proceed  to  the  specific  consideration  of  the  extraction 
of  the  square,  cube  and  other  roots. 

It  must  be  kept  in  mind  that  our  attention  is  confined 
to  the  determination  of  such  factors  as  present  themselves 
uadcr  a  rational  and  possible  form. 


900.  The  factors,  if  any  exist,  of  any  homogeneous  pietonaT 
npreseion  may  be  found,  where  the  symbols  are  equally  ^„^J^ 
iorolved.  found 

vhich  u 

For  the  factors  must  be  symmetrica]  expressions  of  the  ^^^ 
nrmbols,  and  the  dimensions  of  one  of  them  at  least  mu§t  nymnieiri- 
iMt  exceed  one  half  of  the  dimensions  of  the  original  pro- 
docT. 


m 

It  iamaeiy  requisite,  therefore,  to  form  a  series  of  sym- 
metrical functions  of  the  symbols,  and  so  find  by  trial  those 
which  will  succeed. 

201.     To  find  the  factors,  if  any,  of  the  expression 
ffl^ft  +  a^c  +  ab'  +  b"c  +  oc*  +  bf^  +  3abc. 

Since  the  symbols  a,  b,  c  are  equally  involved,  it 
follows  that  a  +  b  +  c  must  be  a  factor  in  this  case,  if 
any  exist,  and  it  is  found  by  trial  to  succeed. 

The  two  factors  are  a  +  b  +  c  and  nb  +  ac  +  bc. 

(3)     To  find  the  factors,  if  any,  of 

o*  +  6' +  c*  +  a'fe"  +  o*c- +  6°c=  — 2b'^6c— 2(.-ac  — 2c^o6. 

The  factors  of  which  trial  may  be   made  are 

a  +  b  +  c 

«=  +  &=  +  c- 

ab  +  ac  +  bc 

a'  +  }?  +  i?  +  ab  + ac  +  bc 

a^  +  t^  +  e'  —  ab  —  ac  —  bc. 
The  two  last  of  which  succeed. 

It  is  not  necessary  to  make  trial  of  every  symmetrical 
function  which  may  present  itself,  whose  dimensions  are 
within  the  required  limits,  as  there  may  be  some  which 
clearly  cannot  succeed:  of  this  kind  is  ab  +  ac  +  bc\  for 
in   case   it   was  a  factor,  there  could  be  no   such   terms 

(3)     To  find  the  factors,  if  any,  of 

2a'b-  +  2a°c'  +  26*0=  —  a^  -  6*  —  c*. 

The  first  factor,  a  +  b  +  c,  of  which  trial  is  made,  is 
found  to  succeed,  and  the  result  of  the  division  by  it, 
gives  us 

a'b  +  a'c  +  ab'  +  ac-  +  b-c  +  bc-  —  a'^b^  —  c^—2abc. 
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If  this  quantity  be  resolviblc  into  other  factors,  and  if 
ooe  of  them  be  b  +  c  —  a,  there  must  be  other  two,  which 
■re  a  +  b  —  e  and  a  +  c  —  h;  otherwise  the  three  symbols 
«,  b,  c,  would  not  be  equally  involved,  and  the  expression 
would  not  be  symmetrical  with  respect  to  them :  they  will 
he  found  by  trial  to  succeed. 

(4)     To  find  the  factors,  if  any  exist,  of 

a'  —  b'  +  c'  —  2a*6  +  Safc"  +  2o'*r  +  2rte'  +  26V 


-26  c' 


-3abc. 


A  very  slight  examination  of  this  expression  would 
shew  that  it  would  be  symmetrical  with  respect  to  a,  6 
and  r,  if  the  sign  of  b  was  changed:  in  other  words, 
it  is  symmetrical,  witli  respect  to  a,  —b  and  c,  and  the 
factors,  if  any,  must  be  symmetrical  functions  or  combi- 
itttXHiB  of  a,  —  b  and  c. 

The  only  such  combination  of  one  dimension  is  a—b+c, 
which  is  found  to  succeed  :  the  other  factor  is  a'  -\-b'  -^-ir 
—  ab  +  ae  —  be. 

903.     We  hare  already  considered   the  resolution  of  Eiptra- 
mpresaions   into   their   component   factors,  m   which   one  oae  pawn 
power  only  of  each    symbol   appears  (Art.  173.  Ex.  10):  ^"^ 
in    this    case,  the  same    symbol    can  present  itself  in  one  bol  u 
£K:tor  only,  and  therefore  the  product  of  all  the  others  must  ' 

be  a  factor  of  its  coefficient :  the  following  are  examples  : 

(1)     To  find  the  factors  of  Exunpln. 

fiOj-y«  +  72*1/  +  ^5.vx  ■+  80y«  +  90.r  +  96ff  +  100*  +  120. 


^^ooti 


The    coefficient  of  .t   is   GOyz +  12*/ +  ^5z +  90,  and 

the  whole  expression  be  divided  by  it,  we  get  a  finite 

4     .  4 

:iet)t  *  +  5 :  it  follows,  therefore,  that  .v  +  -  or  3.r  +  4 

there  is  no  fraction  in  the  product)  is  one  of  the 
required. 

Z 


I'm 

The  coefficient  of  y  in  60y«  +  72y  +  75*  +  90  or  rather 
in  aOyar  +  Siy  +  25«  + 30  (the  quotient  of  the  original 
ex preBsion  divided  by3a'  +  4)  is  20sr  +  24:  by   which,  if 

this  expression  be  divided,  we  get  a  finite  quotient  y  +  j : 

therefore  j/  +  -  or  rather  4y  +  5,  is  a  factor  of  20ysr  +  24y 
+  26  ar  +  30,  and  therefore  of  the  original  product- 
The  third  and  remaining  factor  is  Ss;  +  6. 

(2)  To  find  the  factors  of 

^xx  +  Bxu  +  6y«  +  \2yu  +  6.T  +  9ff  +  4m  +  22;  +  3. 
The  coefficient  of  x  is  42  +  8u  +  6,  and  if  the  expres- 
sion be  divided  by  it,  we  get  a  finite  quotient  x  +  ^  +  „ : 

it  follows,  therefore,  that  2,»  +  3y  + 1  is  one  factor  of  this 
product,  and  2a  +  4u  +  3  the  other. 

(3)  To  find  the  factors,  if  any,  involving  two  or  one 
only,  of  the  quantities  «,  y,  «,  of  j^-y'jjr' +  4*°y'^— 4j.'°«' 
—  16a'*+3fl!jr«-  +  \'2a}y^-\2.v!^-^^.r+  iy-'sr  +  16^* 

In  this  case  (/*«*  +  4y*— 4sr  — 16  is  a  common  measure 
of  the  coefficient  of  ,r'  and  .r,  and  it  is  also  a  divisor  of  the 
whole  expression,  producing  a'* +  3ii' +  4  for  its  quotient: 
the  other  two  factors  detected  by  tliis  method  are  y'  —  4 
and  »*  +  4. 

203.  When  the  expressions  are  not  homogeneous  with 
respect  to  all  the  symbols  involved,  and  when  factors  are 
required  involving  a  symljol  of  which  diffL'rent  powers  pre- 
sent themselves,  these  and  similar  methods  admit  not  of 
application,  and  we  must  resort  to  the  processes,  which  will 
be  afterwards  considered,  for  the  resolution  of  equations: 
wc  must  except,  however,  the  case  where  the  expression  is 
to  be  resolved  into  two  or  more  etiual  factors,  the  dis- 
cussion of  which  will  occupy  the  reminder  of  this  Chapter. 
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204.  The  process  for  extractii^  the  square  root  of  ^xtactlon 
my  algebraical  expression,  is  founded  upon  the  direct  square  xoot 
process  for  the  formation  of  the  square,  merely  reversing 
the  steps :  it  is  of  course  equivalent  to  resolving  an  expres- 
sion into  two  equal  and  identical  factors :  when  such  factors 
exist,  the  expression  is  a  complete  square,  and  its  root 
is  determined  in  a  finite  number  of  terms:  but  when  the 
expression  is  not  a  complete  square,  and  there  exists  no 
such  finite  root,  a  root  will  be  found  by  the  rule  in  the 
farm  of  an  interminable  series,  in  a  similar  manner  and 
upoD  the  same  principle  with  the  series  which  represent 
incomplete  quotients  in  division  (Art.  46.  Ex.  20...) 

206.     In  order  to  define  the  rule  for  finding  this  root,  5j!®JJfe; 
let  us  examine  the  law  of  formation  of  the  squares.  role. 

The  square  of  a  is  a^. 

The  square  of  (a-|-6)  is  a*+2ofe  +  fe*,  which  may  be 
put  under  the  form 

a'-h(2a  +  ft)ft. 

The  square  of  (a  +  ft  +  c)  is  (a  +  ft)*  +  2(o  +  6)  c  +  c*, 
considering  a  +  ft  as  one  quantity ;  which  may  be  put  under 
the  form 

(a-|-ft)*  +  (2a  +  2ftH-c)c: 

and  if  it  be  written  at  fuU  length,  and  its  terms  arranged 
in  alphabetical  order,  it  becomes 

a'  -h  2aft  +  2ac  +  ft'^  -i-  2ftc  +  c*. 

In  the  two  last  cases,  the  reversed  process  would  stand 
as  follows : 

(1)     tf*  +  2oft  +  ft*(o  +  ft 
a" 


2o-f  ft)2oft  +  ft« 

2aft  +  ft^  =  (2a-hft)ft 


180 


(2)     a'  +  aofc  +  Soc  +  fc'  +  aftc  +  c"  {a  +  b  +  c 


Sab  +  b' 


20  +  26  +  c)  2ac  +  26c  +  c' 
2ac  +  2bc  +  c 


The  examination  of  the  direct  and  inverse  process  in 
these  cases,  will  lead  to  the  following  rule. 

206.  Arrange  the  terme  in  alphabetical  order:  Jind 
the  square  root  (a)  of  the  jirst  term  (a^) .-  subtract  its 
square  (o^) :  double  the  root  (a)  already  found,  and  divide 
the  Jirat  term  (2ab)  of  the  remainder  by  it:  the  quotient 
(b),  is  the  second  term  of  the  root :  to  double  the  first  term 
of  the  root,  add  the  second:  the  sum  (2a  +  b)  is  called  the 
nivisoK :  from  the  remainder  (2ab  +  ft-)  subtract  the  pro- 
duct of  Ike  divisor  {2a  +  b)  afid  of  the  second  term  (ft)  of 
the  root :  if  there  is  no  remainder,  the  terms  in  the  root 
constitute  the  square  root  required :  if  7tot,  we  must  con- 
sider the  terms  of  (he  root,  (a  +  fc),  as  one  term,  and 
repeat  the  same  process  again:  and  so  on,  as  often  as 
may  be  required. 

The  principle  of  this  rule  is,  that  after  every  operation, 
we  have  subtracted  from  the  original  expression,  the  com- 
plete square  of  the  terms  in  the  root :  thus,  in  the  6rat 
case,  by  tlie  two  operations,  we  take  away  first  a-  and 
then  (2a  +  b)b,  which  are  together  equal  to  the  square 
of  a  +  b.  In  the  second  case,  we  first  take  away  (by  two 
operations)  the  square  of  a  +  6,  and  by  the  third  operation, 
we  also  take  away  (2a  +  2ft  +  c)c,  which  added  to  (a  +  b)-, 
Oiakes  the  complete  square  of  a  +  ft  +  c. 
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^s       Ezamplet. 

207.     (1)     Extract  the  aquare  root  of  a*  — 06  +  —  . 

4 


a« 


-a6  +  ^  (a- 


2 


o« 


b\  b^ 


4 


In  this  case,  we  divide  —  afr  by  2a,  which  gives  — -^ , 
!<»-  the  second  term  in  the  root. 

(2)     Extract  the  square  root  of  r^  +  —  —  2. 


b 
a 


2! 
1^ 


T-J-2  +  r. 


-2+-= 


o» 


In  arranging  the  terms,  according  to  the  powers  of  the 

letter  a,  —^  must  be  placed  after  —2,  inasmuch  as  it  in- 
a- 

Tolves  a  negative  power  of  a :  the  neglect  of  this  arrange- 
ment might  make  the  process  interminable. 
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9 

(3)     Extract  the  square  rcx)t  of  j  +  6d?  — 17^  —  28ar* 

+  49^*. 

9  yS 

7  +  6ar-l7a?«-2ar^  +  49ar*  (- +2j?-7cr' 

4  \2 

9 
4 


3  +  2a?)6j?--17a7« 

6a7  +  4^* 


3  +  4j?-7a;*)  -21^-28^7^  +  49^^ 
»  -2Lr«-28af'4-49a7* 


If  we  had  arranged  the  terms  of  the  expression  in 
the  contrary  order,  or  as  follows, 

49a?*  -  28  jr' -  17a?*  +  6ar  +  ? 

4 

3 

we  should  find  7»^^  —  2a?—  -  for  the  root,  a  result  differing 

Jt 

3 

from  the  former  or  5  +  2a?—  7a?',  in  the  sign  of  the  whole 

quantity:  but  it  must  be  kept  in  mind  that  r7a?*--2a?— ^J 

(3\       3 
7a?*  — 2a?  — -)  or -+ 2a?  — 7a?*,  are  equally  roots 

of  ^7a?*  — 2a?— -^  :  and  in  every  instance, in  passing  from 

the  square  to  the  square  root,  there  are  two  results,  which 
equally  answer  the  conditions,  differing  merely  in  their 
signs.  Thus  the  square  root  of  o*  is  equally  -^-a  and  —  a : 
the  square  root  of  a*4-2o6  4-6^  is  equally  (a +  6)  <ind 
-(a  +  6), 
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2  I.&  C 

The  square  root  of  --— 2  +  -;  is  equally  7 and 

6*  a*  0     a 

d       6x        6       a 


(a       Ox        0       a 
b       a/       a       b 


And  similarly  in  all  other  cases. 


(4)     9ii^— AiA>f  tOa<r+6«d+6*-106c— 2A<^h»c«4-10cd^-d•  (8a— 64-5c+d 
9^ 


«■— S6  +  5c)  SOac—  106c+ 25c* 
Mac— 10^+ 85c* 


6a— 26+lOc+d)  6ad— 2M+10cd+(i' 

6a<f— 2M+10c(l+if* 


The  other  root  is  —  3a  +  6  —  5c  —  d. 


(5)       ac"  +  2cdy/^b  +  bdr{c^a  +  d^6 


2c^a^dy/b)  2cdy/ab'hb(e 

2cd>y^a6  +  ftcP 


(fi)      v^{a^-4o'"+"  +  4a^}  =a'»-2a": 

(7)     ./f «:T:2«tV       l  =  _?Lll_. 

^'^       V  |a*-2a'  +  3a--2a  +  l|       a^-a  +  l" 

The  square  roots  of  fractions  are  found  by  extracting 
the  square  roots  of  the  numerator  and  denominator  suc- 
cessively. 
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(8)  7  +  4^3(2  +  ^^3 

4 


4  +  ^^3)4^3  +  3 
4.^3  +  3 


*^  ^  In  binomial  expressions  of  this  ^kind,  one  term  may 

tnids.  be  considered  as  the  sum  of  the  squares  of  the  rootsy 
and  the  other  as  their  product;  when  the  root  exists^ 
it  may  always  be  found  by  this  method,  though  the 
process  is  tentative  only,  an  incorporation  of  the  term» 
having  taken  place  which  obliterates  some  of  those  traces 
of  the  root  upon  which  the  rule  is  founded :  the  question 
will  be  shewn  hereafter  to  resolve  itself  into  the  solution 
of  a  quadratic  equation. 

The   same   remark    may  be  extended    to   algebraical 
expressions  such  as 

a        w 


T  +  5v/(«'-^*), 


whose  root  is 


^H-n/(«*  — ^) 


2 

which    are   more   easily   and  generally   treated    by   other 
methods. 


Eztnction  208.  In  the  preceding'  examples,  the  process  has 
whwAe  always  terminated:  but  it  is  evident  that  the  process 
process  may  be  continued  as  long  as  there  is  any  remainder,  and 
tenninate.    therefore  indefinitely,  whenever  the  quantity  subjected  to 

its  operation  does  not  admit  of  resolution  into  two  finite 

identical  factors. 

(1)     Let  it  be  required  to   extract  the  square  roofe 

of  1—0?. 
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^-'0-2-8-16- 


B/B* 


« « • 


»-D- 


2 


_,  +  _ 


sy     4 


,t?^      a;*      «* 
4^  8     64 


8— jr I— 

4      16/      8     64 


a?^      **       0?^ 


-  .T+r7i  +  ^  + 


8      16     64     256 


6 


""^"T""  8  ""128/      64  "64" 256 


5.r*      5^      5a?*       5aP       25a?* 
"  64  ■*■  128  ■*"5l2"*"  1024  "^16384 

7a?*      7a?*       5,r'^        25  a?* 


128     512     1024     16384 

In  this  case,  the  operation  can  never  terminate,  inasmuch 
as  there  are  always  two  more  terms  in  each  subtrahend, 
than  in  the  remainder  from  which  it  must  be  taken:  in  other 
wordsy  the  remainder  can  never  disappear. 

*ff       a»         tM         5ar 
The  series  1— -— —  —  —  —  -—  —  &c.,  is  the  result 

(xf  the  operation  of  extracting  the  square  root  in  conformity 
with  the  general  rule ;  when  we  write  the  equation 

Aa 


we  must  keep  in  mind,  that  the  aga  =  does  not  ue- 
cessarily  indicate  that  the  tvo  members  of  the  equation 
are  arithmetically  equal  to  each  other,  but  merely  that 
one  mpmber  is  the  result  of  an  operation,  which  in  the 
other  is  indicated  and  not  performed.   (Art.  22  and  117-) 

The  arithmetical  equality  of  the  two  members  of  this 
equation  can  exist,  in  those  cases  only,  where  .v  is  less 
than  1  :  and  they  can  only  be  considered  as  algebraically 
equivalent  to  each  other,  upon  the  principle  which  we 
have  explained  before  in  Art.  120. 


« yo-)->-i-^^-s;-^- 


&c. 


This  series  may  be  deduced  from  the  former,  by  changing 
(he  sign  of  ^. 

The  resulting  series  for  the  square  root  of  jt  +  1, 
considering  w  as  the  first  term,  is  essentially  different 
from  the  one  which  we  have  just  found  for  the  square  root 
of  1  +  <T :  the  operation  stands  as  follows  : 


'^^("'^^-^i^'^"- 


2r'- 


id 


1  +  ; 


Sxl-l 


B»i)  " 


8»1 


^V  If  ,v  be  less  than  unity,  it  is  the  first,  and  if  x  "be 

^M  greater   than    unity,    it    is   the   second,    series,    which   is 

^K  arithmetically  equal   to   v''(l +«)■ 
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(3>      n/(«  +  *)-n/V(i+^) 

=  o*  +  ^ + _  &c. 

Or  under  another  form, 

.a  o^  «*         « 

=  ^  H-  — 7 ;  +  1  -  &c. 

2ar^       8a?^       16  a?^ 

//  ^  1        3  ^       3    ^^ 

'  2        8    a       16   a^ 

If  we  put  the  powers  of  x  in  the  first  place,  we  shall 
find 

/.   a  ov  1         3   a^        3    o'      ^ 

^  2         8    0?        16    « 


,       0?        0?^         0?'        3a?*      „ 

In  this  case,  we  first  divide  a  +  «  by  a-^w^  and  then  ex- 
tract the  square  root  of  the  resulting  series. 


BiOe  (01  209.     The  rule  for  the  extraction  of  the  square  root 

tJoVof  ihe  in  numbers,  is  entirely  founded  upon  the  rule  for  the 
squMcroot  corresponding  operation  in  Algebra,  being  merely  modified 
in  such  a  manner  as  may  adapt  it  to  aritlimetiLal  notation: 
for  the  purpose  of  shewing  this  connection  more  clearly, 
we  will  first  exhibit  it  under  an  algebraical,  and,  secondly, 
under  its  common  arithmetical  form. 

Required   the  square  root  of  61009. 

61009(200  +  40  +  7  or  2*7 
40000  =  a- 


:  400  +  40\  21009 
'^"'     ^17600  = 
f  26  +  c     480 +  7\  3409 
'""    ^  3409  = 


(2a +  6)  6 


b  +  c)c 


If  for  200,  40  and  7)  ve  put  a,  b  and  c  rcBpectively, 
we  shall  find  the  process  precisely  the  same  as  when 
exhibited  in  algebraical  Bymbols. 

The  arithmetical  form  of  the  process  is  as  follows: 

61009  (247 


This  form  of  the  process  may  be  considered  as  the 
skeleton  of  the  one  above  given ;  it  rejects  all  superfluous 
writing,  in  conformity  with  the  spirit  of  all  arithmetical 
processes. 


210.     We  mark  off  periods  of  two,  commencing  with  Method  of 
the   place   of  units:   for   the  number  of  zeros  after  the  ** 
i^;nificant  digits  in  the  squares  of  10,   20,  30,  kc.  is  two ; 
m  the  squares  of  100,  200,  300,   Sec.   is  four;  and  so  on, 
being  always  double  of  llieir  number  in  the  root :  by  thus 
aurking  or  pointing  otf  two  places,   there  is  a  place  in  the  lu  uwa. 
root  corresponding  to  each  period  :    having  thus  determined 
the  number  of  places  in  the  root,   it  only  remains  to  de- 
temune  the  digits  in  those  places. 

The  digit  in  the  highest  place  of  the  root,  is  the  greatest  Kntdigit 
number,  whose  square  is  less  than  the  first  period  ;   for  if  a 
Uiger  number  be  taken,  the  square  of  that  number  with  its 
{m>per  zeros,  must  he  larger  than  the  original  number  whose 
root  is  required. 

We  subtract  the  square  of  this  number  from  the  first 
period  and  to  the  remainder,  we  subjoin  the  second  period 
only  :  for  the  digits  In  the  succeeding  periods  are  not  affected 
by  the  second  operation,  since,  if  the  process  was  exhibited 
at  full  length,  zeros  only  would  be  placed  beneath  them. 

We  double  the  first  digit  in  the  root  and  divide  the  re-  s 
mxinder  or  dividend  formed  as  above  (omitting  the  last  digit) "" 
by  it:  tbe  result,  taken  in  defect  if  necessary,  is,  or  may  be, 
the  next  digit  in  the  root :  we  subjoin  this  digit  to  the  divisor, 
multiply  the  resulting  quantity  by  it,  and  subtract  the  product 
from  tbc  first  remainder.  For  the  first  digit  in  the  root  has 
properly  one  more  zero  after  it  than  the  second,  and  if  we  add 
the  numbers  which  they  represent  together,  they  will  form 
consecutive  digits  in  the  sum :  also  the  product  of  the  numbers 
which  they  represent,  has  a  number  of  ::eros  after  it,  less  by 
unity  than  the  double  of  the  number  of  zeros  after  the  first 
digit  of  the  root :  we  therefore  omit  the  last  digit,  in  dividing 
the  remainder  by  the  doidilc  of  the  first  digit  of  the  root 
in  onler  to  determine  the  second. 

We  afterwards  consider  the  digits  in  the  root,  as  one  c 
mtmbrr  nr   digit,  and  repent  the  same   process  until  all 
the  periods  arc  t■^halIBtc(^ 


IffO 

JV    .     ^/N 
The  square  root  of  -—  is  ■ -—  :  in  extracting 

therefore  the  square  root  of  a  decimal,  if  the  iiutiiber  of 

decimal    places  be    even,  we    may   proceed   as    if  it    were 

a  whole  number,  making  a  number  of  decimal  places  in  the 

root  equal  to  one  half  the  number  of  decimal  places  in  the 

A'' 
square:    for   ds==-— ,    if  2«  be  the  number  of  deciniitl 

places  in  d,  and  JV  the  whole  numbur  which  arises  from 
removing  the  decimal  point. 

We  can  always  make  the  number  of  decimal  places 
even,  by  subjoining  a  zi?ro  if  necessary  ;  in  pointing,  there- 
fore, we  may  begin  always  from  the  place  of  units,  mark- 
ing to  the  right  as  well  as  to  the  left :  and  the  decimal 
places  in  the  root  will  begin,  when  the  integral  periods 
in  the  process  of  extraction  are  exhausted. 

Thus  let  it  be  required  to  extract  the  square  root  of 
2583.6809(50.83 


101G3)  30489 
30489 


In  this  case,  we  are  obliged  tii  bring  down  two  periods 
in  the  second  operation,  inasmuch  as  the  first  divisor  10  is 
greater  than  the  first  remainder  8  (omitting  the  last  digit 
of  83.) 


Indefinite 


itB  S12.     It  is  upon  this  principle,  that  we  may  continue 

:,.     the  operation  of  extracting  the  square  root  of  a  number 


vhich  is  not  a  complete  square  as  far  as  we  choose :  for  any 
number  of  zeros  may  be  subjoined  to  the  signi£cant  digits 
of  a  Dumber  whether  originally  a.  decimal  of  not,  after  the 
decimal  point :  and  as  the  remainder,  when  not  a  whole 
number,  diuiiiiishes  after  each  operation,  since  its  digits 
recede  continually  from  the  decimal  point,  the  root  ob- 
tained approximates  continually  to  the  true  value,  and 
may  be  supposed  equal  to  it,  if  we  suppose  the  operation 
lodeGiiitely  continued,  and  therefore  the  ultimate  remainder 
arithmetically  evanescent. 

I  1.      •5  =  2.23606... 

^^101  =  10.04987... 
V'10  =  3. 16228 
•  -1  =-316228 

5.  •.01  =  .l 

6.  t/-001  =0316228 
1/. 0001  =.01 
1/. 00000256=. 0016 

/58ai69  _  763 
*^  95648*  ~  978 ' 

In  this  case,  the  nunierator  and  denominator  of  the 
fraction  are  complete  squares,  and  their  square  roots  may 
be  determined  separately :  in  most  cases,  however,  it  is 
moat  convenient  to  begin  by  reducing  the  fraction  to  an 
equivalent  decimal,  and  then  lo  extract  ils  square  root. 


1/1.75=1.32287... 


=1.6257.. 


t  quuitiiin, 


313.  In  the  same  manner,  in  which  we  deduced  the 
rule  for  the  square  root,  by  observing  the  law  of  forma- 
tion of  its  S({uare,  we  may  deduce  likewise  a  rule  for 
finding  the  cube  root,  by  attending  to  the  law  of  formation 
of  the  cube :  thus,  since  we  have 

(o  +  6  +  c)'  =  (o  +  fcf +  3{«  +  6)'c-t-3(a  +  fc)c=  +  c', 

and  so  on,  whatever  be  the  number  of  terms  in  the  root. 
The  inverse  process  will  stand  as  follows  i 

a^  +  3a'- 6  +  Safi"  +  6^  (o  +  6 


Divisor     3a')  Sa'b  +  3ab^+  b' 
3a*fc  + 306^+6' 


The  terms  being  arranged  according  to  the  powers 
of  some  one  letter,  we  find  the  cube  root  of  the  first  term : 
we  then  take  three  times  its  square,  divide  the  first  term 
of  the  remainder  by  it  and  the  quotient  is  the  second  term : 
we  then  take  away  the  remaining  part  of  the  cube  of  the 
terms,  in  the  root ;  namely  three  limes  the  square  of  the 
first  term  multiplied  into  the  second,  three  times  the  first 
term  into  the  square  of  the  second,  and  the  cube  of  the 
second  term;  if  there  is  any  remainder,  we  proceed  as  before, 
considering  the  terms  already  in  the  root,  as  constituting  one 
term. 

,r'  +  6a^  +  12,r  +  8(^  +  2 


3^)  6** +  12* +  8 
6,r*+12j^  +  8  = 


2  +  3xx'2'  +  2' 


The  cube  root  i 
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(«>  •»ac*-S««6j*+S(aM+a»c):r«-<6»4<J«*<?)*H-3(6*c4-tfO**-*^ 


or  S  («ac*— *x;».    /  So«cj^-ea6cjc»+S6»ca:«+8a<:«x=«-36c»x-hc» 


(3)     ^^  +  -^  ^  +  3  f^a?  +  -  J  :  or  properly  anranged 


Jo       3     1/       1 


o       3      1 

3a?  H-  -  +  - 
J?     J?' 


(4)     ^^(o'  +  3a-6  +  3a«c  +  3a6«  +  6a6c  +  3ac*  -f  6' 
+  35«c  +  36c*  +  c')  =  a  +  6  +  c. 

a?*  ai 

(6)     ^{8a?«  +  48car^  +  60cV-80c*a^-90cV 
+  108c*a?-27c*)  =  2a?*  +  4ca?-3c' 

=  1  —  « -f  a?*  —  0?'. 

Bb 
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(8)     Let  it  be  required  to  extract  the  cube  root  of 
1  — fly. 

1-x  ^^1— J— J— -gj— 

1 

S)  -X 

,afi    x^ 

.  •,    x\'/      x«  ,  2.T»    .r*  ,  a^    x»     sfi 

3  ^  9  ^27  I       -^7  ^81^729 
**'^'V.^     3""9y/       ^+  81  ''■243"*^2187"65(il     1968S"531441 


10.r*      _ 


It  is  obvious  that  the  process  can  never  terminate, 
inasmuch  as  there  must  be  a  greater  number  of  terms  in 
each  subtrahend  than  in  the  corresponding  remainder. 

(9)     7(l+-)  =  l+3-9-'8r-W  +  ^" 

which  diflTers  from  the  series  in  the  last  example,  in  having 
,  its  even  terms  positive. 

sy  ,  1  1  1  5  10 

(10)    v(^+i)=^''+— 7 — r+ — -. n+&c. 

Sw^    9j?^    81 0^"^    24307^ 

The  observations  which  were  made  in  Art.  208.  with 
reference  to  the  series  corresponding  to  >^(l-h<r)  and 
y/ijjO'^- 1),  are  equally  applicable  to  the  series  for  ^Z (1  +  a?) 
and  y/  {a)-\-\)j  and  therefore  need  not  be  repeated  in  this 
place. 

Sxtncdon 

of  the  cube         214.      The  rule  for  the  extraction  of  the  cube  root 

numUn.     ui  numbers,  is  founded  upon  the  rule  for  the  corresponding 
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operation  in  Algebra,  as  vill  be  manifest  if  the  process 
be  exhibited  at  full  length:  let  us  take  for  this  purpose 
the  nnmber  49836032,  whose  cube  root  is  required. 

49836032  (300  +  60  +  8  =  a' 
27000000 

30^-270000)  22836032     Resolvend 

16200000 =3a*6 

3240000 =3a6* 

216000  =  6' 


19656000    Subtrahend 
3  (o  +  6)»= 388800)  3180032    Resolvend 

3110400=3  (a +  6)*c 
90120  =  3  (a +  6)c* 
612 =c* 


3180032     Subtrahend. 


The  following  is  the  arithmetical  form  of  the  same 


49836032  (368 
27 


27)  22836     Resolvend 

162 
324 
216 


19656     Subtrahend 


3888)  3180032     Resolvend 

31104 
6912 
512 


3180032     Subtrahend 
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The  first  and  complete  form  of  the  process  requires 
no  explanation,  inasmuch  aa  it  is  a  transcript  in  numbers 
of  the  algebraical  process  of  extracting  the  cube  root  of 
(a  +  b  +  cY:  the  second  or  proper  arithmetical  form  of  it, 
is  abbreviated  from  the  first  by  omitting  the  zeros,  intro- 
duced by  the  multiplications,  which  succeed  the  significant 
digits,  in  every  instance:  it  is  very  easy  to  pass  from 
thence  to  the  general  arithmetical  rule. 

215.  We  commence  by  separating  the  number  whose 
cube  root  is  required,  into  periods  of  three  places,  com- 
mencing from  the  place  of  units,  for  the  following  reasons : 
the  cube  of  all  digits,  or  of  all  numbers  less  than  10,  cannot 
exceed  three  places,  that  of  9  being  729:  the  cube  of  10, 
and  of  all  multiples  of  10  less  than  100,  is  followed  by 
three  zeros,  and  therefore  cannot  exceed  six  places:  the 
cube  of  100,  and  of  all  multiples  of  100  less  than  1000, 
is  succeeded  by  six  zeros,  and  therefore  cannot  exceed 
nine  places:  and  so  on,  the  number  of  zeros  by  which 
the  significant  digits  are  succeeded,  increasing  by  three 
for  every  additional  zero  in  the  root :  by  this  separation 
of  periods  we  therefore  determine  the  number  of  places 
in  the  root,  and  the  first  digit  in  the  root  must  be  the 
greatest  number  whose  cube  does  not  exceed  the  first 
period. 

The  cube  of  the  first  digit  is  subtracted  from  the 
first  period ;  and  to  the  remainder,  if  any,  the  second  period 
is  subjoined :  this  is  called  the  resolvend.  It  is  not  ne- 
cessary to  bring  down  any  other  period,  inasmuch  as  zeros 
only  would  be  placed  beneath  them,  if  the  process  was 
exhibited  at  full  Icngtli:  we  then  take  three  times  the 
square  of  the  first  digit  in  the  root,  and  divide  the 
resolvend  by  it,  omitting  the  last  two  digits,  in  order  to 
determine  the  next  digit  in  the  root ;  the  quotient  being 
taken  in  defect,  if  necessary:  this  is  done  in  consequence 
of  the  omission  of  the  zero,  which  should  properly  follow 
the  first  digit  in  the  root  already  determined,  and  there- 
fore   causing   an   omission   of   two  zeros   in   its   square: 
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tn  then  place  underneath  each  other,  advancing  the  place 
of  units  successively  ooe  place  to  the  right,  the  product 
of  three  times  the  square  of  the  first  digit  into  the  second, 
of  three  times  the  first  digit  into  tlie  square  of  the  second, 
and  the  cube  of  the  second ;  we  add  them  together  in 
tbrir  proper  positions,  and  thus  determine  tlie  nubtrahend, 
vhicti  must  be  subtracted  from  the  resolvend:  the  reason 
of  tliis  successive  position  of  these  quantities,  is  the  omis- 
sioa  of  two  zeros  in  the  first  product,  and  of  one  zero 
in  the  second. 

To  the  remainder,  after  the  subtraction  is  made,  we 
subjoin  the  third  period,  if  any,  and  proceed  as  before, 
merely  considering  the  whole  number  already  determined 
in  the  root,  in  the  same  light  as  the  first  digit  in  the 
root  in  the  former  case :  we  are  thus  enabled  to  continue 
the  operation  as  far  as  may  be  necessary. 


216.     When  the  cube  root  of  a  decimal  is  required,  Cubero 
we  mark  off"  periods  of  three  places  to  the  right  as  well 
a»  to  the  left  of  the  place  of  units,  adding  as  many  zeros 
aft  may  be  necessary  to  make  the  number  of  decimal  places 
3,  or  a  multiple  of  3;    for 


V  ]o»       10  '   V  10" 


10'  ' 


7  AT 

V  105- 


7^ 

10'  ' 


and  so  on:  and  therefore  the  process  of  extraction  may 
proceed  as  if  all  the  pericnls  verc  integral,  it  being  merely 
'  to  mark  off  one  decimal  place  in  tlie  root  for 
'  decimal  period  of  three  places. 


217-  Upon  the  same  principle,  the  extraction  of  the  Indciiiiitc 
cube  root  of  a  number,  whether  decimal  or  not,  which  ^^^'!. 
is  not  a  complete  cube,  may  he  continued  indefinitely 
by  addiog  zeros  continually  to  the  integral  number,  and 
nxttidiTing  all  the  places  in  the  root  corresponding  to 
them  as  decimal  places :  we  can  thus  approximate  as  near 
fm  w*  pkaac  to  tha  root  required. 
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Example!. 


218. 


(1 
(2 
(3 
(4 

(5 
(6 
(7 
(8 

(9 
(10 

(11 
(12 
(13 
(14 

(IS 
(16 


^(64481201)  =  401. 
,^(113028882876)  =  4836. 
V' (8108486729)  =  2009. 
4/ 1000  =  10. 

V^  100  =4.641 

^10  =  2.154 

4/1  =  1. 

^.1  =  .4641 

^.01  =  .2154 

4/  .001  =  .1. 

4/ .0001  =  .04641 

«y  .00001  =  .02164 

4/000001  =  .01 

4/102.875  =  4.68565 

//|  =  4/ .666. .  =  .87368, 


Y  3-^-^3.8  =  1.56049 


£xtnctioD 
of  roots  of 

powen* 


219.     The  extraction  of  the  roots  of  higher  powers, 
such  as  the  fourth  or  fifth,  &c.  is  founded  upon  the 
formation  of  the  powers  themselves :  thus 

{a  +  by  =  a*  +  4a'6  +  60^6"  -f  4a6^  +  6* ; 

and  if  we  should  propose  to  pass  from  this  fourth  power 
to  its  root,  tlie  process  would  stand  as  follows : 
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4a')  ia^b  +  Ga'b'  +  iab^  +  b* 
in'b  +  Ga'h'  +  iab'  +  b^ 


The  first  term  in  the  root  is  the  fourth  root  of  the 
first  term :  in  order  to  determine  the  second  term  in  the 
root,  divide  the  first  term  of  the  remainder,  after  sub- 
tracting the  first  term,  by  four  times  the  cube  of  the 
first  term  of  the  root :  we  afterwards,  when  two  terms 
in  the  root  are  determined,  form  the  several  terms  of 
the  subtraliend,  according  to  the  law  of  formation,  of 
all  the  terms  after  the  first,  of  {a  +  b)* :  if  there  is  any 
Tenuunder,  the  process  may  be  continued,  considering  the 
two  terms  in  the  root  already  determined  as  one. 

It  is  not  necessary,  however,  to  exemplify  this  process, 
or  to  abew  in  what  manner  it  may  be  extended  la  higher 
rooCs:  for  it  is  very  rarely  that  such  operations  are  rMjuired 
in  Algebra  and  its  apphcatinns,  when  the  root  is  finite; 
and  in  all  other  cases,  the  binomial  or  multinomial  theorem, 
which  we  shall  investigate  in  a  subsequent  chapter,  will 
furnish  a  more  rapid  and  certain  mode  of  determining 
th^ni :  the  same  remark  applies,  with  greater  force,  to 
the  extraction  of  the  higher  roots  of  numbers,  which  are 
effected  by  means  of  logarithms,   even  in  the  case  of  the 

e  root,  more  rapidly  than  by  any  other  methods. 


CHAP.  IX. 


Theory  op  Pkhmutations  and  Cohbi nations. 

220.  The  ditferent  orders,  in  which  any  quantities 
COD  be  arranged,  are  called  their  Per  mutations. 

Thus  the  permutations  of  a  and  b  are  ab  and  ba-j 
the  permutations  of  a,  b  and  c  are  abc,  bac,  acb,  cab, 
bca  axidcba;  whilst  the  permutations  of  the  some  three 
letters,  taken  two  and  two  together,  ore  ab,  ba,  ac,  ca, 
be  and  cb. 


I 


291,  The  term  Permutation  is  confined  by  some 
guj^ej  "  authors  to  the  ditferent  arrangements  of  the  whole  of 
from  Vari-  any  number  of  things  :  whilst  the  term  Variation  is  ap- 
phed  to  the  different  arrangements  of  any  number  of 
them  less  than  the  whole :  it  may  be  convenient  generally 
to  adopt  this  distinction,  and  to  use  the  term  Permutation: 
absolutely,  inasmuch  as  the  properties  of  such  permutations 
require  more  particular  attention  and  examination  than 
those  of  other  classes  of  variations. 


Number  of         222.     We   shall   now   proceed   to   determine   the   es- 

of  n'tUnLi.  pi^ssions  for  the  number  of  variations  of  n  things,  taken 

two  and  two,  three  and  three,  four  and  four,  and  generally 

r  and  r  together,  where  r  is  any  number  less  than  n. 

Let  the  n  things,  whose  variations  are  required,  be 
severally  represented  by  a,,  n„,  aj...a„,  where  the  num- 
bers subscribed  to  the  same  letter  n  distinguish  the  things 
represented  from  each  other,  and  likewise  determine  the 
order  of  their  succession.    (Art.  3,  and  Art.  39.  Ex.  22.) 


The  number  of  variations,  when  taken  sepaiately  or 
one  by  one,  is  clearly  n. 


The  number  of  variations,  taken    two  nnd  ftro  '^ 
together,  is  «(n  — 1).  i, 

For  ff,  may  be  placed  successively  before  «j,  ttj,...a„, 
wad  ihus  form  («  — 1)  variations  two  and  two:  a.  may 
be  placed  successively  before  «,,  a,,  a,,.,.a„,  and  thus 
Ibrm  (»  —  1)  variations  two  and  two,  wbich  are  different 
&oin  the  former :  and  the  same  tJiing  may  be  equally  done 
with  Oj,a^,...n„,  there  being  (n— 1)  variations  correspond- 
ing to  each  letter  in  the  first  place,  which  are  different 
from  each  other  and  from  all  the  others  (Art.  136):  the 
whole  Dumber  of  such  variations  is,  therefore,  71  times  the 
number  corresponding  to  each  letter  in  the  first  place,  and 
is  consequently  n(n  —  \). 


toother, 


The  number  of  variations,  taken  l/tree  and  three  t 

is »(»-!)  (»-2).  ; 


For  if  we  form  all  the  variations  possible  of  (»  — 1) 
Letters  (omitting  a,),  taken  two  and  two  together,  which 
■fe  («  —  1 )  (n  —  2)  in  number  (putting  n  —  1  in  the  place 
of  n  in  the  expression  last  determined  Art.  223,)  and  place 
«,  before  each  of  them,  we  shall  have  (n  — 1)  («  — 3)  va- 
luttons,  taken  three  and  three  together,  where  o,  occupies  , 
the    Ant    place :    and  there  must  be  the  same  number  of 

rariationa  in  which  a^,  a, and  all  the  other  letters  suc- 

Rsavcly  occupy  the  first  place  in  each  (Art.  136):  the 
whole  number,  therefore,  of  such  variations,  must  be  n 
times  the  number  corresponding  to  each  letter  in  the  first 
place,  and  is  consequently  n  (n  —  1)  (h  —  2). 

By  a  similar  process  of  reasoning,  we  should  1 
'  that  the  number  of  variations  of  m  things  taken  * 
^'Jbur  and  /our  together,  would  be  expressed  by 
„(„_1)(„_2)(„_3), 
where  there  are  four  factors,  which  are  the  natural  num-  '■ 
bm  deacunding  from  « :  and  the  law  which  is  found  to  n 
prevail  in  the  formation  of  the  expressions  for  the  number  ^ 
tt  vuiatitma  taken  two  and  two.   three   and  three,   four  i> 


aad  four  together,  ma)'  h*  emilv  extended  b;  inthietiori 
to  the  expression  for  the  number  of  variations,  when 
any  number  of  things  (r)  are  taken  together. 

326.  Id  order  to  demonstrate  the  correctness  of  this 
imluctioQ,  we  must  shew,  that  if  this  law  is  true  for 
any  one  i:lass  of  variations,  it  must  necessarily  be  trtie 
for  the  class  next  superior  to  it  (Art.  139). 

Assuming,  therefore,  the  expression  for  tlio  number 
of  variations  of  m  things  taken  (r—  1)  and  (r— 1)  together, 
whicii  is 

nin-1) («-i-  +  2)       {a) 

it  is  required  to  prove,  that  the  expression  for  the  number 

of  their  variationa,  when  they  are  taken  r  and  r  together,  i^j 

»("-!) (»-r+l)       03)» 

Omit  the  first  of  the  letters  o,,  and  form  all  the  vari- 
ations tak«i  (r  — 3)  and  (r  —  1)  together,  of  the  (n  — 1) 
letters  remaining :  the  expression  for  the  number  of  them 
will  clearly  be  found  by  putting  7i— 1  in  the  place  of  « 


*  Hub  is  Uie  luiial  inode  of  denoting  the  CKpreuioo  for  the  continued 
product  of  a  scries  of  terms,  whaae  ilificrences  arc  equal:  we  write  Uk  first, 
'  ■econd  and  Jast  tumtSi  merely  iulerposing  a  aeries  of  daft  (in  Ilie  place  of  the 
deficient  tenrn)  between  the  lecmid  and  Ihe  last :  the  two  first  terms  give  ik 
the  comniaa  differcoce  of  (be  succeuive  Icrnii,  and  the  lut  dctermiaej  Ilie 
i:\te\A  to  wLich  the  scries  of  Ilwm  is  carried. 

Tile  last  lenii  is  dEtctmined  in  the  taUottinE  mouucr :  in  the  firat  expression 
(a),  the  number  of  tenns  is  (r — I):  tlic first  term  ii  n,  the  second  n  —  I,  the 
third  n — i,  the  foDrtb  n — 9,  and  «o  on.  the  number  subtracted  from  n  in  earit 
term  being  lent  by  uiUy,  than  the  aiunber  which  dctenniues  the  positiOD  of 
tbetem  in  the  series:  it  tidlows,  therefore,  lh»t  Ihe  iiini.bir  whicJs  ia  sub- 
triGted  from  n  in  the  tut  or  (r— !>■''  term,  is  r— 2:  and  tlie  lut  term  is, 
therefore,  ti—(r—i)  oiti—r  +  2.  Thv  lut  term  in  the  product  of  r  such 
factun,  as  in  Ihe  second  eKpresaioD  (8),  a  of  course  ]e3s  than  n — r+2  by 
unify,  and  is.  Uierefore,  n  —  i"  +  l. 

This  detemtiDBtiun  nf  any  assigned  term  in  a  series,  nitose  successive 
IHHl  have  equal  diflereiicis  {an  arMimettcat  serieij,  is  lrei|in>atljr  vetjaiied 
iu  iu««atJEations  cenuected  witli  (tcrmulatiDDs  and  camluiuitiow,  as  well  as 
other  siilyects:  thus  the  r"-  term  of  such  a  series,  whose  lirti  term  is  ■  and 
lecoailH  — b.  ii  a  — (r— 1}A  :  aixl  if  Hie  lirsl  term  befi  anil  rtic  second  n  +  A. 
th.)-l«l«is«+(r-l)*. 


■  ado 


in  the  formula  (o),  ur,  what  is  the  wine  thing,  by  sub- 
UatliDg  unify  from  each  of  its  terms,  when  il  hiavonicB 

(«-l)  (.-«).... CB-r  +  l): 
before  each  of  these   variations    w,  may   be  plated,    and 
there  will  therefore  be 

(«-l)  (»-2) (»-r  +  l), 

rsiiatians  taken  r  and  r  togctlicr,   in  which   a,  acmpies 
tbe    first  place:    there  will    clearly    be    the  same    niiubcr 

such  variations    coirespontiiiig    to    each    of    the   other 
the  first  place:   and  the  whole  ninnber  of  vari- 
atkms  is,   therefore,   n   limes   the  number   corresponding 
to  each  letter  in  the  first  place,  and  is,  consequently, 
«(.,-l)....C»-r+l)       0). 

The  law  of  formation,  tlierefore,  if  true  for  ooq  da^ 
of  vahatioBS,  is  necessaiiiy  true  for  the  next  sup^ior 
dass:  it  has  been  shewn  to  be  true  for  the  number  of 
nriations,  when  taken  two  and  two  (Art.  223),  three  and 
diree  (Art.  224),  four  and  four  together  (Art.  2-2i)-.  it  is 
Decessarily  true,  therefore,  for  tlie  nunlier  of  these  Tivi- 
ationa  when  taken  five  and  five  together,  six  and  six  to- 
grtker,  and  so  on,  proceeding  step  by  step  from  one  class 
to  the  next  superior  to  it,  imlil  we  anire  at  any  assigned 
Buinber  {r). 

227-  The  furniula  (/3)  just  demonstrated,  is  the  funda-  F 
Bwcital  formula  in  the  theory  of  Permutations  and  Combi-  ~ 
Batkms;  and  we  have  given  its  investigation  with  great 
detail,  partly  on  account  of  its  great  importantre,  and  partly 
on  account  of  its  presenting  a  perfectly  complete  and  Icgi- 
tinuite  example  of  that  species  of  Demotts/riilim  Indufttott 
which  we  have  noticed  in  a  former  chapter,  (Art.  139-) 
and  which  we  shall  have  frequent  occasion  to  employ. 
Il  may  be  proper  to  add  a  few  remarks  upon  the  course 
punnied  in  this  mode  of  investigation. 

828.  We  eomroence  by  tlte  direct  investigation  of  the  ^ 
farnula  for  the  number  of  variations  of  the  first,  second,  ij 
lUnl  and   fourth  class,   in  order  to  diMMver   the  law  of*^ 


304 


its  formation  for  tliose  cases,  and  their  connection  with 
each  other:  this  constitutes  the  foundation  of  our  first 
induction,  by  which  we  divine  the  formula  or  the  law 
of  the  formation  of  tlic  expression  for  the  number  of 
variations  of  any  class  whatever. 

We  next  assume  the  truth  of  this  law  for  any  assigned 
class,  and  shew  that  it  is  necessarily  true  for  the  class 
next  superior  to  it. 

We  lastly  recommence  from  the  cases  demonstrated, 
and  pass  from  them,  by  means  of  the  proposition  con- 
necting the  truth  of  the  formula  for  one  class  with  the 
one  which  succeeds  it,  to  any  class  which  may  be  required 
to  be  expressed  by  a  general  symbol  (r):  we  thus  exhibit 
the  necessary  connection  of  the  extreme  propositions  with 
those  inlemtediate  to  them,  and  consequently  with  each 
other  (Art.  142). 


229-      We   shall  now  proceed  to 
consequences  of  the  preceding  formula. 


some  of  the 


if  the  things  be  taken  all  together,  then  the 
—  r  +  l  =  «  —  «  +  !  =  1,  and   the   formula 


Ifr  = 
last  term 
becomes 

n  («-l) 2.1, 

or  writing  it  in  the  contrary  order, 
1.2 (n-l)M, 

which  is  the  product  of  the  natural  numbers  continued 
as  far  as  n:  this  is  the  expression  for  the  number  of 
permutatUms  of  n  things,  conformably  to  the  meaning 
which  we  have  assigned  to  this  term:  thus  the  number 
of  permutations  of  two  things  {a,  fi)  =  1 . 2  or  2 :  the  num- 
ber of  permutations  of  three  things  (a,  h,  c)  =  1.2.3 
or  6:  of  four  tilings  {ra,  b,  c,  d)  =  1 .2.3.4.  =  24 :  of  five 
things  (fl,  h,  c,  d,  e)  =  1.2.3.4.5  =  120:  of  six  things 
(a,  b,  i;  d,  e,/)  =  l. 2. 3, 4,5.0  =  720:  and  so  on  for 
greater  nvimbcrs. 


A  case  which  frequently  presents  itself  for  consi-  Number 
(lention,  is  the  determination  of  the  number  of  permuta-  tai^T"' 
tions  irf  n  things,  when  any  assigned  number  of  them  become  *■«"  ^- 
idmtical  with  each  other,  or  when  difTerent  classes  of  them  duaa  of 
become  so.  Thus,  suppose  it  was  required  to  find  an  'e"*"^ 
expressioD  for  the  number  of  permutations  of  n  things,  lieal. 
r  of  which  are  identical  with  each  other. 

The  expression  for  lUe  number  of  permutations,  sup- 
poaiDg  them  all  different  from  each  other  is 

n(,,-\)....2.\: 

if  r  of  these  quantities  become  identical,  the  permutations 
which  arise  from  their  interchange  with  each  other,  or  from 
their  par/tcri/ar  permutations,  which  are  1. 2... r  in  number, 
tear  aoy  assigned  position  of  Uie  other  quantities,  are  re- 
duced to  one:  the  number  of  permutations,  therefore,  when 
all  of  theni  are  different  is  1.2.,,,r  times  as  great  as  when 
r  of  them  become  identical :  or  in  other  words, 

~(»-l)....2.1 


u  the  expression  for  the  number  of  permutations  under 
diese  drcum stances. 

If,  in  addition  to  r  quantities  which  become  identical, 
there  are  t  others,  which  though  different  from  the  former, 
■re  still  identical  with  each  other,  then  there  are  1.2...9 
pennutiitions  corresponding  to  their  interchange  with  each 
other,  which  are  reduced  to  one,  for  any  given  position  of 
ibe  other   quantities :  the   expression  for  the  number  of 

nutations  under  these  circumstances  becomes 

n(»-l)...3.1 


\'  In  a  amilar  manner,  it  may   be  shewn,  that  if,  of  » 
'     le  kind,  Oj  of  another,  a,  of  a  third. 


iiities,  a,  t 
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and  so  on,  as  fiir  as  «^  of  the  m^  class :  ttien  the  whole 
munber  of  their  permutations  is 

njn-l). 2.1 

1.2...a|X  1.2....asxl.2««..q3X  ••..  ^  1.2. .a^ 

231.  It  may  be  useful  to  illustrate  these  formulae  by 
a  few  examples. 

Examples.         (1)     To  find  the  number  of  permutations  {p)  of  the 
letters  in  the  word  Algebra, 

In  this  case  n  =  7?  and  the  letter  a  appears  twice :  con- 
sequently 

(2)  To  find  the  number  of  permutations  of  the  letters 
in  the  word  perseverance. 

In  this  case  n  =  12,  and  the  letter  e  appears  four  times, 
and  r  twice :  therefore 

12.11.10.9.8.7.6.5.4.3.2.1       ^^^^^^^ 
P  = 1.2.8.;xl.g ^79200. 

(8)  To  find  Ihe  number  of  permutations  «f  the  pro- 
duct a^b^c'  written  at  full  length. 

In  this  case  n  =  10y  and  the  letter  a  appears  three 
times,  h  Jine  times,  and  c  twice ;  therefore  the  number 
of  permutations  (j?) 

10.d.8.7.€.£. 4.3.1 


1.2.3x1.2.3.4.6x1.2 


=  2520. 


(4)     To  find  the  number  of  permutations  of  the  letters 
in  the  expressions  a"*  "^6,  a^'^b%  a^'^lP^  and  a"*  "'"6''. 

•   \  •      «    i»       ^  (m— 1).*..2.1 

<^>'"°  ''1.2 U-i)^""- 

(f,\  in  a— «ft«  =  «»(«»- 1)<"»-2)....2.1  _  ll*(g»~l) 
^^'  1.2x1.2 («-2)     ~       1.2       ' 


s<wr 

Krifcin^  out  the  (wi  — 2)  last  factors,  from  tlie  numerator 
aad  tkooouBator,  which  are  sevctuUy  ideatical  with  eacli 
dWr: 

»» (»»-l)  ^m-2)  (»i-3)....2.1 
1.2.3x1-2.— (»»—3> 

CT(>ii-l)(m-2) 


(l>)i 


<I'>i 


1.2.3 

w» 

(». 

-1)....(™- 

-r  +  1) 

1.2 rx 

1.2...I 

m 

(m- 

-l)....(m- 

r  +  1) 

+  1)(».-r)...8.1 


■•) 


-  r)  last  factors  of  the  numeratnr  ami 


ttrikug  cMit  the  (m 
ilcDominator. 

These  expressions  are  remsFkable,  inasmuch  as  they 
■ill  be  found  to  be  severally  the  expressions  for  the  num- 
ber of  eombiuatioft«  of  n  things,  titken  one  and  one,  itft 
and  two,  three  and  three,  and  r  and  r  together. 

232.  By  the  combinations  of  dilferent  quantities,  we  Cmnblia. 
wean  the  different  coHections  wliieh  can  lie  made  of  any 
assigned  number  of  them,  without  reference  to  the  order 
of  their  arrangement 

Thus,  ab,  ae  and  be  are  different  combinations  of  the 
thrMT  letters  a,  f>,  r,  taken  2  and  2  together  :  tliere  is  only 
«m»  oombination  of  the  same  three  letters,  taken  all  lo- 
gptbcr,  though  tbey  form  six  different  permutations. 

233.  We  nhal!  now  proceed  to  determine  the  number  NumUf 
of  aoDibinBtioQS  of  n  thiugs,  taken  i        ' 
p  b  Iraa  than  n. 


" 


and  r  togetlier,  wbei 


The  number 
parately  or  one  ; 

f  The  number  of  c 

[  Iwu  together,  U 


>f  combinationft  of  n  things,  taken  se- 

id  one  together,  is  clearly  n. 

imbinations  of  n  things,   taken  two  TJcmH 

/  ■.  ,  »nU  two 

\.'2 


< 


For  the  number  of  variarions  of  n  things,  taken  two 
and  two  together,  is  n(»— 1);  and  there  are  two  permu-  ' 
tations  (ab,  ba)  corresponding  to   one   combination:    the 
number  of  combinations  is  found,  therefore,  by  dividing 
the  number  of  variations  by  2  or  by  1.2. 


234.     The  number 
three  and  three  together,    is 


combinations  of  n  things,   taken 
«(»-!)  («-2) 
1.2.      3 


For  the  number  of  variations  of  n  things,  taken  tluee 
and  three  together,  is  n(n—l)  («  — 2),  and  there  arc 
1.2.3  permutations  for  one  combination  of  three  things: 
the  number  of  combinations  is  therefore  found  by  dividing 
the  number  of  variations  by  1 .2.3. 

235,     The  number  of  combinations  of  n  things,  taken 


T  and  r  together,  is 


1.2 


For  the  number  of  variations  of  ii  things,  taken  r 
and  r  together,  is  n(n  — l)...(»i  — r  +  1);  and  there  are 
1 . 2  . . .  r  permutations  corresponding  to  eacli  combination 
of  r  tilings:  the  number  of  combinations  of  n  things, 
therefore,  taken  r  and  r  together,  is  found  by  dividing  the 
number  of  their  corresponding  variations  by  1 . 2 , . .  r. 

236.  There  arc  some  properties  of  theae  expressions 
which  are  attended  with  very  important  consequences,  and 
which  we  shall  now  proceed  to  point  out. 

"-  In  the  first  place,  the  number  of  combinations  of  n 

,g  of  things,  taken  r  and  r  together,  is  the  same  as  the  number 
"jJ^B"^  of  combinations  of  n  things,  taken  n  —  r  and  n  —  r  together. 

tbo  8»me  u        For  the  number   of   combinations  of  n  tilings,  taken 
Z^^  r  and  r  together,  is 
tijefter^  n(n-l> („_r+  1) 


1. 


(a). 


The  number  uf  combinations  of  n  things,  t^kcn  n  —  r 
mad  n—r  together,  will  be  expressed  by  putting  n  —  r 
ia  the  place  of  r  in  the  preceding  expression  (a),  when 


the  Ia£t  term  of  its  numerator  bi^coines  : 
or  r  +  1,  the  last  terra  of  the  denominator  t 
expression  itaelf  becomes 

'»(«-l).....(r  +  l)  ^ 


-(n-r)  +  l 
—  r,  and   the 


1. 


■("-') 


m 


The  same  expression  (/3),  somewhat  differently  written, 
though  identical  in  signification,  is 

k  n(n-\)....(n-r  +  \)   («-/)  . ...  (r +  1) 

^  1.2     ....  r       .     (r  +  l)....(»-r)' 

where  the  last  terms  of  the  numerator  and  denominator 
of  (a),  and  the  first  and  last  additional  terms  introduced 
into  the  numerator  and  denominator  of  (a)  in  order  to 
obtain  (/3),  are  written  down:  we  thus  see  that  all  those 
additional  terms  arc  common  both  to  the  numerator  and 
denominator,  and  that  consequently  tlie  first  expression  (a) 
is  equal  to  the  second  {j3) :  or,  in  other  words,  the  number 
of  combinations  of  n  things,  taken  r  and  r  together,  is 
equal  to  the  number  of  combinations  of  n  things,  taken 
(b  —  r)  and  (n  —  r)  together. 

237.  The  same  conclusion  may  be  otherwise  and  more 
nnply  obtained  as  follows :  if  we  take  the  n  quantities 
a,,  a,, ....  a„,  and  form  any  one  combination  of  r  of  these 
qnandtiee.  those  which  remain  will  form  a  corresponding 
and  mppiemen/^ry  combination  of  (n  —  r)  quantities :  it 
faOows,  tlierefore,  that   no  combination  can  exist  without 

tttpptemetit,  and  that  consequently  they  must  be  equal 

number. 

938.     If  we  further  examine  the  expression  (a)  for  the 
aumbn'  of  combinations  and  its  successive  values,  it  will  ob- 
nously  continue  to  increase,  until  the  additional  term  in- 
into  the  numerator  becomes  equal  to  or  less  than 
Dn 


¥ 


numbrr  of 
eomblin. 
iloni  when 


the  curreeponding  additional  term  in  the  denominator : 
now  the  r*  term  of  the  numerator  is  »  — r+1,  and  the 
corresponding  term  in  the  denominator  is  r :  if  these  be 
equal  u>  each  other,  we  have  n— r  +  1=r,  and  conse- 
quently  r  =  ■■         :    and   since   r  is   necessarily   a  whole 

number,  n  must,  in  this  case,  be  necessarily  an  odd  num- 
ber :  there  is,  therefore,  in  this  case,  the  same  number, 
and  also  the  greatest  number,  of  combinations,  when  they 

»— 1  ,  ,   «  + 1  ,  , 

are  taken  — j—  together  ana  — j—  together,  such  com- 
binations being  supplementary  to  each  other. 


If  n  be  an  evei 
nations  takes  place 

this  case,  »— r+1 


number,  the  greatest  number  of  combi- 


r  + 1 ,  which  is  greater  than  the 


Corresponding  value  of  r  or  ~ ;  whilst  the  next  succeeding 

value  of  A  — r-f  1,  which  is  =|,  is  l^ss  than  the  correspond- 
ing value  of  r,  or  of  the  last  term  of  the  denominator, 
which  is   -  +  1. 


I*w  of  239.    We  shall  now  proceed  to  consider  the  formation  of 

fomidOTof  jjjp  product  of  n  binomial  factors,  <c, +  ffl,,  .r„  +  rt„.  ■r,  +  n., 
the  pTMUct  r  'ii'v^^j-^' 

ofbinomiiJ .v^  +  a^,  in  connection  with  the  theory  of  combinations, 

from  which  the  most  important  consequences  will  be  found 
to  follow. 

In  the  first  place,  the  terms  in  this  product  are  ho- 
mogeneous, and  each  of  them  involves  n  of  the  quantities 
«,,  a,,  ■■E^,   a,,  &c. 

For  there  is  an  additional  dimension  given  to  every 
term  already  existing  or  formed,  by  every  additional 
factor :    and   as    the   terms  ■  in   the   first   and   every  other 


he   terms  in   the   product  T*™* »" 

'^.       ,      homogBiu!- 

II    two  dimensions,  in  tne  qui. 


factor  are  of  one  dimension, 

of  two  &ctors  are,  therefc»-e, 

product  of  three  factors,  of  three  dimensions,  and  so  on, 

increasing  by  unity  for  every  additional  factor :   those  in 

the  product  of  «  factors  are,  therefore,  of  n  dimensions, 

aad  homogeneous. 

In  the  second  place,  the  coinbi nations  of  letters  in 
cBcIi  of  the  terms  are  dilTerent  from  each  other. 

For  the  same  letter  occurring  but  onoe  in  the  same 
or  different  factors,  can  only  be  once  employed  as  a  mul- 
ttpUer  :  if  the  terms  already  existing  or  formed,  be,  there- 
fore, different  from  each  other,  those  formed  by  the 
introduction  of  new  and  successive  factors  must  continue 
differ^it  from  each  other. 

In  the  third  place,  the  letters  which  appear  in  the 
same  factor,  can  never  appear  together  in  the  same  term. 

For  those  letters  are  employed  only  once  as  multi- 
pliers; and  when  so  employed,  they  form  terras  which 
are  all  of  them  different  from  each  other. 

In  the  fourth  place,  the  terms  in  the  product  may  be 
arranged  in  classes,  where  the  combinations  of  .r's  and  a's,  co 
If  of  the  first  and  last  letters  of  the  several  factors,  are  '" 
nmplementartj  to  each  other. 

For  in  whatever  term,  any  combination  of  r  of  the  first 
letters  of  r  factors  appear,  in  the  same  must  be  found 
Uie  oomlunation  of  {n  —  r)  second  letters  of  the  (»  — r) 
other  factors:  such  combinations  may  be  termed  com- 
pUmentary  to  each  other,  to  distinguish  them  from  aup- 
pUmentary  combinations,  which  involve  the  same  series 
of  letters  only. 

The  6rBt  term  of  the  product  is  the  continued  product 

rf  4r,,  JT, .r,,  or  of  the  lirat  terms  of  the  several  bi- 

■ouikl  factors. 


I 


■ndiUdif- 
fennt  from 


I 


Tbe  first  class  of  complementary  combinations  compre- 
hends (n  —  1)  jP»  and  one  n,  the  number  of  which  is  n. 

The  second  class  of  complementary  combinations  com- 
prehends (n  — 2)  it's  and  twoa's:  the  number  of  them  is, 
njn-l) 
1.2 
The  fourth  class  of  complementary  combinations  com- 
prehends («  —  3)  x'r  and  three  n's ;   the  number  of  them  is, 
therefore,  -i—^)i—^)_ 

i.a    .    3 

The  r*"  class  of  complementary  combinations  compre- 
hend (n  —  r)  it's  and  r  a's :  the  number  of  them  i>, 
therefore, 

n(«— 1) (n  — r +  1) 

1.2     ..,.         T  " 

The  last  term  is  the  continued  product  of  the  a\  or 
of  a,,  a^,  ■  ■  •  a^- 

F  240.  The  whole  number  of  terms,  or  the  whole  number 
of  their  combinations,  is  2":  for  the  number  of  terms  is 
doubled  by  the  introduction  of  every  successive  factor  in 
the  product. 

241.  Let  us  now  examine  some  of  the  eonsequences  of 
this  proposition. 

\  Kroduct  of  Let  the  first  terms  of  the  several  factors  become  iden- 
I  ^^"  tical  with  each  other  and  with  .t,  whilst  the  second  continue 
f  taring  the  different  from  each  other:  or  in  other  words,  let  it  be 
required    to    find    the    product  of    the    «   factors,   ai  +  a^. 


In  this  cose,  the  several  combinations  of  .Tj,  x^,  ...  at^, 
degenerate  into  powers  of  x,  whose  indices  are  the  numbers 
of  letters  in  each  combination. 

The  first  term  is,  tlierefore,  .v'. 


The  second  term,  or  the  first  class  of  complementary 

combinations,  becomes  A,w*~*  where  jJ,  =  o,  +  Oj+ «_, 

or  the  sum  of  the  second  terms  of  the  binomial  factors. 

The  third  term,  or  the  second  class  of  complementary 
combinations,  becomes  vi^y"*  where  J^=a^a^  +  a^a^+kc. 
or  the  sum  of  the  combinationG,  two  and  two,  of  the  second 
terms  of  the  binomial  factors. 

The  fourth  term,  or  the  third  class  of  complementary 
combinations,  becomes  jlj.jf~'  where  Aj  =  a,a^a^  + 0,0^0, 
+  &c.  or  the  sum  of  the  combinations,  three  and  three, 
of  the  second  terms  of  the  binomial  factors. 

The  (1+r)"'  term,  or  the  *■*  class  of  complementary 
combinations,  becomes  A,f^~'  where  A^  is  the  sum  of  the 
combinations  of  tlie  second  terms  of  the  binomial  factors, 
taken  r  and  r  together. 

243.  This  proposition  is  the  fundamental  proposition 
in  the  Theory  of  Equations,  when  their  composition  is  once 
granted  or  demonstrated :  the  following  modi^cation  of  it  is 
the  foundation  of  the  binominl  theorem,  which  will  be  more 
particularly  considered  in  the  next  chapter. 

243.    Let  us  suppose  the  second  terras  also  of  the  several  Binomial 
btoofnial  factors  to  become  identical  with  each  other  and 
with  a.     The  continued  product  (.r+Oi)  (.r+B,)...{.f+o^) 
becomes,   therefore,    (^<v  +  a)",  where  n  is  the  number  of 
factors  which  are  etjual  to  each  other  and  to  j?  +  a. 

The  first  term  is  x",  as  before. 

The  coefficient  of  the  second  term,  or  Ai^na,  since 
me,  which  are  ?i  in  number,  become  equal  to  each 
r  and  to  a :  the  second  term  is,  therefore,  naj/"~'. 


!  The  ooeffidcnt  of  the  third  term,  or  A^^ 


"("-l). 


e  *n  its  terms,  which  arc 


«(«-!)  . 


in  number,  become 


equal  to  each  other  and  to  a^ :  the  tliird  term  is,  therefore, 


The  coefficient  of  the  fourth  term,  or 
■  1.9.3  ' 


since  all  he  terms,  which  are 


»(n-l)(,.-a) 


number. 


become  equal  to  each  other  and  to  o':  the  fourth  term  i»^ 
therefore,      \   a  o'   ■"  a;"-'. 


The  coefficient  of  the  (1  +  r)""  term,  or 

«(«-!) («-r+l)  , 

'*'-      1.3      ....  " ' 

«(n  — 1)„.  (fl  — r  +  l) 


I 


since  all   its  terms,  which   are  - 


1.2 


number,   are  equal  to  each  other  and  to  a':  tlie  (1  H-r)"* 

n{n—\)...{,n-r^l)   ^  „   , 
term  is,  therefore,  "  " 


1.2      ... 
It  follows,  therefore,  that 

(j;  +  a)"=  a!"  +  naa'""' 

1.2      .      3 

v'-'  +  &c. 


«(w— 1)   „ 

«(B-l)...(n-r  +  l)- 
"■      1.3      ...  r 


CciDple-  244!.     Before  we  proceed  to   the  investigation  of  the 

eombira.     composition  of  the  product  of  any  number  of  polynomial 
iJmisof       factors,  having  each  of  them  the  same  number  of  terms, 
it  will  be  proper  to  complete  the  theory  of  complementary 
comhinatwns,    when    more    than   two  classes  of  quantities 
enter  into  each  combination. 


In  the  case  which  we  have  akeady  cousidered,  wliere  Of  the  w- 
ihere  are  »  things  in  each  combination,  of  which  a,  are 
of  trtie  kind  and  «  — a,  or  a,  of  the  other,  the  expression 
Car  the  number  of  c&mplementory  combinations  is 
«(«-l)...(«-at  +  l) 


l.B      ... 

o. 

o(,-l).. 

..(«-a,+l)(«-«,)-..2.1 

1.2 

■■    -.xi-a (»-<■,) 

«(«-!)  . 

2.1 

1.2...0, 

xl.2...a,    ' 

multif^ying  the  numerator  and  denominator  by  the  same 
quantity  (n  — a,)  (n  — a,  — 1)...2. 1  in  the  first  place,  and 
replacing  n  —  a^  by  a...   which  is  equal  to  it,   in  the  second. 

245.    Let  us  now  consider  the  case  where  there  are  three  Of  tho 
different  classes  of  quantities  existing  in  each  combination,  ° 

and  let  there  be  a,  of  one  kind,  a,  of  a  second,  and  a, 
ci  B  third. 

If  we  omit  the  a,  quantities  belonging  to  the  first  class, 
there  will  remain  n  —  a,  or  a^-^-n^  quantities,  the  number  of 
wboee  eompkmentary  combinations  ia,  by  the  last  case, 
L  («-.,)  (n-,,-1)  ....  2.1 

Brkec 


1.2     ...    a,  X  1.2  ....  a, 
e  Dumber  of  combinations  of  the  first  class  is 
n(n-l)...(»-a,  +  l) 


(")• 


IJS)- 


Mch  of  which  may  be  combined  with  all  the  complementary 
combinations  of  the  (n  — a,)  quantities  taken  a.  from  one 
rias»,  and  a,  from  the  other :  the  whole  number,  therefore, 
of  complementary  combinations  of  the  third  order,  will 
cJoarly   be  found  by  multiplying  the  expression  (^)  into 


,  when  ' 


>  get 


n(n-l). 


.2.1 


(7)- 


2i6.  Let  us  now  consider  the  case  where  there  are  four 
differcat  cl&sses  of  quantities  in  each  combination,  namely, 
o,  of  the  first  kind,  a„  of  the  second,  a,  of  the  third, 
and  a^  of  the  fourth. 

If  we  omit  the  a,  quantities  belonging  to  the  first 
class,  there  will  remain  n  —  a,  or  a„  +  n.,  +  a,  quantities 
of  the  remaining  classes,  whose  complementary  combinations 
by  the  last  case  are 

(n-a,)(«-a,-l)...  2.1 


<  1.: 


<  1.2.. 


(•.')• 


If  the  number  (o')  be  multiplied  into  the  number  of 
-ombinations  of  the  first  class,  or 


„(»-!)  ...(^- 


,  +  1) 


we  shall  get   the   expression   for   the  number  of  comple- 
mentaxy  combinations  of  the  fourth  order,  which  is 
«(n-l)  ....  2.1 


,,k1.2...o.i<1.2 


M- 


347-  The  cases  already  considered  are  sufficient  to  as- 
certain the  law  of  formation  of  these  expressions,  which  may 
be  generalized  by  shewing,  that  if  it  be  true  for  the  number 
of  the  complementary  combinations  of  the  (m  —  i )'"  order, 
it  must  be  true,  likewise,   for  those  of  the  m*"  order. 

For  let  us  suppose  the  number  of  these  combinations  of 
n  things,  arranged  in  (m  —  IJ  different  classes,  the  number 
of  quantities   in  which   are   severally  denoted   by  a,,  a„, 

«(n-l)...  2.1 

1.2  ..atX\.2...a^x  ....  xl. 2. ..«„_,' 


and  let  it  be  required  to  find  the  number  of  comple- 
mentary combinations  of  n  things,  arranged  in  m  classes, 
the  first  involving  a,  quantities,  the  second  a,,  and  the 
last   a„:    the   number  of   complementary   combinations  of 


SIT 


(h  —  a,)  things,  arranged  in  classes  of  i 
ii,  by  the  assumed  case. 


(n-a,)  («.-ai-l)....2.1 


1.9..a,xl.2. 


<1.3.. 


(a"). 


«1iich  may  be  severally  combined  with  the  combinattons  of 
ihe  first  class,  in  which  a^  quantities  out  of  n  are  taken 
together,  the  number  of  which  is 


»(»-!). 


.(..-o 


H) 


(/5"). 


snd  thus  form  a  number  of  complementary  combinatior 
the  n*"  order,  which  is  expressed  by 


»('— 1)  ■ 


t,  X  1  ■  2  >  -  Uj  X  . 


<1.2.. 


(y> 


I 


248.  The  preceding  theory  of  complementary  combina-  J^"" 
tions  will  enable  us  to  investigate,  generally,  the  composition 
of  the  products  of  polynomial  factors:  we  will  com- 
nt^ice  with  the  product  of  n  factors,  (a,  +  &,  +  c,  +  . , ,  /,J, 
(a,  +  &,  -t-  c,  +  . . . .  /j).  ■  ■  ■  {o,„  +  6„  +  c„  +  . . . .  f„),  each 
cofieisting  of  m  terms,  all  of  whicli  are  different  from 
ther. 


The  product  is  homogeneous,  of  »  dimensions, 
■Q  its  terms  different  from  each  other,  for  the 
reasons  as  were  given  in  Art.  239. 


and 


There  is  a  term  involving  a's  only  (in  number  n). 
Knottier  involving  6'b  only,  and  similarly  for  all  the  other 
etten. 


.  The  other  terms  form  complementary  combinations  of 
orden    not   exceeding   the   m"":   and    the   number   of 
tns  corresponding    to   any    assigned   order,    will  be  de- 
miined  by  the  formula  given  in  the  lust  Article. 


Thus,  the  number  iif  terras  in  which  an  a  appears 
times,  a  b  appears  o^  times,  a  c  appears  a.,  times 
an  I  appears  a„,  times,  where 


i  expressed  by  the  formula 
n(n-\).  .  . 


.  and    J 


Nnmbaof  24'9.  The  whole  number  of  terms  in  the  product 
«•.  ~  is  m":  for  there  are  m  terms  in  the  first  and  all  other 
factors,  a  number  of  terms  equal  to  tM*  in  the  product 
of  two  factors,  a  number  equal  to  m'  in  the  product  of 
three  factors,  and  so  on,  until  we  get  to  the  product  of 
n  such  factors,  in  which  the  number  of  terms  is  m". 

250.  If  we  now  suppose  all  the  letters  of  the  same 
class  in  the  several  factors,  and  therefore  the  factors  them- 
selves to  become  identical  with  each  other,  tlie  product  of 
the  n  equal  factors  (omitting  the  numbers  attached  to  each 
letter)   will  become 

(o  +  A  -r  c  +  ...  +1)': 

and  the  combinations  of  the  letters  of  the  same  class, 
whether  of  o's  or  6"s  or  c'r  or  ...  Va,  will  become  powers 
of  those  letters,  whose  indices  are  the  numbers  of  them 
which  appear  in  each  term :  all  those  terms,  therefore, 
will  become  identical,  which  involve  severally  the  same 
number  of  letters  belonging  to  the  same  class:  if  the 
number,  therefore,  of  one  kind  {a)  be  a,,  of  the  second 
[b)  be  Qj,  of  the  third  (b)  be  a,,  and  of  the  »»"■  (/)  be  a„,, 
where 


then  the  term  which  comprehends  the  wljole  number  of 
corresponding  complementary  combinations,  which  may 
be  called  likewise  tlie  general  term  of  the  product,  is 


1.2.. 


xl.2.. 


«1.2., 


xl.2.. 


',  fe'.c'J 


351 .  There  are  other  classes  of  combinations,  tiie  theory  t 
of  wtiose  formation,  with  the  ilctermination  of  tlicir  niimber,  j 
mrill  lead,  like  those  we  have  already  conEidered,  to  very 
important  applications.  Of  this  kind  are  those  combina- 
tions, which  may  be  termed  homogeneous  products,  which 
admit  of  repetidoiis  of  the  same  letter :  thus  the  quantities 
a,  6,  c,  taken  all  toget)icr,  form  only  one  combination, 
properly  so  called,  which  is  abc:  but  the  same  three  letters 
fonn  ten  homogeneous  producis,  which  are  the  following: 

o'+  ft'  +  c'  +  0=6 -f  a^c  +  afr  +  ac'  +  b'e  +  fce°  +  abc. 

S52.     It  remains  to  investigate,  generally,  the  formula  f 
for  the  determination  of  the  numbers  of  such  products.         j 


Let   the   quantities,   which,    a 
e  to  be  combined  together,  be 


well   as  their  powers, 


and  let  it  be  required  to  determine  the  number  of  their  oi 
homogeneous  products,    when   taken   two  and   two,   three  "' 

and  three and  r  and  r  together;  or  which   are  of 

two,  three,  and  r  dimensions. 

The  homogeneous  products  of  two  dimensions  are  the 
squares  of  all  the  letters,  together  with  their  products  or 
cxFinbi nations,  two  and  two  :  and  as  the  number  of  the  lirst 


b  n,  and  of  the  sccomi  '    " 

,  th( 

quired  is,  therefore, 

■                  "(n-l)       n(2  +  »- 

lii 

^    353.    In  order  to  determine  the  number  of  homt^eneous  of  three  di 
products  of  three  dimensions,  let  us  suppose  the  several  homo-  "'*" 
geneous  products  of  two  dimensions  multiplied  successively 
by  all  the(n)  letters,  together  with  the  sum  of  the  particular 
Wllcrs  which  form  the  factors  of  each  product:  the  number 
of  these  is.  in  each  case,  m  -f  2,  and  i'  mny  be  shewn,  that 


every  homogeneous  product  of  three  diinenaions  will  occur 
three  times  in  the  result  and  no  more  :  for  in  the  product 

n,'(a,  +  Og  +  .  ■ .  +  o„  +  2a,)  =  a.^iSa,  +  a^+  ..- o„), 
the  temi  Soj*  appears,  and  in  that  product  only  :  the  term 
nf  Oj  occurs  once  in  this  product,  and  twice  in  the  product 
a^a^(a,  +  a^+  . . .  a„  +  a,  +  fl,,) 

and  in  no  other  product.     Again,  the  term  a,a.aj  occurs 
once  in  this  product,  once  in 


'A«, 


•.  +  »,) 


and  once  more  in 

a^a,  (a,  +  a,  +  a,  +  ■■«,  +  «,  +  a,), 
and  in  no  others:  and  whatever  ia  proved  to  be  true  of 
o,',  flf  a,  and  a^a^a^,  must  be  equally  true  of  all  similar 
powers  or  products,  inasmuch  as  the  result  must  be  sym- 
metrical with  respect  to  all  the  letters  (Art.  136) ;  it  fol- 
lows, tliercfore,  that  the  whole  number  of  homogeneous 
products  of  three  dimensions  will  be  found  by  multiplying 
the  number  of  homogeneous  products  of  two  dimensions 
by  »-|-2,  and  dividing  the  result  by  3:  and  consequently 
the  number  required  is 

niK  +  \){n  +  2) 
1.2.3 

254.  The  factors  of  the  numerator  of  this  expression, 
are  the  natural  numbers  increasing  from  n;  and  those 
corresponding  to  them  in  the  denominator  are  the  natural 
numbers  increasing  from  1 ;  the  number  of  them  being  the 
same  in  both  cases,  and  equal  to  the  dimension  of  each 
product:  before  we  can  legitimately  generalize  the  law 
of  the  formation  of  tliis  expression,  we  must  shew,  that 
if  it  be  true  for  the  number  of  homogeneous  products  of 
(r— 1)  dimensions,  it  must  be  true,  likewise,  for  those 
of-the  next  superior  or  r""  dimension. 


25fi.  For  this  purpose,  let  us  suppose  every  homoge- 
neoua  product  of  (>"  — 1)  dimensions  successively  multiplied 
by  all  the  (n)  letters,  together  with  the  sum  of  the  parti- 
cular letters,  whether  the  same  or  diiferent,  whicli  that 
product  contains :  it  will  be  found  that  every  homogeneous 
product  required  (of  r  dimensions),  will  occur  r  times  in  the 
result,  and   no  more:    thus,  in    the  product 

«i'"'l0|  +  «2+  ■■■a„  +  (T-\)ay\  or 

we  find  Ta{,  which  occurs  in  no  other:   the  term  a,'-'a..i 
which  occurs  once  in  this  product,  occurs  (r  — 1)  times  in 
a{-*a^  |ai  ■t-Oj,+  ..»„  +  (r— 2)oi  +  o,}  or 
a.'-*««  \  {r-\)a,  +  2«m-o,  +  . .  a.}  (/3), 

and  in  no  others:  the  term  a,'~'ei^,  which  occurs  twice 

rlfais  product,  occurs  also  (r  ~  2)  times  in 
«i'"*o,*{''i  +  «»+  ■■'*-+  ()■  — 3)a,  +  a(igi       (7), 
m^   in    no   others:    whUst    the   term    a^'^a^a^t    which 
occurs  once  in  (/3),  once  in 

o,'-'fl3 {o,  +  Os  +  . ..  o.  +  (r -  2)o,  +  oj}, 
wiD  be  found  (r— 2)  times  in 
Oi'-'a^BaJo, +  a,  +  aj+  . .  a,  +  (r  — 3)«,  +  fla +  0^}  or 
«,'-'«,<i3  J(r-  2)n,  +  Soi  +  Sbj  +  . . .  a^J  (S), 

sad  in  no  others:  it  follows,  therefore,  that  a,',  a,'~'a,, 
a{~*a^,  (i,'~°aiiT},  and  consequently  all  similar  products, 
must  occur  r  times  in  the  result,  and  no  more :  and  ge- 
ocnJly,  the  term 


L  where  0^  +  0^+ "»=»■, 

ch  appears  ai  times  in  the  product 
«,"«-'a,"i n/*{fi,+nj  +  ...o,+(ai— l)a|+o,Oj+..a,o.f 


will  appear  a^  times  in  the  product 


and  likewise  a^  times  in  the  prtduct  { 

V  V-  ■  ■  ■  «-"•-[{«.  + 1)«.  +  («,  +  !)«.  +  ■■«-«»}.         ! 
and   in  no  others;   it   appears,   therefore,  {a,  +  ai  +  ..a„)   j 
or  r  times  in  the  result,  and  no  more :   the  same  reasoning 
which  was  applied  to  this  general  term,   is  efiiially  ap-    , 
plicable  to  all  others  which  can  be  formed,   and  which  ap- 
pear, therefore,  severally  r  times  in  the  result,  and  no  more. 
It  follows,  therefore,  that  the  number  of  homogeneous 
products  of  n  quantities  of  r  dimensions,    will  be  found    ' 
by  multiplying  by  n  +  r— I  and  dividing  by  r,  the  num- 
ber of  homogeneous  products  of  n  qiiantitiea  of   (r — 1) 
dimensions. 

If  the  number  of  homogeneous  products  of  n  letters 
of  (r— 1)  dimensions  be  assumed  to  be 
M(«-H)....(«  +  r-S) 
1.2       ....      (r-1)      ' 
the  number  of  homogeneous   products  of  n  letters   of  r 
dimensions  must  be 

«(»  +  !) («  +  r-g)(n  +  r-l) 

1-2     (r-l)»-, 

and  as  this  expression  has  been  shewn  to  be  true,  when 
r  =  2  and  r  =  3,  it  must  be  true,  therefore,  when  r  =  4,  5, 
&c.,  as  far  as  any  number  whatever."    (Art.  226). 

*  Tbe  genei'al  cxpressiOD  for  the  nambcr  of  combinalimta  of  n  things  taken 
r  uid  r  together,  may  be  fouan]  by  h  metbod  analogous  to  the  preceding, 
without  the  previous  knowledge  aC  the  expresBiana  fortlienumbcr  of  Daruliniu 
and  permututioni :  for  if  every  CDnbiuation  of  (r  —  1)  letters,  be  mnltiptied  by 
all  the  other  letters  which  do  aoC  appear  in  it,  which  are  n — '^  +  1  in  number, 
il  may  very  easily  be  shewn  that  every  combination  of  r  letters  will  appear 
r  tUnes  in  the  result :  if  Cr-i  be  the  oomher  of  combtDBtioni  of  n  tbings  taken 
(r— 1)  and  (r  — 1)  together,  and  C,  their  number  wlien  taken  r  and  r  to- 
getber,  it  wonld  follow,  therefore,  that  (".=  Cr_i  x  -~^— .  from  whicli 
the  complete  expteuion  lor  C,  may  be  eauly  obluned. 
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256.     Homogeneous  products  of  one,  two,  three  and  all  ^??^  *" 
superior  dimensions,  such  as  we  have  just  been  considering,  moaeneous 
present  themselves  in  the  successive  terms  of  the  series  ?"?^  ®^ 
which  represents  the  result  of  the  division  of  1  by  dimouioiis 

appetr* 

(1  -«i)  (1  -o,)  (1  - flg) . . . .  (1  -oj; 

or,  what  is  the  same  thing,  as  the  coefficients  of  the 
mooesdve  powers  of  x  in  the  series  which  arises  from  di- 
viding 1  by  (1  —  QiOd)  (1  —  a^w)  (1  —  03^) ...  (1  —  a^x) :  for 
(Art.  46.  Ex.  22.) 

1 

=  1  +  aiX  +  a^"^  +  ©i^a?*  +  . . . .  a^'af  +  ... 


1  — fli.r 

1 
1  — Og^r 

1 
1^0307 


=  1  -f  02^7  +  ct^a^  4-  Oj^cF^  4- (h'^  +  ••• 


=  1  +  03^+03*^  -H  03*^'  + 03^  +  ... 


=  1  +  a_a?  +  aJ^  +  (^J^v^  + ajaf" 4- ... 


1  —  o.«r 


and  if  we  multiply  these  several  series  together,  and  arrange 
the  results  according  to  powers  of  Xy  we  shall  find 

1 

(1  —  aid?)  (1  —  a^x)  (1  —  agO?) ...  (1  —  a^^x) 

=  1  -f  HiX  -f  HsiX^  +  H^x^  4-  . . .  -ffX  +  ... 

where  Hi  is  the  sum  of  the  n  letters,  ai,  Oj,  ..  a^:  Hi 
is  the  sum  of  their  homogeneous  products  of  two  dimen- 
soDs,  Hj  the  sum  of  their  homogeneous  products  of  three 
dimensions,  ....  H^  the  sum  of  their  homogeneous  products 
of  r  dimensipns,  and  so  on  for  ever. 

257*    If  we  now  suppose  all  the  n  letters  a^ ,  o^ , . .  a^  to  Scries  for 
beoome  identical  with  each  other  and  with  a,  the  fraction      ,,  ^    ,  . 

(l-ax)- 
1 

(1— a,.r)  (1  — Oj-r)  (1  —  a^.r)  . ..  (l^a^x) 


224 
will  become 


and  the  successive  coefficients  Hi^  H^y  H^j  » -  H^.. .  will 
become 

n(n+l)^,    w(n+l)Jn4;2)         n(n+l)..(n+r-l) 
'       1.2       '  1.2.3  '         1.2     .         r 

and  consequently 

1                           .  n(«+l)  ,  .  .  «(«+l)  (n+2)^3_3 
=  1  +nod7  +  — ,  ^     o*ir-  +  — q— jj 5 —  a'ar 


^     n(n  +  l)..(n  +  r  +  l)^,^^g^^ 


•  •  • 


a  result  which  we  shall  have  occasion  to  consider  more 
particularly  in  the  next  chapter. 

^"^  ^         268.    The  formula 

analvsisof 

*^^»J*  «(n  +  l)...(n  +  r-l) 

Humber  of  1.2      r 

homogene- 

ouspio.      expresses  the  different  modifications  of  the  product 

aj«>  aj^  ....  a„"«, 

where  01  +  02+  . . . .  o„  =  r,  and  where  ou  os^  03...0y,  admit 
of  all  different  values  from  0  to  r :  we  may  in  some  respects 
analyse  their  formation,  by  separating  O]  from  the  remaining 
(n  — 1)  letters,  and  considering  them  as  arising  from  the 
successive  multiplication  of  the  homogeneous  products  of 
these  (w  —  1)  letters,  which  are  of  r,  r  —  1,  r  —  2, ... 3,  2,  1, 
and  0  dimensions,  into  1,  Oi,  o*,  ...  a{'^y  a{'^  and  ai*"; 
the  successive  numbers  of  these  terms,  determined  by 
putting  n  — 1  in  the  place  of  n  in  all  cases,  and  r,  r  — 1, 
r  — 2,,..3,  2  and  1  in  the  place  of  r,  are 

(yi  —  l)  n(n  +  l) (n  — r  +  2) 

1.2  r 
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(»—l)n{n  +  l)...{n  +  r—3) 

T~§     7777!     (r-i) 

(«  — 1)  n(n  +  l).. .  (n  +  r— 4) 
1.2       (r-2) 

(»— l)n(»  +  l) 
1.2.3 

(»— l)n 
1  .  2 

(n-1) 
~1 

It  f<^ws,  therefore,  that 

"TTa — — — i  +  (n-i)+     ^  ^ 

<n  — l)«(n  +  l)              (n-^l)n(n  +  l).>.(n-f  r  — 2) 
■*■       1.2.3       "^ 1.2        r 

In  a  similar  manner  we  should  find,  by  putting  n  —  1 
in  the  place  of  n,  that  the  (r  -f  1)^  term  of  this  series,  or 

(n^l)n(n+l)...(n-hr-2)_,   ,  ,^     ^^  ,  (n^2)(n-l) 

(n-2)(n^l)n  (n-2)  (n-1). . .  (n-hr-3) 

■^       1     .     2.3"^ 1      ;      2      T^  r         ' 

By  successive  substitutions  of  n  — 2,  »  — 3,  n  — 4, 
•  • .  3,  2,  in  the  place  of  n  in  the  original  formula  and 
the  terms  to  which  it  is  equal,  we  should  form  successive 
aeries  of  different  orders,  where  the  (r-f  1)^**  term  of  a 
series  of  any  assigned  order  would  be  equal  to  the  sum  of 
(r  +  l)  terms  of  the  series  of  the  order  next  below  it: 
the  laAt  of  these  series  but  one,  corresponding  to  nas3, 

Fr 


S86 

(the  second  when  reckoned  from  the  fundamental  series),  or 

3.4. ..(r  +  2)     ^  2.y     2.3.4  2.3.. (r  +  1) 

1.2 r  1.2      1.2.3  1.2    ..  r 

becomes 

or  is  the  sum  of  (r-f  1)  terms  of  the  series  of  natural 
numbers :  whilst  the  next  ducce^diiig  or  fundamental  series 
corresponding  to  n  =  2,  gives  us 

2.3.4... (r  +  1)  1.2       1.2.3  1.2...r 

1.2    ....   r       "■    "^     ■^lT2"^  17273  "^  *    'l.2...r' 

or  (r4-l)  =  l +  1  +  1  +  1+ 1, 

which  is  a  series  of  (r+1)  units. 

pig^jy^jg  259.     The  numbers  which  form  these  successive  series 

numbers,     are  called  Jigurate  numbers  of  the  1"*,  2**,  3^,....n'^  order, 

where  the  r^  term  of  any  one  order  is  equal  to  the  sum 

of  r  terms  of  the  order  preceding :   the  following  is  a  table 

of  the  eight  first  terms  of  the  eight  first  orders. 

Fmidamental  Series  and 

1«*  Order.     1,         1,         1,         1,        1,         1,         1,         1. 

2* 1,  2,  3,  4,  5,  6,  7,        8. 

3* 1,  3,  6,  10,  15,  21,  28,      36. 

4* 1,  4,  10,  20,  35,  56,  84,    120. 

5* 1,  5,  15,  35,  70,  126,  210,    330. 

6* 1,  6,  21,  66,  126,  252,  462,    792. 

7* 1,  7,  28,  84,  210,  462,  924,1716. 

8* 1,  8,  36,  120,  330,  792,1716,3432. 


360.  The  knowledge  of  these  numbers,  or  of  the'  law  ^ 
rf  their  fonnation,  will  enable  ua  to  answer  some  questions,  „ 
which  we  have  been  previously  obliged  to  pass  over  without  " 
notice:  thus,  let  it  be  required  to  determine  the  number  of  -| 
terms  in  the  product  or  series  corresponding  to 

(a  +  b  +  c+  ...  0", 

or  (a,  +  a,  +  a,+   ...a,)", 

the  general    term   of  which  we    have  already  determined 
(Art.  250). 

The   number  of  terms  depends  upon  the  number  of 
variations  of  form  of  the  literal  product 


Xrhere  a,+  aj+  ,..a,=«,  and  where  a,,  a,, ...a.  admit 
of  all  values  from  0  to  n :  it  follows,  therefore,  that  the 
number  required  is  identical  with  the  number  of  homoge- 
neous products  of  T  letters  of  n  dimensions,  and  is,  there- 
fore, found  by  means  of  the  formula  in  Art.  255,  by 
merely  changing  n  into  r  and  r  into  n :  in  other  words, 
it  is  equal  to 

r(r  +  l)...  (r  +  „-l) 

1.2         ...»  '"'■ 

If  rsS,  IhlB  expression  becomes  ^ 

f^l^^^T^ -<"  +  "• 

which  i>  the  number  of  terms  in  the  series  corresponding  to 
(a +  6)'. 
If  r^S,  the  formula  becomes  i 

8.>...  (»  +  a)  ^  (n  +  l)(n  +  a) 
172    ...    n  1.2' 

1  b  the  number  of  terms  in  the  series  curresponiling  to 
(o  +  6  +  c)-.. 


^ 


**         If  r  =  4,  the  fonnnla  becomes 

4.5  ....  («  +  3)  ^  (tt  +  l)(»  +  2)(n  +  3) 

1.2     ...     n  1.2.3' 

whicb  is  the  number  of  terms  corresponding  to  the  series  for 

Generally,  if  r  is  any  number  leas  than  n,  the  general 
formula  (a)  is  equivalent  to 

(fi  +  -i)(n  +  2)...in  +  r-1) 

1.2        ...      (r-1)  ^^' 

inasmuch  as  the  product  r{r  +  l)  ....  («  — 1)  n,  is,  in  this 
case,  common  to  its  numerator  and  denominator. 

'  261.     The  formula  {/3)  aboTC  given,   determines  the 

number  of  vays  in  which  the  number  n  may  be  broken  into 
two,  three,  four  or  r  parts,  between  0  and  n  inclusive, 
which  are  either  different  in  themselves  or  in  their  arrange- 
ment :  thus,  lot  it  be  proposed  to  find  in  how  many  different 
ways  the  number  7  may  be  broken  into  four  parts,  zero 
tnduded,  which  are  either  different  in  the  parts  themselves 
or  in  their  arrangement. 

The   formula   gives      '     '        =  120,  and  these  arise 
from  the  different  permutations  of 

7,  0,  0,  0,  which  ate     4  in  number. 
4,  1,  1,  I,   4  

2,  2,  2,  1,  4   

6,  1,  0,  0,   12  

6,  2,  0,  0,  12  

4,  3,  0,  0,  12  

5,  1,  1,  0,  13  

3,  3,  1,  0,  12  

3,  2,  2,  0,   12  

8,  2,  1,  1,   12  

4,  2,  1,  0,  24  


These  numbers,  including  lero,  in  the  order  of  their 
permutations,  express  the  indices  of  a,  h,  c 
uid  d,  in  the  several  terms  of  the  series  or  form  which  in 
Mjuiv&lent  to  (a  + 1  +  c  +  d)\ 

262.  The  theorems  and  problems  which  wc  have  given  f 
in  the  preceding  articles  of  this  chapter,  are  amongEt  ^ 
the  most  important  of  those  which  present  themselves 
in  the  Theory  of  Permutations  and  Combinations,  or  in 
the  Combinatorial  Analysii^i  as  it  is  sometimes  called: 
this  subject,  indeed,  when  considered  In  its  most  general 
form,  is  much  too  extensive  to  be  comprehended  within 
the  proper  limits  of  s  work  of  this  kind;  and  we  have 
fdt  ourselves  compelled,  therefore,  to  confine  ourselves 
in  the  selection  which  wc  have  made,  to  fundamental 
propositions,  and  such  others  as  are  necessary  in  the  in- 
vestigation and  establishment  of  the  binomial  and  midti- 
fibmtid  theorems,  or  useful  in  facilitating  the  developements 

:led  by  means  of  them. 

263.  There  are  few  subjects  which  admit  of  more  varied 
illustrations  by  means  of  problems,  than  the  Theory  of 
Combinations;  inasmuch  as  such  problems  resolve  them-  i:"*""^ 
selves  almost  immediately  into  problems  for  the  calcu- 
lation of  chances  or  probabilities,  and  consequently  spring 
from  them:  it  will  be  expedient,  therefore,  for  us  to 
subjoin  such  an  explanation  of  the  mathematical  meaning 

of  the  terms  which  are  most  commonly  used  in  the  Doc- 
trine of  Chances,  an  well  as  of  the  most  simple  first 
priaciples  of  the  science,  as  may  be  requisite  to  shew 
its  connection  with  the  Theory  of  Combinations,  at  least 
in  one  of  its  departments,  and  may  enable  the  student 
to  apply  most  of  the  propositions  in  this  chapter  to  a  very 
extensive  class  of  questions,  which  are  full  of  instruction 
uul  interest. 

264.  The  term  chnnce,  in  popular  language,  has  va-  popuUr 
rious  meanings  attached  to  it,  whether  primitive  or  derived,  ^"'^     J 
though  it   is  not  xlways  very  easy,  nor  in  this   instance  e 


'ial 

I 


The  found- 
atlonofthe 


I 


no 

very  important,  to  distinguish  one  from  the  other:  it 
sometimes  means  an  event,  whose  occurrence  is  uncertain, 
whether  under  the  influence  or  not,  of  determined  or 
determinable  laws :  on  other  occasions,  it  is  used  to  exprees 
the  cause  which  influences  the  liappening  of  an  event : 
and  sometimes  it  is  used  as  the  expression  of  our  opinion 
of  the  intensity  of  the  cause  which  determines  or  influences 
the  event,  whether  it  be  according  to  expectation  or  the 
contrary. 

265.  It  is  in  this  latter  sense  that  it  approaches  most 
nearly  to  its  mathematical  meaning,  where  it  is  used  as  sy- 
nonymous with  probability;  and  the  chance  of  the  liappen- 
ing, or  the  probability  of  the  happening  of  an  event,  or  its 
contrary,  is  measured,  and  therefore  defined,  by  the  ratio 
which  exists  between  the  number  of  events  which  must 
happen,  or  of  cases  which  must  exist,  and  the  whole  number 
of  events  which  both  must  and  may  happen,  or  of  cases 
whicli  both  muat  and  may  exist,  and  which  are  all  of  them 
similarly  circumstanced. 

266.  This  ratio  may  be  expressed  by  means  of  a  frac- 
tion, whose  numerator  is  the  number  of  favourable  events  or 
cases,  and  whose  denominator  is  the  numlier  of  all  the 
events  or  cases,  whether  favourable  or  unfavourable :  for 
all  ratios,  as  will  be  seen  in  a  subsequent  chapter,  ar? 
expressed  and  measured  by  means  of  fractions,  whose 
numerators  are  the  antecedents  and  whose  denominators 
are  the  consequents  of  tbe  ratios. 

Thus,  if  a  expresses  the  number  of  favourable  events 
or  cases,  and  6  the  numlier  of  those  which  are  unfavour- 
able, the  cha7t€e  of  the  event's  happening  or  of  the  case 
existing,  is 


whilst  the  chance  of  its  failure 
expressed  by 


of  its  not  existing. 


rcpntcnted 
by  nnityi         | 


267-  From  such  a  mode  of  representation,  it  will  fol-  Cmidotj' 
low  that  certainty,  which  supposes  all  the  events  or  cases  by 
fiivourable,  in  the  first  case,  when  6  =  0,  or  all  of  them 
unfavourable,  in  the  second  case,  when  a  =  0,  will  be 
expressed  by  I :  the  ratio,  therefore,  of  the  chance  to  cer- 
tainiy,  or  of  the  degree  of  probability  (aa  it  is  sometimes 
expressed)  to  certainty,  will  be  the  ratio  of  the  fraction  by 
which  it  is  denoted  to  unity,  or  the  ratio  of  its  numerator 
to  its  denominator. 


268.  The  ratio  of  the  chance  of   success  to  that  of  "^ 
failure,  or  the  ratio  of  the  odds  for  or  against,  aa  expressed 
in  popular  language,   will  be  that  of  a  to  b,  or  of  6  to  a, 
which   are  the  numerators  of  the  fractions  by  which  the 
respective  chances  are  denoted. 

269.  Chances  may  be  separated  into  two  great  classes, 
■&  alivAnte  and  moral:  the  first  are  those,  where  the  nu- 
merator and  denominator  of  the  fractions  by  which  they 
are  expressed,  admit  of  absolute  determination  :  the  second 
arc  those,  where  the  numerator  and  denominator,  one  or 
both  of  them,  admit  not  of  absolute  determination,  but 
■re  inferred  from  experiment  or  observation:  the  certainties 
also,  in  which  these  different  classes  of  chances  may  be 
said  to  terminate,  as  the  limit  of  their  different  values, 
may  be  distinguished  from  each  other,  in  a  similar  manner, 
as  absolute  and  moral. 

The  chances  considered  in  the  following  problems, 
bdong  chiefly  to  the  first  of  these  classes,  and  their  de- 
termination requires  no  principle  which  is  foreign  to  the 
theory  of  combinations :  in  most  cases,  however,  moral 
chances  are  convertible,  as  far  as  their  estimation  is  con- 
ceraed,  into  absolute  chances;  and  a  few  examples  will 
be  given,  in  order  to  shew  the  nature  of  the  reasoning 
which  is  employed  for  this  purpose. 


AbMlute 
and  iDonl 
chancel. 


Abaolulc 
and  iddtaI 

ci^rtUDtla. 


I 


27^-     To  find  the  chance  of  tliruwing   an  ace  ivith  a  Probltmt. 
sbgle  die. 


2S8 

Stoiple  There  is  only  one  face,  which  can  be  uppermost,  though 

ofdhoowiiw  there*  are  six  which  are  equally  likely  to  be  so:*  the  chance, 

anaoe  wim  .1 

one  die,       therefore,  that  this  face  is  the  04^6^  is  3. 

0 


5 
of  not  (a)     The  chance  that  this  face  is  not  the  accy  is  -: 

thiowiiig  ^ 

AD  aoe,        for  there  are  five  out  of  six  equally  possible  cases,  which 

are  favourable  to  this  hypothesis. 

of  throwing         (/3)     The  chance  that  the  face  thrown  is  either  an  ace 
anaoeor  o  1 

^*"**'         or  a  deuce,  is  -  or  -:   for  there  are  here  two  favourable 

D        o 

cases  out  of  six  which  are  equally  likely  to  happen :   the 

chance  of  failure,  or  that  it  is  neither  an  ace  nor  a  deuce, 

.  4    2 

,B  g  or  -. 


of  throwing         (♦y)     If  the  die  had  been  a  regular  tetrahedron,  whose 
atetohc^*  faces  Were  marked  with  the  numbers  1,  2,  3,  4,  the  chance 

dial  die.  .  .  1 

of  its  resting  upon  an  ace  would   be   - ;    the   chance  of 

4 

3 

its  not  doing  so,  would  be  j. 

4 

Of  drawing         (5)     The  chance  of  drawing  the  ace  of  spades  from 
an  aoe  from  -* 

^^JjJ^         a  pack  of  52  cards,  is  — :    the  chance  of  drawing   any 

4  1 

one  of  the   four   aces,   is  -=^  or  —-:   for  there  are  four 

favourable  cases  out  of  fifty-two,  which  are  both  favour- 
able and  unfavourable,  and  all  of  them  equally  likely 
to  happen. 


•  The  phrases  eqwdly  likely,   equally  possibh,   are  used  in  this  and  on 
all  other  occasions,  in  the  sense  vrhich  is  given  to  them  in  Art.  126. 


sss 

(e)     The  chance   that   the  14""  of  November  of  any  l 

not   assigned,   falls   upon   a  Friday,   is  - :    for  this  ^ 

»  one  of  seven  successive  days,   one  of  which,  and  one  g 
only,  must  he  a  Friday :   and  it  cannot  fall  upon  a  de-  ^ 
terminate  day,  since  neither   365   nor  366   are  multiples 
of  7^    and   therefore  different  and  successive    years   begin 
upon  different  days  of  the  week. 

(^     If  14  white  and   6  black   balls 
an   urn,   the  chance  of  drawing  a  whiti 
'  .       .     14 

t  one  trial,  is  — :   the  chance  of  failing,  or  of  drawing 


be   thrown   into 
■   ball   out  of  it, 


^^^1 


Of  lira  wing 

blackball 


20 


•  black  ball,  is 


20 


271.     In  this  and  in  all  other   cases,    the  chances  of  Chuiceiof 
success  and  failure  of  the  name  event  are  supplemental  to  ''^^^t. 
each  oiher,   their   sum   being   equal    to  1,    which   is   the  pltmenmi 
measure  and   representative  of  certainty :    the  knowledge  '^^„_ 
ot  one,  therefore,  necessarily  determines  the  other. 

972.      The  following  examples  of  Compound  Chances  Compnund 
■re  introductory  to  their  general  theory,  wliich  will  follow.  '^'"""■■ 

(a)     To  find  the  chance  of  throwing  an  ace,   twice  in  chini-eof 
tuccession,  with  a  angle  die.  ihrewing 

There  are  six  cases,  which  are  equally  likely  to  occur  die. 
•I  the  first  throw,  and  the  same  number  at  the  second: 
th»sc   may   be  combined   or  permuted   together  in  6 
Of  36  different  ways,  which  are  equally  likely  to  happen, 
tod  only  one  of  them  is  favourable :  the  chance  is,  tht 
1 


(j3)     The  chance   of  throwing  two  > 


ikely  to  occur  die. 
t  the  second:  1 

ther  in  6  X  6        ^^H 
ly  to  happen,       ^^^^| 

....  I 

at  one  con-  Wlthiwo^^ 


'aneotu  throw   with  two  dice^   is  equally   ^:    for 


284 

the  succession  of  time  makes  no  difiPerence  whatever  in  the 
number  of  favourable  and  unfavourable  permutations. 

Of  throw-  ^y^     The  chancy,  of  throwing  an  ace  at  the  first  throw, 

and  a  deuce  at  the  second,  is  also  ---; :  for  there  is  only  one 

36  "^ 

favourable  permutation  out  of  36. 

(S)     The  chance  of    throwing  an  ace  at  one  throw, 
and  a  deuce  at  the  other,  without  reference  to  their  jorder 

of  succession,  is  -— :  for  in  this  case   there  are  two  per- 

mutations  forming  one  combination  (1,  2  and  2,  1),  which 
are  favourable  to  the  hypothesis  made,  and  two  only,  out  of 
the  whole  36. 

Pkopoddon  273.  The  chance  of  an  event  contingent  upon  other 
JJ^JI^J^  events,  is  the  continued  product  of  the  chances  of  the  se- 
dumoet.      parate  events. 

Let  the  several  chances  be 

«i  «»  ^s  «« 


where  a^,  a^y  ffg,  ...  «„  represent  the  numbers  of  cases 
which  are  favourable,  and  6j,  b„j  63,  ...  b^  the  numbers 
of  cases  which  are  unfavourable,  to  the  particular  hypo- 
thesb  made  in  each  separate  event,  whether  of  success  or 
failure. 

For  two  We  will  consider,  in  the  first  instance,  the  chance  which 

is  dependent  upon  the  two  separate  chances 

"•      and      "» 


ttj  -h  ^1  ^2  +  b^ 

Every  case  in  a^  -f  bi  may  be  combined  with  every  case 
in  Oi  +  625  and  thus  form  (a,  +  bi)  (02  +  b^)  combinations 
of  cases,  which  are  equaUy  likely  to  happen. 


The  favourable  cases  in  the  first  (a,)  may  be  combined 
severally  with  the  favourable  cases  in  the  second  (o„),  and 
thus  form  a^a^  combinations  of  cases  favourable  to  the 
compound  event. 

The  compound  chance  is  denoted,  therefore,  by 


(a, +  6,)  (a, +6,)' 
vhicli  is  the  product  of  the  separate  chances. 

Let  us  now  pass  to  the  consideration   of  the  chance  t 
of  the  event  contingent  upon  three  other  events,  whose 
respective  chances  are 


Oi  +  K      "i  +  h      "s  +  ''a 

The  several  combinations  of  all  the  cases  in  the  two 
first  chances,  which  are,  by  the  last  case,  (a,  +  6,)  (a^  +  6^) 
in  number,  may  be  severally  combined  with  the  a,  +  6, 
different  cases,  both  favourable  and  unfavourable,  of  the 
third  chance,  and  thus  form  («,  +  6,)  {o..  +  b.J  (n,  +  6j) 
combinations  which  are  equally  likely  to  happen. 

The  favourable  cases  in  the  two  first  chances,  which 
are  a^a^  in  number,  may  be  combined  severally  with  the 
fl,  favourable  cases  of  tlie  third  chance,  and  thus  form 
0,0,0,  cases  which  are  favourable  to  the  compound  event. 

I        The  chance,  therefore,  of  the  compound  event,  is 


which  is  the  product  of  the  simple  chances. 

If  we  now  consider  any  number  (n)  of  chances, 
a,  o,  a^  a„ 


and  assume  the  law  expressed  in  the  enunciaticm  of  the 
proposition  as  true  for  (h  — 1)  of  them,  it  may  be  proved 
to  be  true  for  n  of  tfaem:  for  the  chance  of  the  event 
contingent  upon  the  («  — 1)  first  events  being 

a,  gg-  ■  g,-i 


K +  6.)  («,  +  M  ■■(«„- 


-,) 


all  the  combinations  of  favourable  and  unfavourable  cases 
in  its  denominator,  ma^r  be  severally  combined  with  the 
a,  +  6„  favourable  and  unfavoiirable  cases  in  the  n"'  chance, 
and  thus  produce 

favourable  and  unfavourable  cases,  for  the  compound  event, 
which  are  equally  likely  to  happen. 

In  a  similar  manner  the  Oj  "(--•««-]  favourable  cases 
of  the  first  (n— 1)  chances,  may  Im?  severally  combined 
with  the  a„  favourable  cases  of  the  n"'  chance,  and  thus 
produce  « j  a, . .  »„  favourable  cases  for  the  compound  event, 
which  are  equally  likely  to  happen  :  the  compound  chance 
is,  therefore,  denoted  by 


(o,  +  M(<.,  +  S,)...{».  +  4.)' 
which  is  the  product  of  all  the  simple  chances. 

It  follows,  therefore,  that  the  law  which  has  been  proved 
to  be  true  for  2  and  3  chances,  is  necessarily  true  for  4,  5, 
and  BO  on,  as  far  as  any  number  whatever. 

This  is  a  most  important  proposition,  and  makes  the 
calculation  of  the  chance  of  any  compound  event  dependent 
upon  the  separate  and  simple  chances  of  the  several  events, 
in  their  assigned  order,   upon  which  it  is  dependent. 

Before  we  proceed  to  the  consideration  of  some  other 
important  propositions  which  are  intimately  connected  with 
it,  we  will  illustrate  its  applicatbn  by  a  few  examples. 
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274.  To  find  the  chance  of  throwing  an  ace  in  the  Cbnoe  of 
6nt  only  of  two  successive  throws.  an  ace  hi 

thefint 

The  first  simple  chance  is  ^ .  succeniye 

"  throws. 

The  second  simple  chance  is  -^i  for  an  ace  must  not 

6 

be  thrown  the  second  time,  and  there  are  five  favourable* 

cases  for  its  failure. 

15       5 
The  compound  chance  is,  therefore,  -  x  ^efc  — . 

6      6     36 

275.  What  is  the  chance  of  drawing  the  four  aces  Of  cbfawiog 
from  a  pack  of  cards,  in  four  successive  trials?  icesBM- 

.  oessiyely 

The  first  simple  chance  is  --  .  ofeaidM^ 

The  second  simple  chance  i^  —-- . 

For  if  an  ace  be  drawn  the  first  time,  there  remain 
only  3  aces  and  51  cards. 

The  third  simple  chance  is  —- . 

ox) 

For  if  two  aces  be  drawn  the  two  first  times,  there 
remain  only  2  aces  and  50  cards. 

The  fourth  simple  chance  is  -—- . 

^  49 

* 

For  if  three  aces  be  drawn  the  three  first  times,  there 
remain  only  1  ace  and  49  cards. 

The  compound  chance  required  is 

4.3.2.1       _        1 
52.51.50.49  ""  270725  • 

*  It  mnst  be  kept  in  miud,  that  the  favourable  cases  are  those  which 
mAtij  the  pulicalar  hypothesis  made  for  each  erent  or  triai:  it  is  iui«c« 
in  the  firrt  throw,  and  any  other  point  in  the  second. 
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Of  wtmiiiig  276.  What  is  the  chance  of  winning  two  games  at 
of  wSiT^  ^^^^^  (or  of  any  other  game  where  there  are  only  two 
•aoomiflii.   equal  chances  for  winning  or  losing)  in  succession? 

The  first  simple  chance  is  r. 

^    '  2 

The  second  simple  chance  is  ;:. 

^  2 

For  the  event  of  the  first  game  does  not  influence  the 
chance  of  the  second. 

The  compound  chance  is,  therefore, 

111 
S""  2=4- 

Of  not  The  chance  of  not  winning  two  £:ames  in  succession. 

winning.  6  6  ^  ^ 

(which  is  supplemental  to  the  other)  is,  therefore,  r  • 

The  odds.  The  odds  against  winning    two  games  in   succession, 

are  3  to  1, 

.       .    1 

Of  winning        The  chance  of  winning  three  games  in  succession  is  -  , 

three  gamei  o 

successively  11  1 

being  the  product  of  the  three  simple  chances  - ,   -  and  -. 

or  two  out  The  chance  of  winning  the  two  first  games  and  losing 

the  third,  or  of  winning  the  first,  losing  the  second  and 
winning  the  third,  or  of  losing  the  first  and  winning  the 

second  and  third,  is   in  each   case   3,   inasmuch   as  the 

o 

simple  chances  are  ^,  ^  and  ^,  the  same  as  in  the  first 

instance. 

The  chance  of  winning  two  games  out  of  three,  without 

3 
reference  to  their  order  of  succession^  is  g ,  the  sum  of  the 


chances  of  each  separate  event,  which  equally  answer  the 
conditions  of  the  question. 

The  chance  of  losing  the  two  first  games  and  winning  ( 
the  third,  or  of  losing  the  first,  winning  the  second  and  " 
lodng  the   third,  or  of  winning   the  first    and  losing   the 

wcood  and  third,  is  in  each  ease  -,  inasmuch  as  the  three 


smple  chances  are  -,   -  and  -. 

The  chance  of  losing  two  games  in  succession,  without 

reference   to   their  order  of  succession,  is   -,  the  sum  of 

the   chances   of  the   three  events,  which   equally   answer 
the  conditionB  of  the  question. 

1    0 
The  chance  of  losing  three  gomes  in  succession  is  -,  th 


the  product  of  tlie  three  simple  chances  -, 


and  - 


277'    Th^  ^^^  conclusions  may  be  very  easily  deduced  1 
from  the  theory  of  combinations :  in  three  successive  games,  d 
with  equal  chances  for  wiuning  or  losing,  there  are  2x2x2  " 
or  8  different  combinations  of  events  which  must  and  may 
happen :  there  is  only  one  of  these  combinations  by  which 
they  may  all  of  them  be  won :   there  are  three  combinations, 
hy  which  two  of  them  may  be  won  and  one  lost:  three, 
«1»,    where  two  of   them   may   be    lost   and  one  of  them 
woo :    and  one  only  by  which  they  may  all   of  them  be 
hw:    the  whole  sum   of  these  is  8,  which   is   the  entire 
BumbCT  of  combinations. 

278.     In  a  similar  manner,  if  the  favourable  and  un-  Thispro- 
&vourable  cases  for  n  different  events,  be  represented  as  in  ""  "^ 
Art.  273,  by  a,,  tig,... a,,  and  b„  b^,...b^  respectively,  and  gmcniimi. 
their  sums  by  a,  +  6,,  a,  +  b,,...a^-i-b^,  then  the  different 
«mbu»tioDs  of    the   different   letters   in   their  continued 


I 


product,  represent  all  the  different  modifications  of  the 
compound  event  which  can  possibly  present  themselves : 
for  in  the  first  place,  the  product 


will  express  the  nmmber  of  ways  in  which  all  the  events 
may   succeed   in   succession,   in   conformity  with   the   hy-    ■ 
pothesis  made  with  respect  to  each  separate  event :  every    . 
complementary   combination    of   the    first    class    (involving    ! 
(n  — 1)   o's   and   one  &,   Art.  239.)    will   express  all  the  ' 
different  ways  in  which   the  events  supposed  may  succeed 
(n  — 1)  times  and  fail  once,  and  in  the  particular  order 
of  the  numbers   attached  to  each   letter:  and  the  wliole 
of    such   complementary   combinations    (which    are    n  in 
number)  will  express  every  possible  way  in  which  (»  — 1) 
retjuired  events  may  happen  and  one  of  them  fail,  without 
reference  to  their  order :   again,  every  complementary  com- 
bination of  the  second  class  will  express  the  number  of 
ways  in  which   (m— 2)   required  events  may  happen  and 
two  of  them  fail,  in  the  order  of  the  numbers  attached 
to  each  letter,   whether  a  or  b :    whilst  the  whole  of  those 

e<xnplementary  combinations  (which  arc  — — -^ —  in  num- 
ber) will  express  every  possible  way  in  which  («  — 2)  re- 
quired events  may  happen  and  two  of  them  fail,  without 
(my  reference  to  the  order  of  their  succession:  and  getie- 
raUy,  every  complementary  combination  of  the  r'"  class 
.  will  express  the  number  of  different  ways  in  which  (n  —  r) 
I  required  events  may  happen  and  t  of  them  foil,  in  tlie 
particular  order  of  the  numbers  attached  to  each  letter: 
whilst   the  whole    of    those   complementary   combinations 


(which  are 


«(»-l).-(«- 


in  number)  will  expresH 


every  possible  way  in  which  (n  — r)  required  events  may 
bappcQ  and  the  others  fail,  without  any  reference  to  the 
order  of  their  succession, 
r  repeat-  279-     In  all  cases  of  successive  trials,  where  the  number 

ftcibc     of  favourable  and  unfavourable  cases  for  each  event  r 
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Ptte   same,     the   continual   product   in   queslJon    becomes  number  of 
(a  +  &)"  (omitring  the  numbers   attached   to  each  letter),  a^"""r»- 
«nd  the  different   classes  of  complementary  combinations  »i»irat>ie 
become  the  several    terms   of  the  aeries  for  (a  +  b)',  be-  ^le  mc. 
ginning  with  the  second :  it  will  be  very  easy  to  give  to 
each  of  those  terms  the  interpretation  due  to  the  theory. 

The  first  term  a",  expresses  the  number  of  combinations 
by  which  the  required  event  may  happen  n  timea  in  suc- 
cession :  the  corresponding  chancC)  therefore,  is 


(«  +  ft)- 

The  literal  part  of  the  second  term  b"-'6,  expresses 
the  number  of  ways  in  which  the  required  event  may 
happen  (71  — ^)  times  and  fail  once,  in  a  specified  order : 
ibe  entire  term  nrt''"'ft,  expresses  all  the  possible  ways  in 
which  it  may  happen  (n—  1)  times  and  fail  once,  without 
reference  to  their  order :  the  corresponding  chances  are 
a'~'b  7i  o" ~ '  6 

Generally,   the  literal  part   of  the   (1  +  t)**"  term   or 
at'~'lf,  expresses  the  number  of  ways  in   which  the  re- 
quired event  may  happen  (n  —  r)  times  and  fail  r  times, 
tn  a  specified  order :  whilst  the  entire  term  or 
«(«-!)  ...(B-r  +  l),,,,,, 


etprpsses  all  the  possible  ways  in  which  it  may  happen 
n—r  times  and  fail  r  times,  without  reference  to  their 
onlcT  of  succession:  the  corresponding  chances  are 


a— If 


(.  +  »)" 


I  li(ll-l)...(n-r  +  l)      a— If 
r  '  (o  +  »)-' 


"TTT" 


If  the  question  proposed  had  been  to  find  the  number 
of  way*  in  which  an  event  may  happen  r  times  at  lewtl 
«Bil  fail   {<n—T)   ttmen,  without    reference   to  their  order 


S4S 

of  Buooession,  it  will  be  expressed  by  the  sum  of  those 
tenns  of  the  aeries,  in  which  the  index  of  a  is  not  less 
than  r:  the  corresponding  chance  is,  therefore, 

o-  +  ««-»6+  ...."^"-^>-<'-\V6»- 

1.2     ...(n  — r) 

(a  +  6)»  • 

Ezunplet.  280.     The  following  examples  will  serve  to  illustrate 

the  application  of  these  formulae. 

(a)  In  the  game  of  cross  and  pile  (heads  and  tails)^ 
what  is  the  chance  that  cross  will  come  up  three  times 
exactly  in  seven  trials? 

In  each  trial,  either  cross  or  pUe  may  equaUy  happen. 

Consequently  a==l,  6  =  1,  n  =  7  ^^^  r  =  3:  the  chance, 
therefore, 

_  7.6.6.4        o'6'         7.6.5.4    }__^ 
"■  1.2.3.4'  (a  H-  bf  ""1.2.3.4  '2^  ""128* 

The  chance  that  cro55  will  come  up  three  times  at 
least,  is 

7     H  6.     7-6     5,,     7.6.5     ,,3     7.6.5.4    „, 

14-7  +  21-^35  +  35  _   99^ 

"■  2^  ""  128  * 

03)  In  five  throws  with  a  single  die,  to  find  the  chance 
of  throwing  two  aces  only  in  the  two  last  throws. 

In  this  case,  the  order  of  the  successive  events  is 
specified:  and  since  a  =  l,  6  =  5,  n  =  5  and  r  =  2,  the 
chance  is 

^^6^     _   125 

(a +  6")^  ^7776 


The  chance  llial  un  nee  is  tlirowii  twice  wiily  in  fivi 
5.4       a'h>     _  1250  ' 

rat^-Tfcf  ~7776' 

The  chance   that   an  ace  is  thrown   at  least  twice  in 
itay  five  trials,  is 

a*  +  5a'h+\(fa'b-  +  \0a-b'       1526 
(;rTfi?  "  ^  7776 " 


(7) 


Two 


perso 


A  and  li. 


skill   is  in  the 


proportiun  of   4  to  3,    play  at   bowls    together:    what   is 
the  diance  that  J  will  at  least  win  6  gamea  out  of  7  ^ 

By  ^"s  skiU,  in  this  and  other  cases,  as  far  at  least  j^*^  "*  ' 
as  the  i>uq>oses  of  colculatitm  are  concerned,  we  mean  ,ti;/, 
the  ratio  of  the  cases  or  events  wliith  are  favourable  to 
A,  to  the  wliolo  number  of  tlieni,  whether  favourable  or 
unfavourable :  and  the  relative  skill  of  ^  to  B  would  be 
defined  by  the  ratio  of  the  numbers  of  cases  or  events, 
which  were  respectivdy  favourable  to  J  and  to  B :  if 
Ihis  ratio  be  constant  and  invariable,  the  term  akill  may 
he  used  as  equivalent  to  chance  for  nil  purposes  of  cal- 
culation: if  thib  ratio  be  not  constant,  and  admits  only 
of  determination  within  small  limits,  its  approximate  value 
most  be  used  as  if  it  were  constant,  and  the  jnomt  chance 
considerod  equivalent  to  the  absolute  chance,  which  this 
approximate  v.-Jue  woidd  express :  in  otlier  words,  skill 
io  itw  ttiiiiuate  ^{rfication  must  be  mmmed  bo  depend 
H|nn  fixed  and  invariable  caqflM.* 


■  l^ere  an-  not  ntimy  gumci  of  pure  akill,  uiil  in  mosl  casei 
•t  tUU  cominrra  willi  Ihll  of  cliaoce,  can  uiily  lie  calciilaU'd  (rum  ihcir  mni- 
Mlted^ktV'i  i1itt>t(Knini>rnlcli«nc«!in(  afimi^  ebonid  cnaMe  jt  uwiafivc 
pRNxMal  ri-t:  bnr  thclnflitciice  ol  mi>pTlor  Jilll  U  toand  liy  exftrUnoe  vo 

'liUKiWwinirixeunMnMoftocni  tbca  thcf*h>cof  ^> ikUl  (ertJnutMl 

^  —  Tj  =  -  -,;—  =  -jr. :  "'  '*  *"cL  H>  would  i;Dabli:  liim  Id  win 


These  considerations  bring  the  present  problem  under 
the  general  formula  given  alrovc  (Art.  279),  where  o  =  4, 
A  =  3,   «  =  7i  r  =  6:  the  chance  is,  therefore,  i 

_  a''  +  7o'^6  _  102400  ^M 

~   (a-t-iy    ~  823543'  I 

(^)  There  is  a  lottery,  consisting  of  a  great  number 
of  tickets,  wlicrc  the  prizes  are  to  the  blanks  in  the  ratio 
of  1   to  7 :  what  is  the  chance  of  taking  three  prizes  in 

five  trials? 

In  this  case,  we  may  consider  the  relation  of  the  prizes 
to  the  blanks  as  not  sensibly  affected  by  the  tickets  which 
are  drawn,  inasmuch  as  they  bear  a  very  small  ratio  to 
the  whole  number :  in  other  words,  we  may  consider  the 
problem  ag  one  of  repeated  trials,  where  the  simple  chances 
are  the  same. 


It  is  Bol  olten,  Lowever,  tliat  such  b  Beparatiuii  of  the  effects  of  chance  aail 
skill  U  required,  as  wo  cammonl}'  observe  their  comblued  effect  in  Ihc  remlls 
i>[  Tepealed  triali,  and  funo  oiir  egtimale  accordingly:  for  tbere  exists  a  pofuUr 
ajiuroHcr,  iniiepeodent  uf  any  retined  roathemaliual  reaxining,  Uiat  the  actual 
rcsulU  of  repeated  triali  will  be  proportionsl  to  the  combined  influence  of 
chance  and  aliill,  and  tlie  infeiut/if  of  Ibis  asaunince  iticreaaes  rapidly  with  the 
inurcaio  of  the  nuinl>cr  of  trials. 

Huu,  if  A  shoDid  win  from  S  10  eames  oat  of  70,  it  wouhi  be  probable 
that  jI's  skill  was  to  JI's  as  4  toS,  or(ln  case  chance  was  combined  with  skill) 
Ihal  the  cases  in  favour  of  A  and  B  respectively  were  iu  tliat  proportion :  but 
if  jt  sliauld  win  400  games  out  of  TOO,  this  msuranct  conld  be  much  increased, 
and  still  more  lo,  if  A  should  win  4000  gamea  out  of  TOOO. 

Itii  not  our  present  object  to  (inquire  into  the  mathBmaticBl  limits  of  error 
of  Buch  detenninatioDS,  an  iiiTeslinatioD  of  great  diSiculty,  and  reignirrDg; 
■ome  of  the  most  refined  artifices  of  analysis :  i(  u  snflicieDt  for  us  to  assert, 
what  such  investigations  would  establish,  that  the  ratlD  of  the  numbers  of 
cventi  in  favour  of  A  at  of  B,  will  approxitaatt  to  the  ratio  o[  tlic  c]iaac«s  in 

In  most  cases,  the  malhomatical  assurance  will  increase  miH:h  more  ra- 
pidly than  the  popular  assurance:  if  an  ace  is  thrown  10  times  successively 
with  a  single  die,  it  is  extremely  probable  that  the  die  L«  loaded :  but  if  an  acn 
is  thrown  20  times,  Ihc  mathenisticlii  probability  of  the  trutli  of  Uiis  hypolhesio 
1»  Increased  iu  the  proportion  of  O'"  to  6",  or  as  1  lo  euie61T6.  «  ratio  willi 
which  the  popular  assurance  caa  keep  no  pace. 


We  have,   therefore,   a=. 
Mod  consequeotly   the  chance 


{n  +  bf 
1+35  +  490  52 
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nearly. 


281-  Ii  frequently  happens,  that  there  are  uiore  than 
two  ways  in  which  an  event  may  )iappen :  thus,  if  an  urn 
ooatain  assigned  numbers  of  black,  white  and  red  balls, 
and  the  chance  of  drawing  a  ball  of  an  assigned  colour 
is  required ;  or,  if  there  be  more  than  two  players  at  a 
game,  who  have  equal  or  different  chances  of  winning: 
and  Bmilarly  for  other  cases.  The  theory  of  comple- 
mentary combuiations,  which  enabled  us  to  represent  and 
estimate  all  the  chances  by  which  assigned  events  might 
happen,  when  there  were  two  possible  species  of  events  in 
each  simple  chance,  will  be  found  equally  serviceable  when 
there  are  a  greater  number  of  them. 

382.  Thus,  if  a,  6,  c  denote  the  cases  favourable  to 
three  distinct  events,  and  a  +  ft  +  r  the  whole  number  of 
CBsi^,   tlien  the  simple  chances  are  severally 


niuiiipic 


omyt 


prcMing 

.iplc 
multiple 


ft  +  f 


a  +  fi  +  c' 


Thus,  If  an  urn  contains  6  white,  8  black  and  10  red 
balls,    the   simple    chance    of    drawing    a   white   ball    is 

:    of  drawing  a   black   ball   is 


6  +  8+10 
I 


2« 


10 


of  drawing  a  red  ball  is   —  or 
24 
15, 
-  -  +  —  =  1,  or  certainty. 


Their 


ate 

pound  383.     If  there  bp  two  ums,   ccmtaining   respectively  1 

^'.      a  and  ri    white  balls,   b  and  i>'  black  ballo,  and  «  and  c'  * 

ruiiim-  red  balls,  the  i-hancc  of  drawing  a  white  ball,  first  from  ' 

'  one  uni  and  then  from  the  other,  in  suctt'ssive  or  cotem- 

poraneous  trials,  will  be  denoted  by 


(o  +  fc  +  eXn'  +  fi'  +  c-)' 


i 


For  the  whole  number  of  ways  in  which  the  halls  may 
be  irntighted  to  be  combined  together  two  and  two,  is 
"  {b  +  fi  + 1-)  («'  +  h'  +  r^,  any  one  combination  of  which 
is  equally  likely  to  be  drawn:  the  number  of  such  com- 
binations of  white  halls  is  aa,  the  product  of  the  numbers 
of  such  balls  in  each  vim :  the  chance  required  is  found, 
thereftjre,  by  dividing  aa'  hy  (n  +  ft  4-  c)  (a  +b'  +  c'). 


I      The  terms  of  this  product,  aa  +hb' +cc' +  nh' +  a'h 
\  ac' +  a'e  +  bc' +  l>'c,     express    all   the   different   spedes 
(  of  Tjinary   combinations   which   can   possibly   be  formed ; 
I  Uic  n\imber  of  binary  combinations  of  white  balls  is  /la', 
f  of  blacks  hb\  of  red  balls  cc,  of  white  Hnd  black  balls  is 
I  ah'  +  a'b,   of  white  and   red  balls   is  ar'  +  a'c,   of  black 
'  and  red  ballv  in  be'  +  b'o :  the  chance  of  drawing  any  such 
combination  being  found   by  dividing   tlic  term  or  terms 
which  express  the  number  of  combitrntions  which  are  fa- 
vourable to  the  hypothesis  made,  by  the  whole  number  of 
combinations,  whether  favourable  or  not. 


2Si.  If  there  were  «  such  urns,  the  white  balls  in  whicli 
wera  denoted  severally  by  a^,  a^,  ...  a^,  the  black  balls 
by  6,,  5j,  ...  h^,  the  red  balls  by  c,,  c,j,  ...  c,,  the  terms 
oi  tijc  product  (a,  +  6, -t-c,)  {a^  +  b^  +  c^)  ...  (o„  +  A„  +  c,) 
would  represent  all  the  combinations  which  could  be  formed 
by  taking  a  ball  from  each  urn:  and  the  terms  in  this 
product,  wliich  would  represent  all  the  different  com- 
I' lunations,  containing  a  white  balk,  (i  black  balls  and 
t  y   red  balls,  where  <,  +  fi  +  y  =  n,    woidd  be  the  sum  of 


l"6«cv 
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those   which   involve   ReveraUy   a   «^s,   fi   h\   y  r 
uumber  of  whidi  is  (Art.  2^5.) 

«(«-l)...2.1 
r2...as<1.3.../3xl  2...7 

285.  If  we  should  suppose  that  there  was  one  urn  only,  F«  iraHt-'' 
containing  a  white  balls,  b  black  balls  and  c  red  balls,  and       "" 

ff  a  Ijall  was  drawn  from  it  n  times  successively  and  replaced 
before  the  nest  trial,  the  coinhanations  which  might  arise 
wmild  be  precisely  the  same  as  if  there  were  n  different 
urns,  containing  the  same  number  of  each  kind  of  bolls, 
with  the  first :  in  ttiis  case,  however,  the  continued  product 
omsidered  in  the  last  article,  would  become  {a  +  b  +  c)', 
iDd  the  dilTerent  classes  and  orders  of  complementary 
combin&tions  would  degenerate  into  the  terms  of  its  de- 
vektpement :  the  general  term 

«(M-1)...  2.1 
r72..«xl72r.  fiVr.S..y  ' 

WDuld  express  the  whole  numha  of  combinations,  in  which 
there  were  a  white  balls,  ;3  black  balls  and  y  retl  balls, 
ind  the  chance  of  drawing  such  a  combination  woidd  lie 
-1)...2.1  fi'y^cy 

cl.9..7(«  +  6  +  c)»' 

It  is  not  necessary  to  point  out  the  mode  of  inves- 
tigating the  formulae  corresponding  to  tlie  different  problems 
eoDsidered  in  Art.  279;  nor  to  shew  in  what  manner  cor- 
rapouding  fomnilie  may  be  investigated  and  constructed. 
when  tlie  um  contains  any  number  of  diiterent  spei'ii's 
of  balls,  or  when  the  heap  or  collection  of  things  contains 
any  number  of  classes  of  things  which  are  of  the  same 
kiod. 

286.  The  following  are  OKumples- 

(1)  An  um  eonlains  3  white,  4  blj»k  and  6  red  balU: 
wfaal  ic  the  diancc  of  drawing  1  white,  2  black  and  3  red 
halki  in  fix  ftucceiwive  trinU? 


»(»- 


i.a. 


In  this  case,  0  =  3,  fr  =  4,  c=^5,  a  =  l,  $  =  'X  7  = 
and,  therefore,  n  =  G:  the  chance,  therefore,  is, 


6.6.4.3.2.1         afc^c*       _   626 
1.2  X  1.2.3  ■  (0  +  b+cf  ~  S184' 


^ 


(2)  There  is  a  heap  of  20  cards,  of  which  7  are  spades,' 
8  are  cluhs,  and  the  rest  hearts  and  diamonds:  what  is 
the  chance  of  drawing  2  spades  and  3  clubs  in  four  trials, 
the  card  drawn  being  replaced  before  the  next  trial  ? 

In  this  case,  a  =  7,  *  =  8,  c  =  5,  a  =  2,  /3  =  2  and 
n  =  4 :  the  chance,  therefore,  is, 

4.3.3.1  a' 6'        _  147^  I 

^1250 


1.2x1.2     (a  +  b  +  cy 
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nearly. 


(3)  There  are  three  gamesters.  A,  B  and  C,  whose 
respective  skills  are  as  3,  2  and  1 :  what  is  the  chanca 
of  ^'s  winning  at  least  2  games  out  of  4? 

In  this  case,  a  =  3,  6  =  2,  c  =  l,  n  =  4:  the  favour- 
able terms  in  (n  +  &  +  <•)'  are  all  those  which  involve  a^,  a* 
or  a*:  the  chance  is,  therefore, 

_  g'  +  4a^6  +  4a'c  +  6a'6°  +  6q'c=  +  12a''6c 
(a  +  fc  +  c)' 


I  MiKdUne.         287-     The  following  are  raiHcellaneous  problems,  ad- 

I  ^/nim-   niitting  of  solution  by  the  aid  of  the  theory  of  combina' 

I  mting  the   tioDg,    and  those  general  principles  of    chances  which  we 

I  eombina.     have  already  bad  occasion  to  make  use  of 

(1)  In  the  French  lottery  there  are  90  numbers, 
5  of  which  arc  drawn  at  a  time;  what  is  the  chance  that 
two  and  two  only  of  five  specified  numliers  will  be  drawn? 


S49 

The  whole  number  of  quinary  combioatioiM,  which  are 
equally  likely  to  be  drawn,  is 

90.89.88.87.86 


1.2.3.4.5 


(a). 


The  number  of  ternary  combmationa  of  88  numbers 
(omitting  the  two),  is 

88.87.86 


1.2.3 


03). 


The  number  of  binary   combinations  of   5  numbersf 
(any  of  which  may  come  up),  is 

5.4 

The  whole  number  of  favourable  quinary  combinations  i^ 

88.87.86       5A 
1.2.3     ^  1.2' 

for  any  one  binary  combination  in  (y)  may  be  jomed  with 
any  oae  ternary  combination  in  (/3). 

The  chance,  therefore,  is, 

88.87.86       5.4  1.2.3.4.5       _   1 

1.2.3     ^  1.2  ^  90.89. 88.87.86  ""  40  ^^^' 

(a)  The  chance  that  two,  at  least,  of  five  numbers, 
would  be  drawn,  which  is  the  sum  of  the  separate  chances 
that  fire,  four,  three  and  two  of  them  will  be  severally 
drawn^  is,  therefore, 

f       86     5.43.2  .87.86     5.43      88.87.86  ^5-4) 

Y^~i^  TS3A'^~iT^i .2.3 ^    1.23   ^  1.2/ ^ ^-^-^ 

§0789.88.8786 

1135201         4  , 

■  43040243  "  155  "^"'y' 

It 
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(j8)  The  chance  that  two  specified  numberts  will  be 
drawn  (an  anib  or  hiney  in  the  lottery  phrase)  is 

88.87.86  1.2.3.4.5 ^ 

1.2.3      ^  90789. 88.87.86  ""  801 

(7)  The  three  last  problems,  and  all  others  relating 
to  this  species  of  lottery,  will  be  the  same,  whether  we 
suppose  the  five  numbers  drawn  at  once  or  successively, 
one  by  one. 

For  the  combinations,  upon  which  the  chances  depend, 
will  be  precisely  the  same  in  both  cases. 

(2)  What  is  the  chance  of  dealing,  in  the  game  of 
whist,   an  ace  to  each  hand? 

The  number  of  di£Perent  ways  in  which  the  cards 
may  be  dealt,  is 

52.51  ....  .40       ««^^^«.i^i^^/.^^ 
-r-5 r^  =  635013559600. 

If  the  four  aces  be  removed,  the  different  ways  in 
which  the  remaining  48  may  be  dealt,  is 

48.47 37 

Any  one  of  the  four  aces  may  be  united  with  these, 
thus  producing 

48.47   ...   37 
""     1.2 12 

hands,  in  which  one  ace  and  only  one  ace  appears. 

The  chance  required,  therefore,  is 

48.47 37x13x4 

"^  62.61      777.      40 

39j_38.37  _  36516  _  32 
~  61 .  50 .49  ~  83300  ~  73  ""'"^^^ 


£51 

(3)  To  find  the  chance,  in  the  game  of  whist,  of 
the  dealer  and  his  partner  having  the  four  honours. 

There  are  two  cases  to  be  considered :  1*^,  when  the 
dealer  turns  up  an  hcmour:  2^,  when  he  does  not  turn 
up  an  honour. 

In  both  cases,  the  dealer  and  his  partner  have  25 
cards  out  of  the  remaining  51,  which  may  be  any  one  of 

61. 50. ..-27 


1.2    ....25 
different  combinations. 


(«) 


The  number  of  these  combinations,  which  contain  the 
3  hcmours,  will  be  the  same  as  the  number  <^  combinations 
of  48  cards,  taken  22  and  22  together,  which  is 

48.47 27 


1.2     ...     22 


03). 


If  the  first  supposition  be  true,  the  chance  of  the 
remaining  3  honours  being  found  with  the  dealer  and 
his  partner,  is 

_  (a)  _  25.24.23  _  ^ 

"■  (J3)  "  51.50.49  ""  833* 

The  chance  of  an  honour  being   turned   up  by  th^ 

4 
dealer,  is  — . 
lt> 

The  compound  chance  of  these  two  events  is,  therefore, 

92  4   _ 

833  ^  13  "'^ 

If  an  honour  is  not  turned  up,  which  is  the  second 
supposition,  the  chance  of  the  four  honours  being  found 
with  the  dealer  and  his  partner,  is 

25 .  24 .  23 .22  _   253 
51.50.49r48  "*  4998" 
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The  chance    that  an  honour  is  not   turned   up»    or 

9 
that  the  second  supposition  is  true,  is  — . 

The  compound  chance  of  these  two  events  is 

4^98  '^  13  <*^- 

The  entire  chance,  that  the  dealer  and  his  partner  have 
the  four  honours  in  one  way  or  the  other,  is,  therefore, 

.       92         4         253         9 
^  833       13       4998       13 

116  2  . 

=  1666  °'  29  "*"'^- 

The  chance  of  the  two  other  partners  having  the  four 

69 
honours,  will  be  found  to  be  ^^^^ . 

1666 

(4)  If  we  draw  4  cards  out  of  a  whole  pack,  what  is 
the  chance  that  one  of  them  will  be  a  heart,  another  a 
diamond,  the  third  a  club,  and  the  fourth  a  spade  ? 

The  whole  number  of  quaternary  combinations,  is 

52.51.50.49 
1.2.3.4     ' 

Every  one  of  the  13  hearts  may  be  combined  with 
every  one  of  the  13  diamonds,  and  these  binary  com- 
binations with  every  one  of  the  13  clubs,  and  these  ternary 
combinations  with  every  one  of  the  13  spades,  and  thus 
form  13  X  13  X  13  X  13,  or  13*  quaternary  combinations, 
which  are  alone  favourable  to  the  hypothesis  made. 

The  chance,  therefore,  is 

13' X  1.2.3.4  _   2197   _    2 
52.61.60.49   "  20825  ""  19  ^^^^^' 
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(5)  If  an  urn  contain  36  balls,  of  which  5  are  white, 
6  black,  7  ^^  <^d  3  ^^^^  •  what  is  the  chance  of  drawing, 
when  10  are  drawn  at  a  time,  2  white,  3  black  and  4  red 
balls? 

The  whole  number  of  denary  combinations  is 

26.25 17 

1.2     ...     10' 

The  number  of  binary  combinations  of  5  white  balls 

6.4 


1.2 


=  10     (X.). 


The  number  of  ternary  combinations  of  6  black  balls 

6.5.4       ^     ,    ^ 
=  1:2:3  =  ^     <'^>- 

The  number  of  quaternary  combinations  of  7  i^  balls 

_7-6.5.4 

=  0:3-4  =  ^    ^^'^- 

The  number  of  blue  balls  (taken  one  by  one) 

The  whole  number  of  denary  combinations  which,  an- 
swer the  conditions  of  the  question  =s  X^  \^  X3  X4 :  and  the 
chance  is,  therefore, 

10x20x36x8x1.2....  10 


26.25 

.  .  .  . 

17 

11200 
~  1062347  ~ 

7 

664 

nearly. 

CHAP.  X 


Whatoon- 
■dtutesthe 
bioomial 
theorem* 


On  the  Binomial  and  Polynomial  Theorems. 

288.  In  Art.  343,  we  have  deduced,  as  a  consequence 
of  the  law  of  formation  of  binomial  products  and  the  theory 
of  combinations,  the  law  of  formation  likewise  of  the  terms 
of  the  series  for  (a?  +  a)"  or  (o  +  a?)*,  where  w  is  a  whole 
number :  it  is  the  algebraical  expression  of  this  law,  which 
will  be  found  to  be  true,  when  n  expresses  any  quantity 
whatsoever,  which  constitutes  the  celebrated  binomial 
theorem. 


Properties  289.     Before    we    proceed    to   consider    this  theorem 

when  the     under  this  very  general  form,  we  will  examine   the  pro- 
index  b  a    perties  of  the  series  and  of  its  terms,  when  the  index  is 
ber.         '  ^  whole  number,    and    when  the  series   terminates   after 
an  assignable  number  of  terms. 


The  series.         290.     We  thus  find  (Art.  243), 

1.    »  JU 


n(«-l)(«-2) 
+        1.2.3       "      "^^ 

-f  &c. 


w(n-.l)...(n-r+l)  „^ 


1.2 


a'' ''a 


Its  law.  Where  the  powers  of  a  in  each  term  decrease  by  unity, 

the  powers  of  a?  increase  by  unity,  and  the  several  co- 
efficients, beginning  with  the  second  term,  are  the  numbers 
of  combinations  of  n  things,  taken  1  and  1,  2  and  2, 
3  and  3,  ...  r  and  r  together. 
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291.  It  is  sometimes  convenient,   when  the  explicit  Conven- 
expression   of  each   coefficient  is   not  required,   to  make  tion  to 
use  of  a  conventional  symbol  to  represent  them  succes*  ^^^^^ISl 
sively,  with  di£Perent  numbers  subjoined  to  them>  to  indicate 
their  order  of  succession  in  the  series:  thus  C^,  C^^  C,, 
•  •  C,9  &c.  might  be  assumed  to  represent  the  successive 
combinations  of  n  things,  which  are  the  coefficients  of  the 
series,  and,  therefore, 

+  ....C^a"-''jf  +  .... 

The  transition  from  any  one  coefficient  to  its  complete 
•Igdiraical  expression  is  immediate:  for,  generally, 

_  n(n  — 1)  ...  (n  — r  +  1) 
1.2        ...        r 

whidi  is  the  coefficient  of  the  (1  +  r)^  term  of  the  series. 

292.  Inasmuch  as 
(a  +  .)-  =  {«(n-^)}-=a-{n-5}". 

we  have,  therefore, 

(  X  ai^  of  "k 

t  a         *  a*  '^  a\  j 

If  we  now  divide  both  sides  by  a",  we  get 

1  +  -)  =l-f  Cj. -  +  C2.-^+....C^.-- +  ... 
o/  a  or  a' 


If  we  further  replace   -  by  w,  we  find  (i  +  n)". 


OD  ^  ^    J  Scries  for 

a 
(1  -f  m)*  =  1  +  Ci  w  +  Cnvr  +  ...  Cy  +  ... 

a  series,  in  which  the  ascending  and  integral  powers  of  u 
or  of  the  second  term  of  the  binomial,  enter  into  the  suc- 
cessive terms  of  the  series,  beginning  with  the  second :  the 
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Bamc  is  the  case  with  the  second  term  of  the  bitwrnial, 
in  the  original  series,  where  the  successive  powers  of  a  in- 
creasing from  1  appear  united  with  the  successive  powers 
of  a,  descending  from  n. 
'  It  is  convenient  to  make  use  of  this  form  of  the 
n  series,  when  we  are  considering  its  general  properties, 
on  account  of  its  greater  simplicity :  and  the  ohservation 
of  its  i'orm  will  be  found  hereafter  of  great  importance, 
when  we  come  to  consider  the  series  corresponding  to 
any  index  whatever. 

292.  We  will  now  give  a  few  examples  of  tlie  de- 
velopement  of  the  series,  corresponding  to  particular  values 
of  the  index. 

(1)  {a+xy=a^+5a*w+10a^.v-+lOa^ar'+5ax*-i-S!^. 

(2)  (a  +  a!)'=  o'  +  6  a**  +  ISaV  +  20a*,i7^  +  IS  a*w* 

(3)  (a^-J^)'=«U7o^^+21« 

+  21oV  +  7a<rV'c'^- 

(4)  (ffl  +  a;/  =  oV8a'a;+28a' 

+  56oV  +  28a=(p'  +  8 


t-  35a' a;*  +  SSa'm* 


h  70n'.E* 


The  numbers  which  form  the  coefficients  of  this  de- 
velopement,  will  be  found  in  tlie  table  of  Jigurate  numbera 
pven  in  Art.  259,  by  drawing  a  line  from  the  1"  term 
of  the  8"*  order  to  the  8""  term  of  the  1"  order :  a  similar 
remark  applies  to  the  coefficients  in  Ex.  1,  2  and  3. 

(5)  (5  +  4j^)*=  626  +  2000,r  +  240O,i*  +  1280./ 

+  256  .p*. 

(6)  {a-.r)''  =  a'-9«'.i'  +  36a'.v--84aV  +  126nV 

-  126n',r*  +  8io»j7«-  36a^i-^  +  9a.i^  -  ,l^ 

In  this  and  all  similar  developements,  the  2*,  4'",  6'" 
and  all  the  other  even  terms  will  be  negative,  inasmuch 
as  they  involve  odd  powers  of  —  a: 


«57 

10 


a)     (a'-a*)'<'  =  «"(l-f) 


^za'^h  -10.-  +45.^,- 120.- +  210.-. 
I  a  a  or  a 

a^  a^  oi^  w  sf 

-262.-^  + 210.-^-120.-,  + 45. -T  10. -. 

a*  o*  of  o"  o* 

J?     I 

^  ^     \2  ^/        128  V         X  J        128      32        ^ 

21  35 

+  — or^j^-  — orV  +  70ar'y*-  168ar^y*  +  224  ofy*^  -  128yl 

If       ^ 

In  this  case,  we  may  either  expand   \^—^y)    ^ 
once,  or  begin  by  expanding   (l— —  )  ,  and  afterwards 


multiply  every  term  into 


iiP 


128 

(9)     (^a  +  y6)*  =  o'  +  4al6t  +  6a6  +  4.a*6»  +  6"' 
=  o*  +  6aft  +  6»  +  4  (a  +  h)JVh. 

(10)  (^^  +  v'y)*=**(i-Sy 

V-a0*5  +  y«-  6iP+y^(x^  +  /)  +  16*^y^(j»*  +  y^. 
01)     The  6*  term  of  (o«  -  6*)**  =  496  o"6«. 
(12)     The  6*  term  of  (o  -  x)»  =  -  142606a**x*. 

03)     The  10""  term  of  (^  o  -  ^  Vf  =  _  98378a*6* 

Kk 


,  (2ac       1.  ,  .1' 


i^cV 


(14)  The  4th  term  e 

(15)  The  7"  term  of  (a^  +  3ot)*=  61236a"6'. 

Any  assigned  term  of  the  series,   such  as  the 
(1  +  r)*,  may  be  determined  from  the  formula 

n(n-l)...in-r  +  l)  , 


1.2 


^J—B-, 


where  n  is  the  index  of  the  binomial,  J  its  first  term  and 
B  its  second:  thus,  in  finding  the  7*  term  of  {a'  +  Sab)^, 
wehavel+r  =  7i  "  =  9j  ^  =  «' and  fi  =  3a6,  whence  the 
assigned  term  which  is  required  in  the  last  of  the  examples 
just  given,  may  be  determined :  and  similarly  with  respect 
to  the  four  examples  preceding  it. 

"«"■  294.     If  B  or  the  second    term   of  the  biOonual   be 

negative,  any  assigned  term  is  negative,  if  in  an  even 
place,  and  positive,  if  in  an  odd  place. 

I  Number  of  295.  The  number  of  terms  in  the  entire  series  is 
(n+1),  or  one  greater  than  the  index  of  the  binomial 
(Art.  260) :  thus,  the  number  of  terms  in  the  series  for 
(a  +  ,r)'  is  4,  in  that  for  (1—*)"  is  14;  and  the  same 
fact  may  be  observed  in  all  the  examples  given  in  Art.  292. 

Coefficienu  296.      The  coefficients  of  the  series  are  the  same  when 

ftom  thf       taken   from  the  beginning  and  the  end  :   for  the  coefficients 
^^Bi^i^B    of  the   terms   equidistant   from    each   end,   form    supple- 

I  at  the    meniary   combinations  (Art   237) 
•■         written  as  follows, 


(l  +  u)"=l  +  C,«+CjM'-i-  .. 

we  have  C,,™  1,  since  C^  is  the 
of  n  things  taken  all  together : 

wlilell  «Ve  severally  pairs  of  supplementary  combinations^ 


,  if  the  I 

number  of  combinations 
...  C,_,=  C,, 


H» 

and   bUo  the  coelScientB  of  termii  which   are  equidistant 
from  the  end  and  the  beginning  of  the  series. 

In  speaking  of  this  property  of  the  coefficients,  we 
do  not  take  into  account  the  portion  of  the  several  co- 
efficients, wbtc)i  in  some  cases  may  arise  from  particular 
numerical  coefficients  of  A  dt  B  in  the  binomial :  instances 
of  this  effect  may  be  seen  in  Ex.  5  and  8,  in  Art.  292. 

297.     When  the  index  n  is  even,  the  number  of  terms  b 

(r  + 1)  ia  odd,   and  the  middle  term  is  the  (  -^  +  1  )  > 

wboee  coefficient  is  the  greatest  in  the  series  (Art.  238): 
the   term  itself  in  the  series   for  (« +  ^r)"  is 

n(«-l)....(^  +  l)^    = 

~ — -V^.» 


If  the  index  n  of  (o  +  tF)'  be  odd,  the  number  of  terms  0 
(«  +  l)  is  even;   and  there  are  two  middle  terms,  whose 
coefficients  are  supplementary  combinations,   and  therefore 
Hwtqual :  these  are 
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Ewmplefc  Thus,  the  middle  term  of  (a*  — d?'0"  " 

.  1^.13,...8   ,,^,,^  _  3432a"^". 
1.2    ....  7 

The  two  middle  terms  of  (o*.t -f- a,r^)*^  are 

17.I6....10  17:^6  ...10. 9 

1.2    ....  8  1.2   ....    8.9 

or  24310  a*«a?**  and  24310  a'' a?*^ 


Number  ggg.     We   have   already   seen   that   the   sum   of    the 

=2".  coeiScients  of  all  the  terms  (which  would  be  the  number 

of  all  the  terms  in  the  product  or  developement  of  (a  +  a?)**, 
if  like  terms  were  not  collected  into  one)  is  2"  (Art.  240) : 
the  same  conclusion  may  be  otherwise  obtained  as  follows: 
for  (l+w)" 

=  l-f  CjW  +  C«w*+  ...  CX+  •••  C^^"": 

and  if  we  make  t^  =  l,  we  find 

(1  +  1)«  =  2«  =  1  +  C,  +  C2  4-...C,+  ...C„, 

which  is  the  sum  of  all  the  coefficients  of  the  series. 

fium  of  CO-         299.     If  in  the   same   series   for    (1  +  m)",    we  make 
odd  tenns    w  =  —  1,  all  the  even  terms  will  become  negative,  and  we 

equal  to  the  ghall   find 
Bum  of  00- 

efficta.t.of  n_i)»  =  i_c  +Cj-C,+  C4-Cj+  ...  H-C,+  r  =0: 

even  tenns.    ^  ^  x  x  3  •*         9  —     r  n 

or,  in  other  words,  the  sum  of  the  coefficients  of  the  odd 
terms  will  be  equal  to  the  sum  of  the  coefficients  of  the 
even  terms,  and  therefore  each  of  them  will  be  equal  to 
2*"*,  which  is  half  the  sum  of  all  the  terms. 

2"<Sd!Sd  ^^'     "^^^  coefficients  of  the  odd  terms,  omitting  the 

even  com-    first,   express   the   sum   of  all   the  even   combinations  of 

"**^'"*    n  things;  whilst  the  coefficients  of  the  even  terms  express 

the  sum  of  all  the  odd  combinations  of  n  things:  it  follows, 

therefore,  from  the  last  Article,  that  the  sum  of  all  the 


odd  combinations  of  n  things  exceeds,  by  unity,  the  sum 
of  all  the  even  combinations  of  n  things:  the  number  of 
the  first  is  2""',  and  that  of  the  second  is  2""'~  1." 

301 .  The  (1  +  r)""  term  of  the  series  for  (1  —  «)"  or  J 
C,r^,  is  negative  when  l+r  is  even,  am!  positive  when  g 
1  +  r  is   odd :   in  order   to  express  the  ambiguity  which  ' 
exists    with    regard   to    its    sign,    when  r  is  not  assigned, 
the  double  sign  is    put   before   it,  and    the    term  written 
thus   +  C,u\ 

The  same  term  may  be  otherwise  represented,  as  follows; 
(-I)'C,»': 
«  ronn  which  involves  no  ambiguity:  for  (— 1)-=1, 
(-!)■= -1,  (-Ij'-l,  (-1)»--1,  (-1)'  =  1,  and 
m  on,  fs  far  as  (  —  1)'.  which  is  —1,  when  r  is  odd  or 
l+r  even,  and    +1,   when  r  is   even  or  1  +  r  odd. 

302.  The  equation  E 

(i+«)-"=(i+„)-«(i+«)-,  ; 

when  viewed  in  connection  with  the  series  or  develope- 
inents  corresponding  to  (1  +  w)"*"'",  (1  +  w)"  and  (1  +  «)" 
will  lead  to  many  important  consequences :  before,  how- 
ever, we  proceed  to  their  more  particular  consideration, 
it  will  be  expedient  to  enlarge  the  conventional  notation 
which  we  have  hitherto  employed  to  represent  the  series 
for  (1  +  «)". 

Instead,  therefore,  of  denoting  the  series  for  (1  +  «)"  by 
t +  C,«  +  C,«*  +  C,m'+  ...C,m', 
,  we  will  express  it  by 
1^  +  C,(*»)  u  +  C,(f»)  »*+  C,(m)  w'  +  ...  £*,(«»)  «'  +  .... 


*  Tbc  cb*<lc«  of  taking  an  odd  numbt^r  frum  ■  b«g  containing  n  tfainp 
dag  any  combination   (ram  I   lo  ■    cquall}'  likely  to  be  taken),  ii 
«  GorrejpoDdiug  chance  uf  likinp;  an  etvn  tiamiicr  ii  — ^  — p  ■ 


(M 


writing  the  index  of  the  binoniial  after  C,,  C^,'  C^^.-.C,, . 
which  were  before  employed,  without  any  such  additioSf  ■ 
to  denote  those  coefficients. 

This  notation,  though  more  complicated  than  the 
former,  will  be  found  convenient  when  the  series  corres- 
ponding to  binomials  with  different  indices,  are  considered 
with  reference  to  each  other:  thus,  C,(ffi)  denotes  the 
coelEcient  of  the  (1  +  r)'"  term  of  the  series  for  (1  +  ti)", 
C,  (n)  denotes  the  coefficient  of  the  (1  +  r)'^  term  of  the 
scries  for  (1  +  «)">  C,  (»»  +  n)  denotes  the  coefficient  of 
the  (1  +)■)"'  term  of  the  series  for  (1  +w)"  +  ";  whilst  C, 
denotes  the  coefficient  of  the  (1  +  r)'"  term  of  the  series 
correspondinj^  to  any  binomial,  whether  its  index  be  w»,  n, 
m  +  n,  or  nny  other  quantity  whatsoever. 


1  >tci+"r- 


303.  Inasmuch  as  {l+ufx  (1 +«)"=  (1 +  «)"*"» 
the  same  relation  must  exist  between  the  series  which  are 
severally  equal  as  well  as  equivalent  to  the  binomials 
(!  +  «)",  (l+w)"and  (l+w)"+":  or,  in  other  words, 

{1  +C,(m)K  +  C,{m)«'+  ...  C,(m)t*'+  ...} 

X  il  +  C,(n)M+C,(n)tt=  +  ...C,(«)w'  +  ...} 

=  l+C,(m+»)«+C«(m+n)«'  +  ...C,(M+n)tt'+... 

In  a  similar  manner,  if  we  introduce  into  the  tffoduct 
an  additional  binomial  (1  +  uy,  we  shall  find 

il  +  C,{m)«+C,(»»)tt'+...C,(m)u'+. 

X  Il  +  Ci(«)«  +  Cj(n)M-+...Cr(«>w'"+...J 

X-  Ii  +  c,(p)M  +  Cg(p)«'  +  ...C(;')«'  +  ...}  . 

=  1  +  C|  (m  +  «  +  j))«  +  Cj(»»  +  n  +p)m' 
+  ...C,(*n  +  n  +  p)«'+.... 

and  the  same  remark  is  clearly  appHcable  to  the  continued 
product  of  the  series  corresponding  to  any  number  of  such 
binomials. 


I 


304.  A  conventional  nutatioD,  extremely  cMivenient  9 
&ora  its  brevity,  may  he  made  use  of  to  express  the  ^, 
proposttioa  contained  in  the  last  Article :  if  the  series  " 
eorresponding  to  (I  + «)"  (or  any  binomial  whose  index  j, 
is  )»)  be  denoted  by  S{m),  the  series  for  (1  +  «)"  will  be  * 
denoted  by  S(n),  and  that  for  (1  +«)"■+"  by  5'{m  +n): 
the  conclusions  in  the  last  article  will  thus  assume  the 
tona 

S(m)  X  S(n)  =  S(m  +  n). 
Sim)  X  S(n)  X  Sip)  =  ^(m  +  «  +  p)  *. 

305.  In  cotnpanng  the  several  terms  of  the  develope-  C 
mtsit  of  S(m  +  n)  with   those  corresponding  to  them  in  " 
the  actual  product  of  S(m)  and  S(n),  we  must  consider  „ 
all  those  terms  in   this  product  as  one,  which  involve  the  >■ 
aame  power  of  m:  and  such  corresponding  terms  in  S(m+n) 
and  A'(m)  x  S(}i)  must  be  equal  to  each  other;   otherwise 
the  developemeut  of  (1  +  m)"  ■•■ "  would  not  be  equivalent  to 
(and  ia  this  case  identical  with)   the  product  of  the  series 
for  (1  -)-  u)"  and  (1  +  w)':  as  an  example,  let  us  compare 
the  coefficients  of  the  terms  involving  «',  or  of  the  (1  +  r)*" 
lerai  in  each. 

S{m  +  n)  =  (1  +  «)"""=  1  +  C,(m  +  «)m  +  C^(m  +  n)w' 
+  ...C,(m  +  n)u'+  ... 

The  coefficient  of  the  (1  +  r)*  term  or  C,(m  +  n) 
^(■.t~)(^  +  ,.-l)....(m+„-r+l)   |^^^,j 


il  lonm  mntt  be  iDterprrled  in  afcorduice  widi  Ok 
pactlmbir  conicntioii  nadp  rv^peeliiig  tliem,  and  nut  acfording  to  the  i^neral 
frteipir*  of  the  intrrptrlatiiui  nf  al^liraJCBl  fonul :  it  lk  on  tlib  accaiinl  tliit 
ttr;  Arald  be  tpuriuely  >nd  caulioiiily  used;  for  unleu  their  tneaiiiiif;  liai 
h&m  fMrfaiMlf  cqiluneil,  and  Uiuir  eqalvalcDl  Bod  proper  algEbraicat  (arm 
I,  M  llial  the  transitiDn  Irom  oue  (o  llie  other  may  be  readily  and 
y  cActcd,  tbeywiMild  nnly  lerve  to  encumber  iiHieiid  ol  abbre- 
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Again, 
S(m)  =  14-  Ci(«ii)  .  tt  +  Cg  (m) .  w*  +  ....  C^(f») .  w*^  +  .... 
S(n)  =  1  +  Ci(n) .  u  +  Cj(n)  .  w^  +  ....  C^n) .  uT  +  ....  f 

the  coefficient  of    the   (1  +  r)^  term   in   S{m)  x  S  (n) 
orC,(fii-f  n) 

+ C'^-i(wi)x  Ci(n)  +  C^(f»)x  1 

_-      n(n  — l)...(n  — r  +  1)      ^     n(n— l)...(n— r+2) 
"     ^TT2       ~      T  "^  1  ^      1.2     ...     (r-1) 

•ii(m— 1)       n(n— 1)  ....  (n  — r-h3) 
"*"       1.2       ^       1.2      ....     (r-2) 

f»(m— 1)  ...  (m  — r  +  2)       n 
■^  ••••       1.2     ...      (r-1)       "^   1 

f»(f»  — l)....(m  — r  +  1) 

■^~iT2     :r^     ;      ^ 

replacing  the  several  coefficients  of  the  series  for  S{m)  and 
S(ji)  by  their  explicit  algebraical  values.* 

The  middle        306.     If    «ii  =  n  =  r,    we    have    ,S(m  +  w)  =  15(2^) 

O+S'-.     =  (^  +  ^)'^  ^^  ^l^e  (1  +  '^f  ^^rm  becomes  the  (1  +  nf 
or  middle  term  of  the  series :  consequently 


*  The  formulae  contained  m  this  article,  furnish  the  means  of  soWing  the 
following  problem,  which  is  similar  in  its  character  to  some  of  those  solved 
in  Art  288: 

"An  urn  contains  m  white  and  ii  black  balls :  what  is  the  chance  that  in 
drawuDg  r  (=p+9)  balls  from  the  urn  at  one  trial,  there  will  be  p  white  balls 
and^blackbaUs?'' 

The  chance  required  is 

m(m— 1) ....  (m— p-hl) ^  n(n  — 1)...  (w—g-f  ^) 
^Cfjm)  X  Cf(w)_.      1.2  p        ^1.2       ...       q 

Cr{m-^n)    ~  (m-hn)(m-f  w  — 1)....  (w  +  n— r-fl) 

1 . 2        ....        r 


CA^n)  = 


2.1(8.1-1). .(ii  +  l) 


3n(8n-l) 2.1 

(!.2....,f 

7  the  same  circumstances,  S(m)  becomes  identical 

I  S(n),   and  the  coefficient  of  the  (1  +  n)"'  terra   of 

■  product  or   C,  (2  n)  =  1  x  C,  +  C,  x  C, . ,  +  C, 

,_.+  ...C,_,x  C,  +  C„xl  =  V  +  C''+C/+  ...'. 

_,'  +  C.=:  fori  =  C.,C,  =  C,.,,Cg  =  C,_  J,  C,=  C._,, 

,  inasmuch  as  they  severally  form  supplementary  com- 

utions,  or  are  the  coefficients  of  terms  equidistant  from 

the  beginning  and  end  of  the  series  (Art.  996). 


Snmafibi 

ibeeocf- 
lidenu  at 


It  hUo, 


,  therefore,  that 
2n(2n-l). 


-Md'-{ 


(1.2... »)• 
"(»-')V^      )»("-l)-(«-f+l))' , 


-l^ 


307-     Before  we  proceed  to  the  consideration  of  the 
which  is  equivalent  to  (a  +  xy,  when  n  is  any  quantity 
er,   it   may  be  proper  to  observe,  that  we  may 


*  TWfonatdB  in  tliii  article,  fumUh  Ihcmeaiii  o(  ulviiiB  Ihe  foliawini; 

""  An  tun  conCaini  the  ssme  miiuber  (n)  of  black  auil  wliile  ballt;  what  ii 
At  dunce  of  dnwiDg  Ibe  simr  nuinl>er  al'  black  and  whilt  biJIs  fruin  Ibe 
■■.  ercrj  nrn  cmnblDatian  nf  the  whole  niiiiibe r  being  equally  UkpJ<i  to  b« 


IW  BBmber  of  combinatioiis  which  u 


n'er  the  condition!  ul  tbc  i 


=(;>■+ r-^r+i-^Ti'i^i' 


Tbi  (kance  >••  ibcrelore,  ^ 


■H  combination!  of  any  kind  which  ran  he  loi-uiril 


S66 

Reduction    confine  our  attention  altogether  to  the  more  simple  form 

of  bino- 

*™*^         (1+tt)":  for  if  we  make  w=-,  and  therefore  0  +  ^  =  0 

^  a 

+  ow  =  ai(l  +  t*),    we   shall    have    (a  + J?)*  =  a*(l  4- w)**: 

the  following  examples  are  in  addition  to  those  which  are 

given  in  Art.  181. 

(1)      V'(oa7-.a?«)  =  (aar-.a?«)*r=oi^*A-.^y 


ssa^w^{l  +w)*,  if  tt=  —  -. 

a 


a\-i 


(2)     («V  +  o».»*)"'*"  =  o~*  *  - '  A  +  ^) 
=  — —(!+«)-♦,  if  «  =  -• 

-nr  *B 


aJ  X 


o*-\- 


,.  ("•<'*-•)-'- ;0-a) 


=  -(!+«)-',  if  M  =  --5. 


y2 


JL  \ 


a?' 


2Jj^^         308.     The   series   for   (1 4- 1^)«,   when  n  is   a  whole 
foim  of  the  number,  expressed  by  a  general  symbol,  is 

flflnes  nv 

"■♦•"^-  ,      n        n(n-l)    ,     n(n-l)  (n-2)~, 

^1^      1.2^  1.2.3         «+•••• 

n(n— 1)  ...  (n  — r  +  1)    , 
"172        7       ~r         "■^•- 


I  form  which   may    he   continued   iodefiniteiy,   according 
^te  the  same  law  of  formation,   without  reference  to  the 


leh  an  indefinite  form  of  the  s 


^■ecific  value  of  ] 
would  be  true  for  integral  and  positive  values  of  n,  in- 
aamucb  as  all  the  terms  after  the  (n  +  1)*^  would  involve 
a  factor  in  the  numerator  of  their  coefficieuts,  which  is 
equal  to  zero  :  such  a  serieS)  therefore,  is  general  in  form, 
though  the  quantity  n  is  specific  in  value*. 


309.  The  law  of  the  permanence  of  equivalent  forms,  ThUierie* 
(Art.  132)  would  enable  us  to  conclude  that  the  series  ^1^%/^ 
which  was  equivalent  to  (1  + «)',  when  the  index  was 
general  in  its  form,  though  specific  in  its  value,  must 
be  equivalent  to  it  likewise,  when  the  index  is  general 
both  in  form  and  value-f-. 

The  great  importance,  however,  of  the  proposition 
which  is  thus  established,  will  justify  us  in  detailing  the 
reasoning  as  applicable  to  this  case,  upon  which  the  law 
is  founded. 


*  la  Oia  lerio,  the  lynibol  r,  Uiouijli  geuerul  in  loni),  u  eueDtiiilly  specific 
IB  ralne :  for  it  dcienuinns  Ihe  pnailion  oi  any  oulened  term,  and  mual 
tttrefgfc  be  an  iategTBl  uid  ponirivK  niimtier:  itvapealiing,  Iherefore,  n(  die 
If  butiof  tbi) formula  beOHiiiDg  eeneral  in  sijpiiliciitinii  an  well  a>  in  lurm. 
•n  abiMTitioiu  apply  to  tbE  index  uf  Hit  biBomisI,  the  only  qumtity  mhich 
■aba  tbe  series  for  one  binoinial  dlH'crenl  from  Ibil  for  aiiotlier. 

I  Id  (peaking  of  the  application  of  Elie  law  of  tlie  permanence  o(  equivalent 
Imbk.  ID  the  pnrralizalion  of  furm»,  curresimndlng  to  a  symbol  which  a  ge- 
aenl  Id  farm  though  specific  in  value,  we  must  tali<i  cure  Uiai  they  Ire  nui  e.\- 
Uiled  mdcr  a  farm  wlitch  if  euenlislly  connected  with  its  specific  vahie : 
feu,  if  ■  be  ■  whole  nnmber, 
0-— *•_ 


:«•-'+•— 'i  +  o- 


■t  +  i--' 


■n 

be 

\ 


Wpulicu- 
lir  value!  of 


310.  In  the  first  place,  if  there  exists  a  general 
equivalent  form  or  series  for  (1  + «)",  it  must  be  the 
=  form  or  seriea  in  question:  for  if  that  form  be  general, 
it  must  comprehend  equally  all  values  of  n,  whether  whole 
numbers  or  any  other  quantities  whatsoever,  and  wlicther 
they  Ik  expi-essed  by  a  general  symbol  or  are  specifically 
assigned :  it  must  necessarily  coincide,  therefore,  with  the 
general  form  which  has  been  proved  to  exist,  when  « 
was  any  whole  number. 

311.  In  the  second  place,  the  assumption  of  the  ex- 
istence of  such  a  general  equivalent  form  or  series,  will 
lead  to  no  consequences  which  are  inconsistent  with  the 
I  interpretation  already  given  to  particular  values  of  the 
index  of  (1  +  m)",  whether  it  be  a  positive  fraction,  or  a 
negative  whole  number  or  a  negative  fraction. 

For  the  equation 

S(m  +  m')  =  S{m)  xSimTi, 

which  is  true  when  m  and  m  are  whole  numbers,  and 
when  the  series  corresponding  to  them  are  expressed 
without  reference  to  their  specific  values,  must  be  true, 
also,  when  pi  and  m'  are  any  quantities  whatsoever  :  for 
the  symbolical  result  of  their  multiplication  is  obviously 
independent  of  the  specific  values  of  the  general  symbols. 

In  other  words,  if 


»»(*»— 1)  ....  (f»  —  r  + 1) 


.y(m')  =  1  + 


"I'fJzJi)., 


iii'0»'-l)...(m'-r  +  l)    , 
1.2  ...  r  "•■ 


S  (m)  X  «(«>')  =  S  (i»  +  m')  =  1  + 

(m  +  m')  (m  +  nt'  — 1)  „ 

+  ^ ^-^ 'u+  .... 

1.2 

(fi»  +  m')  {m  +  m'-i)....(m  +  m'- 


("■  +  "■•).. 


r  +  1).. 


1  .2 


► 


whatever  the  values  of  m  and  »»'  may  be;  for  the  laws 
for  the  incorporation  of  those  symbols  and  the  resulting 
lorms,  are  perfectly  independent  of  the  specific  values  of 
the  sjinbols  themselves. 

It   follows   from   this   proposition,     that    (1  +  m)  '  "  "'*"  «•>' 

(./  ,f-r'  1  c^  J  ,,  index  i»» 

=  *(  — ffl);     for    if    m  =  —  m,     we     have    S  (in  +  m  )  atgt^n 
=  Sifn-m)  =  S{o)  =  Q  +uy=l:  andthe5'(m)  x  5(m') -^""i^ 
cm  only  become   =1,  by  putting   —  m  in  the  place  of 
m\  in  the  series  for  S{m')  and  S(m  +  m'):  we  thus  get 


(1 +!«)""=  5(  —  m)  =  !  —  »»«  + 


m(tn  +  l) 
1.3" 


m(m+J)(m+2)  «.(i»+l)-(w+r-l)  . 

1.2.3        "T  ■V     V      J     2  ^        »+- 

Again, 


t 


^((,-l)»  +  ™}=i-(9m)  =  0 +«)«"=  J5(m)i». 


CtHUequently,  if  qm  =  p,  and  therefore  m  =  - 

(H.„K=i.S(„,)i.  =  {.S'(?)}'; 


we  find 


•TU  « 


la  oIlierwiH'  ubtaiueil  i 


970- 

and  therefore^'  extracting  the  g"*  root  on  both  aides, 

+ ^-T-o ' ^  +••• 

1.2  ...  r 


Or  under  another  and  equivalent  form,  which  is  very 
convenient  when  real  numerical  expansions  arc  required 
to  be  made  under  their  reduced  and  most  simple  form, 

(lW^  =  l4-?.t.+^^.i^.+  "^ 


q  f        1.2  ^  1.2.3 

p(p-q)    ...  {p-(r-l)q]  uT 


1 .2 . . . .  r 


+  .  . 


where  the  fractional  factors  are  reduced  to  others  equi- 
valent to  them,  having  the  common  denominator  q;  and 
the  successive  products  of  the  natural  numbers,  1 . 2, 
1.2.3,  ...  1.2...r  are  written  underneath  the  successive 
powers  of  u. 

or  a  In  a  similar  manner,  we  shonld  find 

negative 


S{-iq-l)m-m]=Si-qm)  =  (l+u)-9'«={Si-m)]9. 

P 

Consequently,  if  ^qm=  —p^  and  therefore  —  fi»  =  -., 
we  find 

(1 +«)-'- {5'(-»)}?=[*(-p}' 


[/■nJ.  therefore,  extracting  the  7'"  root  on  both  sides, 


(i+„r; 


<-'> 


^(^o(^^) 


..(-1)' 


'J  G\q  / 

;"-^-r2-» 


I  ir  under  another  and  equivalent  form, 


(I+») 


,  pCp  + 1) 


(-)■ 


P(P  +  9)' 


1.2 


pip  +  q)(p  +  3il)       «■ 


-1)?1 


I 


•l.2...r  ^    ■■ 

We  have  thus  shewn  the  perfect  agreement  of  the  general 
series  for  (1  +  »)*,  with  the  meaning  which  has  been 
giren  to  it  in  those  cases,  where  the  index  admitted  of 
iBterpretatiou,  and  where  the  operation  which  it  denoted 
was  capable  of  being  defined  and  determined, 

313.      Before  we  proceed, to  any  further  observations  on  Exunrii 
the  connection  between  (1  +  u)"  and  its  developemenl,    we 
ihall  give  a  few  examples  of   the  actual  developement  of 
the  series  corresponding  to  particular  values  of  the  index. 

(1)     (l+j>)-'  =  l-,F  +  j^-.»'  +  jr*-.i^+  .... 
This  is  the  indefinite  quotient  of  the  division  of  1  by  I  +  d?. 
3.3      ,      3.3.4    , 


(2)     (1 +. .)-"  =  ! - 
2.3. 4. fi 


1.2 


1.2.3 


-&c. 


I  ^1.2.3.4 

,  =1  —  3*  +  3  j"—  4,E^  +  5a;*—  &c. 

The  coefficientfl  are  the  second  order  of  figuratc  numbers 
(Art.  259). 
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(3)     (l-s)-'=l+Sx+  :^a*+,^-^-^a-' 

3.4.5.6    . 
^1.2.3.4     ^ 

=  1  +  3a?  +  6ar^  +  lO^p*  + 16  j?^  &c. 

The  coefficients  are  the  third  order  of  figurate  numbers. 

The  terms,  in  this  case,  are  all  positive,  inasmuch  as 
the  even  terms,  which  are  naturally  negative,  involve  odd 
powers  of  —  07. 

4.5.6  w^      „     ) 
1.2.3  a*  S 

=      ll-.4..,  +  10. -5-.20.-;  +  35.-:i-.&c.l 
a*(  a  a*  a'  a  ) 

\  w  s^  a?  al^ 

a*  or  a'  o^  a* 

The  coefficients  are  the  figurate  niunbers  of  the  fourth 
order. 

<^  G-a)"-(>-r 

=  a7*il  +  5.«  +  15. -5  +  35. -,  +  70-4+  &c.^ 

=ar*  +  6.—  +  16.-i  +  36.— +7O.-4  +  &C. 
a  V  ir  a 

The  coefficients  are  the  figurate  numbers  of  the  fifth  order. 

/*x     ,,        M     ,      1        1.1      a*        1.1.3       a?» 
(6)     (l+,)i  =  l+-.-_._+_^.^-^ 

1.1.3.5  a>*        .  , 

2*      •  i.a.s.*"*" 

,      «       «*       «'       5a>*       7«*     . 
2        8        16       128       266^ 
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The  terms  of  the  arithmetical  series 

1,   — 1»   — 3,   — 5,   — 7>   — 8tc. . . . 
are  the  factors  of  the  numerators  of  the  coefficients. 

1.3.5       j^  1.3.6.7  ^* 

2'       fTiTs"^        ¥       •l.2.3.4~^*''" 

1        3ar^      5a^      35a>*      63a?* 
=  ^-2'  +  nB--l6  +  I^"  266+*'"- 

The  terms  of  the  arithmetical  series 

—  1,   —3,   —5,   —  7>   —  &c.  . . . 
are  the  factors  of  the  numerators  of  the  coefficients* 

(8)  (a  +  .)*  =  a*{l  +  g.--_^.j-^, 

1.2.5  x"         _  1.2.5.8  a*  ^ 

■^  ""3»~1.2.3.a'  3*        •  1.2.3.4.0*  ■*"  ^''i 

=  o»+  — ^ ;■  + X Ti  +  fee- 
So^      9a^      81  o^      243o^ 

The  terms  of  the  arithmetical  series 

1,   —2,    —5,    —8,    —  &c.  ... 
aie  the  factors  of  the  numerators  of  the  coefficients. 

(9)  („  +  .)-*  =  a-i}l_-.-+^.j^, 

1.4.7  ^  1.4.7.10  a*  ) 
?~1.2.3.a»'^          3*          1.2.3.4.0*     ^"^  | 

1        1     ar       2    a-       14    a'        35     x* 

=  -7-3-l.  +  9"^"8i'l"*'243-l~^'- 
a^  a~  a'  a-'  a* 

Mm 
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The  terms  of  the  arithmetical  series 

—  1,   —4,  —7)   —10,  &c.  ... 
are  the  factors  of  the  numerators  of  the  coefficients. 


3.7        a^ 


10*     1.2. a* 


(10)     (a«-a*/*=a^{l-^^.?  + 

3.717         ^  3.7.17.27  a>'  I 

10*    '1.2.3.0*  10*         1.2.3.4.0*         J 

The  terms  of  the  arithmetical  series 

3,   -7.   -17,  -27,  -37,   -&c.  ... 

« 

are  the  factors  of  the  numerators  of  the  coefficients. 
^     ^     ^  ^  ^^1^    ^10    a  ^    10«      1.2.a^ 


3  O    1Q    OQ    QQ  ^4 


3.13.23         0?'  3.13.23.33 


"*■      W      •  1.2.3.a'  "^  10^         •  1.2.3.4.a*  "^  ^""7 

(12)     (Va  +  V.)-=a-[l  +  g  .  -,  -  ^  .  ^^^2;^ 


4 .1.6  ar*         _  4.1.6.11  as 

5"      '1.2.3.a»  6*  1.2. 3. 4. a 


+   M —  •  1     n    o     _a ?4 •  ,     ^    »     , h  &C.  I 


4      4^_2^         4^        11       or 

""    "*"6-    ^       26  •    f„  ■*"  126  •    U  "  625  •  7  +  ^*'- 

a""  o*"  o*"  a^r 

.  (13)  (.+.,=^.=i^2_..^10^.^^ 

1(1-^2)  (1- 2 v/2)         ar' 


2^  2  1.2.3 

1  q  -  v/2)  (1  -  2^2)  (1  -  3^2) 


2*  1.2.3.4 


07 

—  &c. 
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(14)     The  ll*  term  of  the  series  for  (a'-ar")* 

_         2618       ^ 
~      4782969  *o"" 

(16)     The  11*  term  of  the  series  for  (o»  —  **)  "^ 

100230130  ^ 
~  4782969  "a"* 

(16)  The  17*  term  of  the  series  for  (o  +  x)4 

_  _    9694845      ai^^ 
~      1891371008  •  "^  * 

(17)  The  13*  term  of  the  series  for  (o— »)i 

1179256  ^ 

""      129140163'    ?■ 

(18)  The  10"*  term  of  the  series  for  ( \/3  -  •2)"*" 

121771      2^  1948336  x  \/2 

9765625    3?  791016625x3^ 

313.    We  shall  now  proceed  to  make  some  observations  O^**^*" 
upon  the  general  algebraical  equivalence  of  (1  +  uy  and  meaniiig  of 
the  series  corresponding  to  it,  and  to  point  out  the  cir-  (l+»^ 
ciimstances  under  which  they  may  be  considered  as  arith-  "n<^^^ 
mkeHeaUy  as  well  as  algebraically  equivalent  to  each  other,    leries. 

Our  interpretation  of  the  meaning  of  (1  +1^)",  as  we 
have  already  seen,  was  founded  upon  the  general  principle 
of  indices,  which  is  symbolized  by  the  equation 

(l-ft^)'"x  (l  +  w)«=(l4-u)«+», 

whatever  m  and  n  may  be:  we  were  thence  enabled 
to  give  a  determinate  and  consistent  interpretation  of 
(1  +  w)*,   whenever  n  was  a  positive  or  negative  integer 


or  a  positivL-  or  negative  numerical  fraction:  for  other 
values  of  n  (and  n  is  a  symbol  which  is  equally  general 
with  any  other  symbol  employed  in  Algebra)  we  have 
!  given  no  interpretation,  and  it  does  not  necessarily  follow 
that  any  discoverable  interpretation  exists  for  such  x'alues: 
:  algebraical  form  however  exists,  independently  of  any 
interpretation  of  its  meaning  and  the  determination  of  the 
algebraical  equivalence  of  any  other  form  or  series,  must 
depend  upon  such  equivalent  form  or  series  satisfying  the 
requisite  algebraical  conditions. 

314.  Thus,  if  we  take  S{m)  ae  the  representative 
of  the  aeries  corresponding  to  (1  +  m)"  (whether  equivalent 
or  not),  we  have  found   under  all  circumstances 

an  equation  which  strictly  corresponds  to 

if,  therefore,  S(,nt)  be  equivalent  to  (1  +«)",  under  any 
discoverable  circumstances  where  m  is  general  in  form, 
even  though  it  may  be  specitic  in  value,  it  must  likewise, 
in  virtue  of  this  equation  and  the  law  of  the  permanence 
of  equivalent  forms,  be  equivalent  also  when  m  is  general 
both  in  form  and  value. 

This  general  proposition  therefore,  furnishes  the  proper 
algebraical  teat  of  the  equivalence  of  (1  +  w)"  and  S{m'), 
inasmuch  as  that  series,  and  no  other,  Batisfies  the  alge- 
braical conditions  upon  which  that  equivalence  depends. 


Striagiven  315.  The  Series  given  by  this  theorem  arc  identical 
^lioniid  with  those  derived  by  other  operations,  for  assigned  and 
theorem,      particular  values  of  n. 

inmucal        ' 

derived  by  Thus,    if  n    be  a  positive  whole    number,    the    series 

S™^™"  ^'"'  f^  +")"  '^  ^"*'  "**  ■"*^"  ""^  equivalent,  to  (1  +«)"' 
notrdby  being  derived  from  the  repeated  multiplication  of  1  +  m 
ihc  indei.    jy^p  itself,  and  being  made  tlie  foundation  of  the  tlieorem. 


value!  of  n. 

to  be  uifi- 
Sed  by  the 
(sieB  for 

(1+ 

I 
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If    n   be  a  negative  whole    number,    the   series  for 

(l+tt)""  or  7- —,  is  the  result  of  the  division  of  1 

(1  H-  uy 

by  the  series  for  (1  -|-  w)". 

If  n  be  a  positive  fractional  number,  such  as  ^ ,  then 

(l-|-tt)«  denotes  the  9^  root  of  (1  +uy:  and  if  w  be  a 

negative  fractional  number,  such  as  —  ^ ,  then  (1  +  ^)  ^ 

1 
denotes  the  q^^  root  of  (1  +w)"^  or  of 


(1  +  u)P 

In   neither  of  these   cases   can   any   general   rule   be  Ruktibr 
formed  for  the  performance  of  the  operations  denoted  by  JJJ^J*^*^ 

the  indices    ^  or  —  -  ,   which   is  not   derived   from   the  thi^ 

(7  9  theorem. 

theorem  itself:  and  the  results  of  such  operations,  derived 
from  this  theorem,  must  be  consistent  with  the  meaning 
attached  to  them,  inasmuch  as 

or  in  other  words,  the  q^^  power  of  the  series  corresponding 
to  the  q^  root  of  S(p)  in  one  case  and  of  S(  —  p)  in  the 
other,  will  reproduce  those  quantities  which  are  respectively 
equivalent  to  (l-j-w)^  and  (1+w)"^. 

316.  The  particular  rules,  considered  in  Chap.  VII.  Sqiwie  and 
fcM-  the  extraction  of  the  square  and  cube  roots,  are  founded 
upon  the  same  principle;  and  the  scries  which  they  re- 
spectively give,  must  therefore  coincide  with  those  given 
by  the  theorem :  for  the  square  of  the  series  in  one  case 
and  its  cube  in  the  other,  must  reproduce  the  original 
quantity  or  expression,  of  which  it  was  the  square  or 
rube  root. 
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CuHin  317-     It  thus  appears  that,  the  binomial  (1  +»)"  and  , 

'!L ..     its  corresponding  series  as  given  by  the  binomial  theorem, 

ii  orith-     ^^  '"^  ^^  cases  equivaletit  to  each  other,  io  the  algebraical 

medeailj     fiense   which   is   attached   to   that   term.      It    remains   to 

wXe  ™     consider  under  what  circumstances  they  are  arithmetically  , 

•erin.  equivalent  or    rather  equal    to  each   other :    or  wlien  the 

aritlimetical   value   of  the   result  of  the  operation   whicli 

is   indicated   by    the   index   of  arithmetical   binomials,   is 

equal    to    or   may  be  made    to    differ    from,    the    sum    or 

aggregate  of  a  determinable  number  of  the  terms  of  the 

correapondiug  series,  by  a  quantity  less  than  any  which 

can  be  assigned.*  ' 

Whta  the  318.     Iq  (he  first  place,  if  the  series  is  divergent  fori 

divergent.  ^^J  assignable  number  of  its  terms,  the  sign  =  does  notJ 
indicate  the  arithmetical  equality  of  the  quantities  betweea 
which  it  is  placed,  inasmuch  as  the  aggregation  of  any 
number  of  its  terms,  liowever  great,  will  never  approximata 
to  a  fixed  and  determinate  value. 

When  the         319.    We  must  confine  our  attention,  therefore,  to  those 
!B  which   are  convergent,   either   from   the  beginning 
ifter  an  assignable  number  of  terms :  in  the  first  case, 
approximate    more    nearly    to    the    arithmetical    value 
number  of  of  the  series,  the  greater  the  number  of  terms  which  we 
collect  into  one:   in   the  second  case,  we  commence  with 
the  aggregation  of  all  the  divergent  terms,  to  which  we 
add  the  approximate  arithmetical  value  of  the  convergent 
part  of  the  series,  determined  as  in  the  first  case. 

320.  It  is  by  means  of  a  comparison  of  the  terms  of 
these  series  with  those  of  a  class  of  series  which  are  called 
geometric,  that  we  are  enabled  to  judge  of  the  accuracy 
of  such  approximations,  and  to  determine  the  limits  of 
error  to  which  tliey  are  subject :   for  this  purpose  it  will 


*  QiiantiUei  are  aiitlinieticftlly  rqii*)  and  equivalent,  which  are  identical 
with  each  oilier,  or  which  diSct  from  each  olher  by  a  quantiiy  lesi  than  any 
whidi  i*  aiilbmetically  aisignabie. 


eonvergenl, 
^B       numbcc  of 

^^    Company 
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be  necessary  to  premise  the  theory  of  such  series,  both 
as  regards  dieir  generation  and  the  determination  of  their 
Talues. 

321.     Geometric  series  are   such    as   arise  from  the  Oeometric 
division  of  a  by  1  —  j?,  where  a  and  a?  are  any  quantities  ^^  L. 
whatsoever,  whether  simple  or  compound:  the  quotient     nenuioo. 

a  +  aay  +  aay^  +  oar*-!- ...  aoT -{- ... 

may  be  taken  as  the  general  representative  of  such  series: 

and  under  all   circumstances,    the  fraction is  alge- 

braically  equivalent  to  the  series 


o  4-  a  J?  +  aar  +  ao^  + 


indefinitely  continued,  without  any  reference  to  the  spe- 
cific values  of  the  symbols  a  and  «r. 

322.     If,  however,  we  confine  our  attention  to  a  de-  Sam  of 
terminate  number  (»)  of  terms  of  this  series,  we  shall  find  "  **""*» 

=r  a  +  aa?  +  air*-r  ....  oa?""   : 

1— a? 

the  two  members  of  the  equation  being  equal  as  well  as 
equivalent,  inasmuch  as  the  second  member  is  the  actual 
qucHent  of  the  division  of  a  —  ao;"  by  1  —  j?. 

a  a  —  aa?" 

If  we  make =  «,  then  -r =  *  —  «a?*,  and 

1  —  <r  1  —  a? 

the  equation  assumes  the  form 

8  —  saf  =  a-^aa;'j-  aar  +  .  .  .  .  ax^  '  \ 

If  the  series  be  supposed  to  be  indefinitely  continued,  »nd  to 
n  is  infinite,   and   the  term  ^a?"  is  no  longer  capable  of      ™^^' 
ilgebraical   expression :    it   remains   to  consider   its  arith- 
metical value  under  the  same  circumstances,  for  particular 
values  of  x. 


|<f  the 

I  lofinile 
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323.     In  the  first  place,   if  a?  be  greater  than  1, 
increases  in  value  with  the  increase  of  n,    and  F 
infinite  when  »  is  so:  the  omission  of  the  term  ax"  wiH  < 
not  therefore  produce  an  arithmetical  equality  (according 
to  the  definition)  between  s  and  the  series 

«  +  «J7  H-  a.T^  +  ax'  +  ,  .  .  . 


4 


indefinitely  continued. 


In  the  second  place,  if  o^  be  less  than  1,  then  BsT 
becomes  less  and  less  the  greater  n  is,  and  may  thus  be  ' 
made  less  than  any  quantity  which  is  assigned  :  under  . 
such  circumstances,  «  — s.ir",  when  n  is  infinite,  is  arith- 
metically equal  to  s  (according  to  the  definition),  and 
there   exists,   therefore,  an  arithmetical   equality  between 

«  or  ;z and  the  series 


indefinitely  continued.* 


inft  of  *  Tlie  tenai  infinite  and  indtjimic  ore  Creqnently  nsed  iniiscriminstely  by 
flie  lernu  inaUiemalical  writers,  thouEli,  if  due  regnrd  be  paid  lo  propriety  uf  language, 
infintle  and  they  should  be  diilingnished  (roni  taeh  oOier:  tlicy  are  negalite  terms,  whose 
•-''-'.lite.  „g^|;uj.  nnut  be  defined  and  delermineil  by  tliat  ol  the  lernig  finite  and  dffi- 
■it(,  whicb  are  icapectively  opposed  to  them. 

A  ^nifc  number,  a  fisilt  line,  a  finite  spaae,  a  ^kUc  lime,  would  denote 
any  nnmber,  line,  space  or  time,  which  is  either  asiigncd  or  auipiable: 
nhilil  the  tcnn  ilefiaili  could  properly  be  applied  to  tucli  oF  those  quantiliu 
only  as  were  aiaigned  and  determined:  in  other  words,  the  term  jSnite  i>  more 
eompreheiulTe  than  difinilt,  being  Umited  only  by  the  power  posaesied  by  die 
mind  of  conceiving  the  relation*  ntuch  the  magnitudes  lo  which  it  U  applied 
bear  to  other  magnitude*  of  tlie  same  kind. 

An  i^finilt  number,  an  infinite  line,  an  infinite  space,  an  infinite  time,  could 
bear  no  conceivable  or  expressible  relation  to  a  finite  number,  a  finite  line,  a 
finite  space,  or  afinite  time:  Ihe  term  ind^nitc,  properly  speaking,  when  ap- 
plied to  these  quantities,  ^oidd  imply  nulliitig  more  than  tlial  tliey  were  not 
determined  or  not  assignable. 
Infinity  Magnitudes  may  be  infinitcli/  great  as  well  as  infinitely  small,  and  the 

•.to,  abitrart  term  inanity  ghould  be,  properly  speaking,  equally  applicable  to 
both,  though  confined,  by  the  usage  of  language,  exclusively  to  the  former ; 
whilst  the  term  iiro  is  exclusively  applied  to  the  latter:  tbeBeaeral  term 
tnftKily  is  superseded  by  lh<'  specific  terms  immtniily  and  i-Umitif  in  the  case 
of  space  and  llinc.  The 
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I  321.     If   we   examine    the   particular   case   in   which  _,,j^  ^, 
■  ^,  and  where  each  succeeding  term  of  the  series  is  e 
*  that  which  precedes  it,  we  shall  find 


1- 


-=2« 


"  8  ■*"  16 


+  &C 


TIKI) 


s  naed  to  Uenole  magnitndei  which  are  n|fri((hf  Kreal,  Sjmbol  of 
rtilti  UietymbolO  denotes  tbo>e«1iich  are  infinilelg  email:  they  are  crni-  in"-'— 
nMled  by  the  eitUBtions  j  =*  nnd  —  =  0,  where  a  isa  ^nltemaEnilnde: 
a  the  finl  uk,  we  cousidtr  oo  as  lUp  ^ NDrirnt  of  tlie  diviaion  of  4  by  0;  in 
tie  wcond,  we  consider  0  as  the  qiiolienl  of  the  division  of  u  by  o:  !  and  such 
mniM  may  be  interpreted  by  considering  tte  dhidtmt  as  the  prnducl  of  (lie 
itiruar  taii  quotint :  lluulbtrtU  nojailt  Bombet  uhlch,  when  multiplied 
lolo  xfro  or  nn  intinllcly  small  number  (fractional)  will  prndure  a  finite  pro- 
rlaeti  (here  ii  do  jStitt  line,  whirh  mnlcipiied  into  »ero  or  an  lofinltBly  small 
line,  willprodnce  a^aifcarea,  and  similarly  in  all  other  cases. 

Tlie  pnidiicl  of  injUitg  into  !tro  or  of  tx  ioto  0,  in  the  Knse  which  we 
bare  Attached  to  those  terms  and  symbols,  mnif  prodoce  a  finite  cjnantit}', 


'crsally  Dritoeal 
orden  of 
equally  true  when  a  is  irijdtiic 


liola  i^l 
Mlof         , 

teaP^^ 
•  of         ' 


b«i  iidoesnot  follovr  that  it  must  do  so;  the  eqi 

me,  when  a  U^ile:  b'lt  tlie  same  i 

ia  other  words,  -j  =  as  :  in  snch  a  case,  tlie  iiijbiils  denoted  by  the  symbol  o;  ^  imnie 

oa  one  Bde  of  the  equation  is  said  to  be  inSnilelif  greaVer  than  the  inytnifg  dc-  symbol. 

noted  by  the  same  sj'mbol  30  on  tlie  otlier :  aach  a  result  is  dne  to  the  use  of 

•ynbolical  language  only,  inasmuch  os  the  niind  is  incapable  of  concciiin); 

tfce  diuiDction  between  different  order*  of  infinite  mR^itudes:  we  only  mean 

to  say,  that  it  the  symbol  m  was  employed  to  denote  infinity  in  the  same 

Banner  as  an  absclnte  miipiitndc,  tiien  the  relation  betweeu  oo  X  ce  and  » 

»aaU  be  t}ie  same  as  that  between  cc  and  I,   tlioil)^  we  should  denote 

(c  X  CD  and  oe,  when  interpreted  by  the  same  term  infitily,  by  the  sin^e 

In  the  tame  manner,  qb  x  0  may  be  eqnal  to  0  as  well  as  to  a  (inite  or  io- 
fiulr  quantity  :  (or,  if  we  use  tlic  symbol  0  abmlutely.  we  still  denote  a  x  0, 
4XUX*,  &c.  equally  by  the  single  symbol  0:  for^  =  «,  and  therefore 


(■ymbolie^y)  g 


oc ,  which,  if  considered  wi 
r|  derivation,  wonid  be  denoted  by  - 


It  reference  td  thU  par- 
SI  in  otiiet  word),  dif- 


Itmi  orden  of  innt  may  appear  as  a  result  of  symbolical  li 

Mercnt  order*  of  i>i(a>li(>,  though  in  both  cases  it  it  equally  u 

ijKuiii  oreaprcu  tbem  whan  Uiey  present  tbemselTea  independently  of  their 


The  pnoeduig  considerations  would  lead  as  to  tbe  interpretation  of  the  (h^ 
MnbV  "^  *'''>  expressions  a*  ^  or  —  ,  nhicb  may  equally  denole  a  finite  ^ 
^  jj  niaBaitude,  o  * 


^4 

■,  of 

I 


or  the  sum  of  the  serin  is  twice  the  first  terra :  it  follows, 
therefore,  that  the  first  term  of  the  series  is  equal  to  the 

mtgnitude,  ioGoity  or  E»ro:  (or  such  expretjioni  considered  aluoliitely,  would 
deitole  die  qaolieDt  of  ktd  divided  by  ;rrs,  or  of  tB/tnity  by  in/tnily:  uid 
in  the(intca>e^ia>y  beeqaalloO,  or  a  or  °c  ,  iDasmucb  ai  we  have  already 
seen  tiial  0X0::^  0,  DXa  =<>>  and  alw  UibI  0  X  m  may  be  equal  to  0  :  in 
the  tecond  case  —  may  be  equal  to  D,  or  a  or  ao,  inaimucli  as  wg  have 
already  leeu  that  so  X  0  may  be  equal  to  n,  and  also  tbal  n  x  <■  =  os  and 
ce  X  «  =  CO  :  in  both  f  asea,  therefore,  llierc  arc  three  claues  of  niapiitades 
whicheqiiBllyaiHwer  the  required  conditloDi:  when  however  sucbexpreMiuaisi 
jT  or  —  preaenl  themielveE  u  particular  states  of  an  ulgebraical  expreuion, 
whifh  lor  other  and  getieral  values  of  the  lymtrals,  admitted  of  an  tgvivaUnl 
lonn,  wliich  under  the  same  circumstances  doe*  not  become  -  or  — ,  there 
no  longer  exiiU  any  indetennlnatian  respectiag  its  value :  for  the  fonn  which 
is  cqaivalent  for  all  values  of  tlie  ■ymbola,  mnsl  be  true  likewise  lor  those 
which  make  the  primitive  expression  g  or  >~  . 
The  foUowmg  are  exunples ; 


(■) 


(or  alt  valuta  of  a  and  xt  let  a  =  x,  i 
0_jai_ 


II  valnei  of  •  and  x;  let  x  =  1,  then 


II  x=a,  we  Invr 


jE-J  +  v^h 

•  -x-) 

.1^ 

l/(u 

+  x)+\/x 

•+«x  +  **) 

f  = 

nun  of  bU  those  which  follow  it;  and  the  same  observation 
applies  to  any  other  term  of  the  series. 

325.     The  relation  which  exists  between  any  one  term  Serie>  in 
and  the  sum  of  all  those  which  follow  it,  in  this  particular  I^^ 
series,  where  the  inverse  ratio  of  two  consecutive  coefficients  ™iio  b  lew 
19  J,  afiords  a  very  canvenient  measure  of  convergency  far         *' 
other  series,  where  that  ratio  is  greater  or  less  than  i; 
if  it  be  greater  than  ^,  any  given  term  is  less  than  the  ^^^ 

nun  of  all  those  which  follow  it :  but  if  it  be  less  than  ^,  ^^^H 
then  any  given  term  is  greater  than  the  sum  of  all  tbcne  ^^^| 
that  foUow  it.  ^^1 

396.     In   many   cases,    where  the   common   ratio   or  Scn«  ■□ 
mnltiplier   »,   is  variable  and   assignable   at   pleasure,   a  ^^mDuo 
ralne  of  it  may  be  found,  wMcb  will  make  the  sum  of »«»  ^ 
the  series  differ  from    its    first   term    by    a  quantity    less  ^*^^b!«. 
tbaa  any  which  may  be  assigned :  thus,  if  a  value  of  ir  be 
required,   which  makes  the  sum   of  all  the  terms  of  the 
Kries,  after  the  first,  equal  to  S,  then  we  shall  have 


1- 


^  +  aa^  +  &c. 


Therefore  a  =  a  +  ^—(a-i-S)x,  and  GODsequentLy 
i={a-i-&)a,  and  also         auitwi  mcf  n 


'a+1' 


S84 

It  is  obvious,  that  any  value  of  jt  which  is  less  than 

5"  (  for  example r-  | ,    will   make  the   sum    of 

a  +  5   \  ^      2(a  +  5)/' 

the  series  differ  from  its  first  term  by  a  quantity  less 
than  £:  in  other  words,  the  sum  of  the  series  may  be 
made  to  differ  from  its  first  term,  by  a  quantity  less 
than  any  which  can  be  assigned. 

The  same  conclusion  would  follow,  if  the  series  pro- 
ceeded according  to  powers  of  rw^  where  r  is  a  quantity 
either  given  or  determinate,  and  w  is  assignable  at  pleasure: 

for  in  this  case,  we  should  find  r  a?  = k,  and  therefore 

a?=s— SJ-;  and  consequently  in  this  case  also,  as  well 

as  in  the  former,  the  sum  of  the  series  may  be  made  to 
differ  from  its  first  term,  by  a  quantity  less  than  any 
which  can  be  assigned. 

FonoMtim  327-     The  following  proposition,   combined  with  the 

jgjj^  *"*  conclusions  given  in  the  preceding  articles,  will  enable  us 

to  ascertain,  generally,  under  what  circumstances  we  may 

pass  from  the  algebraical  to  the  arithmetical  sum   of  a 

series,  whose  terms  follow  any  assignable  law. 

Proposi-  «  The  terms  of  the  geometric  series 

a  -^  aroff  -{-  ar^a/^  -\-  ar^w^  '\'  &c.  (a) 

are  severally  either  equal  to  or  greater  than,  the  cor- 
responding terms  of  the  series 

a  4-  flj  ^  +  «2  ^*  +  «3  ^  +  &c.  (/3) 

if  r  be  the  greatest  inverse  ratio  of  any  two  of  its  con- 
secutive coefficients.**' 


Proof.  In  the  first  place,  let  —  be  greater  than  — ,  ~,  and 

Fintcase.  a  a^     a^ 

all   subsequent   ratios   of  a  similar    kind :    then   we   have 


«S5 

—  =  r,  and  therefore  a,  =  ar:  —  is  less  ihaa  r,  and 
a  a, 

therefore  a^/.a,r  (Art.  23),  and  therefore  also  /  a  r*,  since 

a,  =  ar:     —  i.  r,    and     therefore     a.  i  a.r  £.  ar^,     since 

0,  zar  :  and  similarly  for  all  subsequent  coefficients  of 
the  series  {/3)  :  it  follows,  therefore,  that  the  first  and 
Mcond  terms  of  the  geometric  series  (a),  are  equal  to 
the  6rst  and  second  termn  of  the  series  (/3),  but  that 
all  the  subsequent  terms  of  the  first  Geries  are  severally 
greater  than  those  corresponding  to  them  in   the  second. 

In  the  second   place,  let  any   other  inverse  ratio,  such  Scanuiiwe. 
u  — —  ,     and   not   the   first    —  ,    be   the   greatest,    and 

therefore  equal  to  r :  we  have,  consequently,  —  z  r,  and 

therefore   a  £  ar:    —  ^  r,   and  therefore  a^i  a.r  i.  a r-, 

since  a^£  an    and  so  on,  until  we  come  to  a,-,,  which 

is  less  than  «r"~':  the  next  ratio,  — ^=r,  and  there- 

fare  a,  =  n,_,r  Z  ar",  since  a„_,  ^i  a )■""';  and  simt- 
kriy  for  all  subsequent  coefficients:  it  follows,  therefore. 
Hut  the  terms  of  the  series  (a)  after  the  first,  are  sc- 
Toally  greater  than  those  corresponding  to  them  in  the 
«ri»  03)- 


If  the   successive   ratios    — ,    — ,    — ,    as   for  as   the  T 
m"  ratio   — ^^,  be  equal  lo  each  other,  but  greater  than 

*U  thoa£  which  follow  them,  then  the  »  first  terms  of 
tbe  scries  (a)  and  {fi)  are  equal  to  each  other;  but  all 
die  aubeequent  terms  of  (a)  are  severally  greater  than 
ihoM  oorrespouding  to  them  in  the  aeries  (ji). 


338.  The  following  proposition,  tliough  not  dependent 
upon  the  one  just  given,  may  be  demonstrated  in  a  similar 
manner:  we  shall  confine  ourselves,  therefore,  to  its 
simple  enunciation. 

'•        "  The  terms  of  the  geometric  series 

a  +  apit  +  aphis'  +  ap'a)^  +  &c.  (a') 

are   severally   equal   to    or  less    than    the  corresponding 
terms  of  the  series 


p  +  *i„  a!=  +  fflj  flj^  +  &c. 


m 


if  p  be  the  least  inverse  ratio  of  any  two  of  its  consecu- 
tive coefficients.'" 

329.  The  sums  of  the  series  (a)  and  (a')  may  be  con- 
sidered as  avperior  and  inferior  limits  to  the  sum  of  the 
series,  (/3) :  in  other  words,  if  5  be  the  sum  of  the  first 
series,  tr  of  the  second,  and  s  of  the  third,  then  S  is 
greater  and  u  less  than  s,  and  consequently  a  differs  fnan  - 
either  5"  or  cr  by  a  quantity  less  than  S  —  tr- 

'        330.     It  remains  to  examine  the  other  consequences 
of  this  relation  of  the  series  to  each  other. 

If  TX  and  px  ]x  severally  less  than  1,  the  geometric 
leries  (a)  and  (a')   are  convergent,   and  their  respective 

arithmetical   sums  are   ; and   = :   it   follows, 

1  —  r.T  1  —par 

therefore,  that   the  sum   of  the   series   0}   diff«r3  firom 

a  ^        ,  -       1         ,  " 

or    ,  by    a   quantity    less    than    .  -■  — 

1  —  Tx  I  —  px       "^  -"  1  — Tiff 

u{r-~p).v 


*  331.  Again,  let  us  suppose  the  sum  of  any  assigned 
number  of  the  terms  of  the  series  {/3)  to  be  determined 
by  actual  aggregation,  or  by  any  other  means :  let  T 
be   the   first   of  the  following   terms,   and   r  and  p   tb« 


greatest   and  least  inverse   ratios  of  their   coefltcieots : 
wDuId  follow,  as  in  the  tirst  case,  that  the  series 

1^  T  +  Trx  +  Tf***  +  Tr**'  +  fcc. 

Pr  T  +  r,»  +  T,**  +  T^t^  +  8ec. 

T  +  Tpa  +  Tp'-B*  +  r/.r'  +  Stc. 


T 
1  — p* 


are  srruiged  in  the  order  of  their  magnitudes ;  and  that 
the  sum  of  the  second  is,  therefore,  intermediate  in  value 

T  T 

to  ^ and ,   which  are  the 

.  third  series,  if  r-s  and  par  he  severally  less  than  1. 

If  B,  therefore,  be  the  sum  of  all  the  terras  of  the 

anginal   series  which   precede   T,  and  a  the  sum  of  the 

T 
vbcde    series    indefinitely    continued,    then    u  +  = 

by  a  quantity   leas  than 


differs   from 


r.(r-p)jr 


333.     In  converging  series,  or  in  those  which  become  ComJauoni 
M,  T  grows  less  and  less,  the  further  it  is  removed  from  ptj^ji^g 
the  banning  of  the  series,  or  from  the  term  from  which  i'«"n'- 
the  coovergency  commences:  and  it  is  always  possible  to 

T 
find  a   value  of   7*,   and   that  consequently   of  : 


T                                                    TV, 
,  or  of  their  difference  75 

\~pX  {\    —TJ. 


■)0 


\  —  rx 

£>i__  ,  all  of 
px) 

hich   is   less 


which    bear   a  determined   relation   to   T, 
than  any  which  may  be  assigned. 

It  foOows,  therefore,  that  we  approximate  more  nearly 
to  the  sum  of  an  indefinite  series  of  convergent  terms, 
the  greater  the  number  of  them  which  we  aggregate  into 
owe:  and  also,  that   such   approximations  may  bo  carried 


288 

to  any  required  degree  of  accuracy,  by   the  aggregation 
of  a  finite  and  determinable  number  of  terms. 


^^2*"^        333.    Let  us  consider  the  application  of  the  conclusions 

the  MriM    just  deduced,  to  different  cases  of  the  series  for  (1  +  a?)**. 
for  (1-fjr)". 

The  inverse  ratio  of  the  coefficients  of  any* two  con- 
jsecutive  terms,  such  as  C^.^  and  C^,  is 

C,         w  — /  +  !       n  +  1      , 


its  greatest  value,  therefore,  is  n:  its  least  value,  to 
which  it  constantly  approximates,  as  t  increases,  is  —1*: 
it  follows,   therefore,  that  the  three  series, 

1  +na?  +  n*a?^  +  n'a?''-i-&c. 

1 —  ^  4- ^*  —  *'»' +  ^*— fee- 
are  arranged  in  the  order  of  their  several  magnitudes. 

It. is  only,  however,   when  the  first  and  third   series 
are  convergent,  or  when  nw  and  w  are  both  less  than  1, 

that   their   respective    arithmetical   sums    are    = 

^  1  —  nw 

1 

and :    and  under  such  circumstances,   the  value  of 

1  +  0? 

the  series  for  (l+«r)*  differs  from by  a  quantity 

1  —  nx 

less  than or 


1  —  n  «r       1  +  a?         (1  —  n  ^)  (1  +  «r) 


*  Positive  qaantities  are  considered  as  greater  than  negative  quantities, 
ind  magnitudes  jrenerally  arc  considered  as  following  the  order  of  the  series 


;,  2,  1,  0,  —1,  —2,  —3,  &c. 


334^     If  J  be  less  than  1,  the  scries  for  (1  4-«>"  will  Ptrintof 
convergent,  either  from  tlie  beginning  or  after  a  ™icr»K«r- 
delenninable  number  of  terms:   in  order  to  ascertain,  in  aiDrdui 
such  cases,  the  point  of  convergency,  we  must  determine  ,ie  not 
when  the  inverse  ratio  of  two  consecutive  terms  is  1  or  ^"J*^^*" 
less  than  1 :  for  (his  purpose,  we  must  make  the  general  sm  term. 

value  of  that  ratio  or  I llj?=l,   and   therefore 

/  = ;  and  the  whole  number  which  is   cither  equal 


to  t  or  next  greater  than  t  (when  the  value  of  t  is  frac- 
tional) will  determine  the  point  of  convergency  requited. 


=  — :  tlie  whole  mimbtr  next  greater  than  this  value 
of  (  is  2,  and  the  convergency  commences,  therefore, 
^titn  the  second  term. 

The  preceding  formula  applies  for  all  positive  values  of 
n,  and  for  such  negative  values  of  n  aa  are  less  than  —  1  : 
but  if  the  negative  value  of  n  be  greater  than  —1, 
then  the  general  inverse  ratio  of  any  Iwg  consecutive 
lerms    is    necessarily    negative   if   -i'    be  positive,    and    we 

murt   make,    therefore,  ( 1 J  *  =  —  1  :   and  con- 

Wjucntly,  t=  ~"~-  ■     Thus,  if  «=  -3.  anda  =  — , 

i-1  ^^ 


(he 


ivcrgency   eommcncos 


335.     If  we  find  the  sum  of  the  first  /  terms  of  the 

.  series  for  (1  +  a^)",  by  ^^regation,  and  if   we  repreaent 

the   (1  +  /)"■  term  of  the  series  by  7";   then  the  sum  at 

the   remaining  terms   of    the   series   is   included  between  ■ 

the  sums  of  the  seriee 


('-"-^)--('-^) 


T-  T 

and   T  -  T 

or  between  the  limits    

1  + 


O-"-^)- 


-8ic. 


1  +  ai* 


when  ( 1  — )   !"  a-ntl  x  are  both  of  them  less  than  1 : , 

under  these  circumstances,  the  sum  of  the  whole  series  I 
for  (1  +  j)"  differs  from  the  sum  of  its  t  first  terms, , 
by  a  quantity  less  than  ' 


1+1 


(i-"iiHli...!. 


Thus,  let  it  be  required  to  determine  within  what 
limits  of  error,  the  square  root  of  5  may  be  determined 
from  the  aggregation  of  the  first  five  terms  of  the  series 
for2^(l+i). 

The  sixth  term  of  the  series  or  T  =  .OOOOSS*  nearly, 
and   the   sum   or   aggregate    of    the   first    five  terms    or 

2.236026  exceeds  the  v'6  by  a  quantity  less  than  ^^ 

or   .0000027225. 

336.     It  is  of  some  importance  to  point  out,  in  con- 
^  nection  with  the  preceding  theory,  the  essential  difference 
which  there  is  in  the  object  proposed  to  be  effected  by  the 
algebraical  and  arithmetical  aiimmatifm  of  series. 
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In  the  first  caec,  we  seek  to  determine  llic  algebraical 
expreseioD,  by  the  deoelopement*  uf  which  the  series  is 
generated. 

In  the  second  case,  we  seek  to  determine  the  accurate 
or  i^^proximate  arithmetical  value  of  the  algebraical  sum 
of  the  series,  under  a  form  which  is  independent  of  the 
])articular  operation  which  leads  to  the  developement  of 
the  series. 

Thus  the  algebraical  tiuni  of  the  scries 

1    i  1         }_         1.3         1  1.3.5       2 

the  quantity  from  which  it  is  generated  by  means  of  the 
iriooinial  theorem ;  whilst  the  arithmetical  sum  can  be 
determined  approximately  only,  by  the  aggregation  of 
its  successive  terms,  the  accuracy  of  the  approximation 
increasing  with  the  number  of  convergent  terms  which 
»rc  thus  collected  into  one. 

337.     If  the  algebraical  sums  present  themselves  under  <^««3  in 
rttiona)  forms,  such  as  munmivi, 

a  I  1   4-  p  ilerited  di. 

.  (1  +  w)'"        - Sec  '^^  *^" 

1  —  *'       *  '   '       {a—wy       1— .t' 

their  arithmetical  values,  when  specific  rational  values  are 
awigncd  to  the  symbols,  may  be  determined  without 
ftference  to  the  series  produced  by  their  developement : 
under  Mich  circumstances,  the  arithmetical  sums  of  the 
multiog  series  would  he  thus  completely  determined, 
in  case  such  series  were  convergent. + 

'  Tbe  unn  ilrttlopcmcnl,  Iti  id  mail  genLTuI  wiuc,  mrauii  Um  {icrtunnuicc  Dctdoic- 
tt  •■  «pn«tioia  ur  ol  op«tatioii9,  whicb  in  Ili«  finite  CKpKiiiM)  or  olgrbrair*!  iikiiI- 
«N  an  lodlMlpd  oDl)  and  not  perfunnril. 

f  Wkraveapeikof  ronvci^eiilicrieiin  tLi>iilRcr,wpnifaiiuulon^  IIidm  Canmgpat 
tlM  wben;  (adi  lacceMling  Icfni  i>  ivu  tlwn  tlie  mie  bclbrc  ii,  but  alto  tack  """ 
H  (mcvd  Mrondini!  la  the  |H)wen  ot  wmc  lettir  (with  ■  •petific  nine)  or 


'MBMb"     ^ 


be  derived 
from  ihs 


338.  If,  however,  the  algebraical  sums  do  not  present 
themselves  under  a  rational  form,  or  are  not  explicitly  as- 
signed nor  assignable,  their  arithmetical  values  or  sums  can 
only  be  approximately  determined  by  reference  to  the  con- 
vergent series  wliich  result  from  their  dev elopement,  or 
which  can  by  any  other  means  be  shewn  to  correspond 
to  them  ;*  that  is,  their  values  or  sums  do  not  admit 
of  determination,  either  accurately  or  approximately,  in- 
dei>endently  of  an  operation  or  operations,  eitiier  indicated 
or  understood,  which  must  lead  to  an  indefinite  series: 
thus,  v'S  is  arithmetically  as  well  as  algebraically  equiva- 
lent to 


2.    1-; 


1     1 


1.1 


1 
1.2.4' 


1.1.3 


1 


-&c.^; 


nambeT,  or  combinaticui  of  lucti  leUen  or  munbera;  for  converECiit  and  inde- 
fioite  wriea  which  want  this  cMonlinl  randitian,  may,  in  sume  cana,  liAve  no 
finite  satat  to  which  we  may  apprnximale  by  the  afniT<Eati'>n  **f  Okit  terms  ; 
of  rhiii  kind  ■>  the  series 


7  +  a  +  ii  +  i'* 


uf  Uie  reciprocals  of  the  natural  nntnlwrs,  Uie 
txreHdily  shewn  ufollowa:  form  the  tcnn<  ii 


n  of  which  is  infinite 


.0  periods  of 


the  BLim  ol  the  first  period  in  ^eater  than  twice  tlje  second  term,  or  [^eatcr 
than  )  or  ^;  the  nun  nf  the  second  period  isim-eater  (hnn  twice  its  last  temi. 
which  is  4- ;  the  som  of  tlie  third  period  is  greater  than  its  last  term  mnl- 
tiplied  into  V,  which  is  ^;  tlie  sum  of  the  fourth  period  is  greater  than  its 
Inst  term  mnltipUed  into  2>,  whicii  is  ^i  and  we  shall  thus  Hnd,  that  tiic 
last  tenn  ill  escb  period  nmltiplied  into  the  unrnber  of  (enus  in  that  period, 
will  always  be  4  <  which  is  less  than  the  sun  of  all  the  terms  in  that  pe- 
riod :  and  as  the  nnmber  of  such  periods  is  inQnite,  the  sum  of  the  aeries 
iniut  exceed  jt  x  «,  and  mD9l  therefore  be  infinite. 

•  There  arc  innumerable  cases  where  algebraical  series  may  be  obtwned 
for  quantities,  which  arc  not  expressible  by  any  finite  form,  in  which  the  symbols 
■re  connecled  by  ordinary  algebraical  Ngns:  such  quantities,  whether  sym- 
bolically exiiibitcd  or  not,  are  railed  iraiucriileiidil,  and  their  properties  or 
T*lnes  ore  considered  through  ihe  medium  of  the  series  which  can  be  shewn  to 
bt  equtvalant  to  tbem. 


S9S 

Nit  it   is  cmly   by  the  aggregation  of  the  terms  of   the 


,  that  \ 


I  obtain 


;  value  for  v'3, 


1  approximate  ^ 
nnder  a  finite  and  rational  form ;  that  is,  under  a  form 
which  is  independent  of  the  operation  which  the  sign  V^ 
indicates. 


339-     The  same  algebraical  expression  will  generally  Dif«n»( 
admit  of  different  equivalent  forms,  the  developemcnt  of  J^^d*^ 
which  will  lead  to  very  different  series,  which  will  possess  "Hffiirent 
Tery  different  degrees  of  convergency  or  divergency,  when  toma. 
specific  values  are  given   to  the  symbols :   the  algebraical 
sums  of  such   series  will  in  all  cases   be   the   algebraical 
expressions  from  which  they  are  severally  generated,  and 
wdl  therefore  be  reducible'  to  identity  with   each  other : 
ifaoB  the  series 


(1)     l+n 


(2)  ,r-;i+« 


B(n-t-  1)  .r 

1.2       'P+xf 


.,(» +  !)(»  + 8) 


1.2.: 


f<3)     2-jl 


•C-^)- 


(If)' 
» (»  + 1)  f'-r 


\*  +  i/ 


„(,.  +  l)(n  +  2)/..-l 


L  +  1/ 


\\i)     2-i-jl+i 


•C-^)- 


n(ii+l)     /l 


(i^:)- 


«(o  +  l)(»  +  2)     /l- 


V.1  +x/ 


result  severally  from 

O-ffJ""     -(-,4:.)""     -0-^)"" 

1- J— j      , 

which  are  equivalent  forms  of  (I+.t)";  by  such  trans- 
formations we  are  sometimes  enabled  to  convert  diverging 
series  into  others  which  are  convergent,  or  convergent 
series  into  others  wltich  are  more  so. 

The  arithmetical  summation  of  series,  as  we  have  al- 
ready stated,  regards  generally  the  result  of  an  operation 
which  is  most  conveniently  and  expeditiously  performed 
by  means  of  it,  or  the  nature  of  which  is  known  only, 
as  far  as  it  admits  of  being  ascertained,  from  the  series 
itself,  and  by  means  of  which  alone  the  operation  in  ques- 
tion can  be  performed;  in  all  cases,  we  should  naturally 
select  such  forms  of  the  series,  when  more  than  one  pre- 
sented itself,  as  converged  most  rapidly,  and  were  at  the 
same  time  independent  of  the  particular  operation  which 
was  required  to  be  performed;  though  it  may  sometimes 
happen  that  a  less  convergent  series  would  be  preferred, 
in  consequence  of  its  terms  admitting  of  more  rapid  arith- 
metical calculation.  It  will  be  found  in  the  practical 
applications  of  analysis,  that  there  are  few  subjects  of 
greater  importance  than  the  invention  of  such  series,  and 
the  selection  of  such  forms  as  shorten  as  much  as  possible 
operations  of  very  frequent  occurrence ;  we  are  not  yet 
prepared,  however,  for  the  further  prosecution  of  such 
enquiries,  and  we  shall  conclude  therefore  the  subject 
which  has  already  detained  us  so  long,  by  a  few  observ- 
ations upon  diverging  series. 

Divergent  34,0,     The  algebraical  sums  of  series,  which  become  di- 

iii^ij  Aige-  vergent  when  particular  values  are  given  to  the  symbols,  are 
braiaJ        the  algehriucal  expressions  by  which  the  scries  are  generated, 
and  are  therefore  perfectly  independent  of  their  divergency 
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:  convergency;  but  it  ia  in  the  latter  case  only,  when 
f  series  admits  of  arithmetical  summation,  that  we  are 
t  liberty  to  neglect  the  peculiar  form  of  the  expression, 

with  which  the  series  ia  eesentiallv  connected ;  thua, 

■is  the  algebraical  and  also  the  arithmetical  sum  of  the  series 

1  +  ,IT  +  iT^  +  .r'  +  J*  +  &c. 

when  .V  is  less  thaa  1 ;   but  if  iv  be  greater  than  1,  then 

is  the  algebraical  sum  of  the  series 

coly  so  long   as  it   preserves  ita   primitive   form ;    thus, 
■        is  algebraically  equivalent  to 

1  +  2  +  2^  +  2"  +  2'  +  &c. ; 


but  it  is  no  longer  so,  if be  reduced  to  the  equi- 

Talent  algebraical  quantity  — —   or  —  1 :  for  in  this  latter 

case  there  is  no  peculiar  and  essential  connection  between 
the  algebraical  sum  and  the  series  generated. 


In  a  similar   manner. 


1-1 


-  and  -    are 


jcbraically 


equivalent  to  each  other  and  to  eo  ;  but  it  is  the  first 
of  these  expressions  only,  which  is  algebraically  equivalent 
to  the  series 

1+1+1  +  1+&C. 

iiMRnuch  as  it  is  the  algebraical  form  by  which  the  series 
b  generated. 

341.  In  the  cases  which  we  have  just  been  considering,  <' 
the  algebraical  sums  do  not  give  arithmetical  values,  upon  , 
the  substitution  of  arithmetical  values  of  the  symbols :  A 
bnt  there  are  diverging  series,  whose  terms  are  alternately 


positive  and  negative,  whose  algebraical  sums  give  real 
aritlimetical  values,  upon  such  Rubstitution  of  arithmetical 
values  of  the  syralwli :  of  this  kind  are  the  series  cor- 
responding to ,  for  all  values  of  te  which  are  greater 

than  1 :  thus, 

-i- =  1-2  + 4-8  + 16-32 +&C.; 


i| 


in   this  case,   however,   it  is  ,  —- ■  ,   and  not  -  which  is 
1  +2  3 

arithmetically  equal  to  it,   which  is  the  algebraical   sum 

of  the  series,  inasmuch  as  the  series  is  essentially  comiected 

with  this  peculiar  form  of  the   expression:   neither   is  - 

the  arithmetical  sum  of  this  series,  at  least  if  proper 
regard  be  had  to  the  meaning  which  we  have  hitherto 
attached  to  the  term :  for  in  the  first  place,  in  a  system  of 
arithmetical  algebra,  the  division  of  1  by  3,  or  by  1+2, 
would  be  impossible,  and  no  such  series  could  be  ge- 
nerated :  and  in  the  second  place,  if  we  allowed  the 
existence   of    the   series^   we   should   not   approximate    to 

^ — -   or  -  ,  or   any  other  quantity,   by  the  aggregation 

of  any  number  of  its  terms. 

In  speaking,  therefore,  of  the  sums  of  such  series,  it 
must  be  kept  in  mind,  that  we  mean  algebraical  and  not 
arithmetical  sums ;  and  also,  that  we  are  not  at  liberty 
to  change  the  forms  of  the  expressions  by  which  such 
series  are  generated-" 


1-1+  t-i  +  i  -a^c 

which  U  generated  l)j   j-XT,  lia»  l>een  contidereti  by  LeibiuU:  w  eqaal 
(o  |,  for  the  (ullowing  reasons.     If  tht  nuntbfrof  teniisuf  tliu  series  lie  eno. 
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342.     We  shaU  now  proceed  to  consider  tlie  deyelope-  iki^ft^- 
ment  of  a  poljrnomial,   and  to  ascertain  the  law  of  its  jnayiiomiai. 
general  term,  for  all  values  of  the  index. 

Let 

(o  +  aa^  4-  o«j  +  ...  «0" 

be  the  poljrnomial  whose  index  n  is  a  general  Sjqnbol;  make 

w  =  Oj  +  aj+  ....a^, 
when  the  poljrnomial  will  assume  the  form 

(a  +  ott)"=a*(l+w)»; 

the  developement  of  which,  by  the  binomial  theorem,  gives 
us 

«(n-l) 


(^  »(n  — 1)    , 

t  *-2 

«(n-l)...(n-r.H)^^^    ? 
1  .  2       ....      r  ) 

The  (1  +  r)^  term  of  this  series  is 
n(n  — 1)  ...  (n  — r +  1) 


1.2    ....  r 

n(n  — 1) (n-  r  +  1) 

172     77.  r 


.  a^w*" 


a"(aj  +  02  +  »-««y- 


Inasmuch   9s   r  is  necessarily  a  whole   number,    the 
general  term  of 


it  0;  if  tlieir  Dumber  be  odd,  its  stun  is  1 :  but  an  infinite  number  is 
oddnore^euy  but  partakes  equally  of  the  nature  of  both:  the  ram  of 
Ae  aeries,  therefore,  must  be  equally  related  to  its  soma  upon  both  hypotheses, 

»d  mau  therefore  be  | .  which  U  the  tfithmeticd  me.  between  them.  &uA 

feaaonfaigs  as  these  would  be  admissible,  if  Algebra  was  a  ideiice  composed 
af  a  scrief  of  insulated  results,  each  of  which  was  established  upon  independent 
principles,  and  not  a  complete  system  of  necessary  conclusions  from  the  same 
assumed  principles,  connected  by  demonstratiYe  etidence. 

Pp 
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may  be  derived  immediately   from  the  theorem  given  in 
Art.  250;  and  if 

be  the  sum  of  the  indices  of  o^,   a^^  •  •  ^^   respectively 
in  any  particular  term,  the  term  itself  will  be 

r(r-l)...2.1  ,     , 


1.2..CljX  \*7k  •  •€L^'K  ••••X  1*2..CI, 


consequently,  the  general  term  of  the  poljrnomial  will  be 

n(n  — 1) (»-r  +  l) 


1.2 


Jtigoieiia  r(r— 1)  ....  2.1 

tnrn  X  r-^ =-5 =-t; a'^a^^  a^% . . .  a^ 

n(n  — 1)  ...  (n— r  +  1) 


1.2..  a^x  1.2..a2X  ...  x  1.2..  a^ 


ara^^a^%  •...  a^«« . 


If  the  original  polynomial  had  presented  itself  under 
the  form 

(a  +  Oi  +  a,  +  ...aJ^ 

under  dif.    its  general  term  would  have  been 

reKnt  dr- 

1.2.. .01X1.2. ..a2X....xl.2...aM       \a/    \a)    **  \a/ 
n(n  — 1) (n  — r  +  1)  ^   ^ 


1.2.*aai  X  l*2...a2  X  ...•  x  1.2 .  •  tx^ 


If  we  had  supposed,  as  is  most  commonly  the  case, 
that  the  terms  of  the  polynomial  were  arranged  according 
to  the  powers  of  some  one  letter,  such  as  ^,  as  appears 
in  the  following  form, 


(where  the  index  of  w  is  equal  to  the  distinctive  number 
ahich  is  attached  to  each  letter),  then  the  general  term 
which  we  are  now  considering  would  become 


xl.2, 


xl.S 


343-  In  this  last  case,  however,  the  general  term  of  Mewing  of 
ihe  series  will  generally  have  an  extended  signification,  as  |^  ^^m 
comprehendin?  all  those  terms  in  the  developement,  which  '^  «<*"  ^ 

,  ,  .  ,  f  i        ■      -  1  ■rrmmred 

mvolve    the    same  assigned    power  of  ,t;    for  it  is  usual  armrding 
and  in  most  cases  necessary,  to  arrange  the  terms  of  the  ^'^ 
series  resulting   from   such   dev elopements,    according   to  oneiymboi. 
the  powers   of  some   one   letter:   such  a  term,   which  is 
necessarily    compound,    may  be   formed  from    the  general 
term  already  determined,  in  the  following  manner. 

"Let  the  index  of  .r  in  the  required  term  be  /;  Rule  for  iu 
break  the  number  t  into  parts,  whether  equal  or  different, 
between  1  and  m  inclusive,  and  not  exceeding  n  in  num- 
ber, as  often  as  possible :  the  numbers  in  these  several 
fractures  will  correspond  to  the  several  particular  terms 
which  form  the  compound  term  required." 

For  the  several  numbers  in  these  fractures,  whether 
repetitions  or  not,  will  correspond  to  the  indices  of  .r, 
in  the  terms  of  the  polynomial,  which  enter  into  each 
particular  term,  and  their  sum  will  form  the  index  of  «, 
which  characterizes  the  compound  term :  the  cocfRcients 
of  these  »e\'eral  terms  will  be  determined  from  the  law 
which  has  been  assigned,  when  the  terms  or  their  powers, 
rf  the  polynomial  are  given,   which  enter   in  each  com- 


When  the  index  n  is  a  whole  number,  the  number 
of  partti  in  each  fracture  must  not  exceed  n,  otherwise 
■^  +  a,  +  - .  -«„  would  exceed  j(,  and  the  term  corresponding 
to  them  therefore  could  not  exist  in  the  developement. 


344.     The  law  of  formati. 
ia  included  in  that  of  their 


m  of  these  and  all  other  series 
general  terms;  and  it  is  for 


Uworihii  ihis  reasou  that   we  have   confined   our  attention  to  the 

mem  ^e    general  term  of  the  developcment  of  polynomials   in  the 

r  ^''1         preceding  inveetigiUions :   the  process  wl»ich  we  have  fol- 

BidilEx.    lowed  in  deriving  it,  shews  that  it  is  equally  true  for  all 

T&lues  of  the  index  n,  the  developement  being  necessarily 

co-extensive  with  that  of  the  binomial  (1  +«)". 

It  likewise  appears,  that  integral  powers  only  of  all 
terms  of  the  polynomial  after  the  6rst,  present  themselves 
in  the  resulting  series,  the  first  term  a  being  tlie  only  one 
which  is  affected  with  the  general  index  n :  thb  may  be 
alnays  separated  from  the  rest  of  the  serieB,  being  treated 

I  factor  of  all  its  terms,  precisely  in  the  same 
manner  as  has  been  so  frequently  exemplified  in  the  case 
of  binomials  (Art-  307.)  =  thus, 

-  a:-  +  .T^)"  =  .t"  (1  -  *  +  a-")". 

(3)     (4  -  12a-  +  aO-r"  -  32af*  +  48*')l 
=  8  (1  -  3(F  +  5^  -  8.t^  +  12j7')i. 


3a) 


5r      Y 


3b'"' 

345,  The  following  are  examples,  both  of  the  de- 
duction of  the  series  corresponding  to  polynomials,  and  of 
the  determination  of  assigned  terms  of  them,  whetlier 
simple  or  compound. 

(1)  (a  +  b  +  r)^  =  a^  +  Ba*b  +  5flV  +  lOa't"  -I-  30«^ftc 
4-  lOaV  +  \0a%'  -1-  30a*fcV  -|-  SOa^ftc"  +  lOaV  +  Sn6* 
+  20o6^c  +  30a6V-|-  20o6c'  +  Soc*  +  b^-\-5h*c  +  10A*c" 
+  106'c'  +  5Ar*  +  e^. 
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The  number  of  terms  in  this  developement  =  - — ^  =  21. 
(Art.  260.) 

(2)  (2a -^  +  ~)  i=  16o*  -  48o»6  +  54o'6* 
_  27a6»  +  ^  +  ^^  -  48o«c  +  SGabc  -  96-c 

lb  OD 

32aV       16ac*      .         64gc»       16c'      16c* 
"*■    36*  6      '*■''         "^tF"^  96*  ■'"SU*- 

5.6 
The  number  of  terms  =  ^-^  =  16. 

1.2 

(3)  To  find  the  term  in  the  developement  of 

(a-6-c)^ 
which  involves  a^VtF. 

The  term  required 

=roirl°'<-'>*(-">'=-^>°''''^ 

(4)  To  find  the  term  in  the  developement  of 

(a-6  +  c-d  +  ey*, 
which  involves  ab'c^d^e^. 

The  term  required 

15.14 3.2  ,     .^o  ,,      _.  , 

1.2.1.2.3.1.2.3.4.1.2.3.4.5    ^       ^^     ^       >' 

«=  6405400afc'c'd*e*. 

(6)     To  find  the  term  in  the  developement  of 
(1  +  a^w  4-  aoop*  +  o^ar^  +  a^o?*  +  afta'^)'^ 
which  involves  a?^. 


1 


d02 

The  number  7  >^&y  ^  broken  into  parts  between 
1  and  6  in  the  following  different  ways, 

(1)  6.2.  (8)  3.2.1.1. 

(2)  6.1.1.  (9)  3.1.1.1.1. 

(3)  4 , 3.  (10)  2.2.2.1. 

(4)  4.2.1.  (11)  2.2.1.1.1. 
(6)  4.1.1.1.  (12)  2.1.1.1.1.1. 

(6)  3.3.1.  (13)     1.1.1.1.1.1.1. 

(7)  3.2.2. 

The  term  required  will  therefore  be 

10.9  10.9.8    ,  10.9 

10.9.8  10.9.8.7      ,         10.9.8 

+  TTT"^°*°«+ 1.2.3.1°'  "*  + 17172  •°>"»' 

10.9.8      ,        10.9.8.7    ,  iO.9.8.7.6      4 

+  TXT-"*  "»+  1.2.1.1  "'  "«"'+  1.2.3.4.1    "»  "» 

10.9.8.7        ,      10.9.8.7.6    3    „ 

+  TTXs"'"'  +  1.2.3.1.2  ">"'• 
10.9.8.7.6.6    J      10.9.8.7.6.6.4    7)  ^ 

+    1.1.2.3.4.6- "'"*■*"  1.2.3.4.6.6.7  ■''M*' 

(6.)  (l  +  x  +  a^^=l  +  6a?  +  21af»  +  BOai'  +  90ar* 
+  126iP*  +  141a,*  +  126«'  +  90af*  +  60a;»  +  21a?"  +  6.r" 
+  <v  . 

This  developement  is  effected  by  breaking  the  num- 
bers 1,  2,  3,  4,  6,  6,  (for  the  coefficients  afterwards 
recur  in  an  inverse  order)  into  parts  between  1  and  2 
inclusive,  and  collecting  the  corresponding  terms  severally 
into  one:  thus,  the  middle  term  involving  x^  is  formed 
of  the  terms  (after  the  first)  corresponding  to 
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3.2.2. 
2.2.1.1. 
2.1.1.1.1. 
1.1,1.1.1.1, 
which  are  as  follows: 

.1.2.3.4.5.6^  ^ 

(7)  To  find  the  middle  term  of  (1  +  ^  +  o;^**.  This 
tenn  will  involve  ai^^j  and  will  be  found  to  be 

=^  737890?^^ 

More  generally,  let  it  be  required  to  find  the  middle 
term  of  (1  +  a?  +  w^^.  The  middle  term  involves  a^  and 
the  number  n,  if  broken  into  parts  between  1  and  2  inclu- 
sive, will  present  the  following  series  of  fractu/res. 

(1)  n  units :  n  parts. 

(2)  (n  —  2)  units :  one  2  (n  —  1)  parts. 

(3)  (n  —  4)  units :  two  2*  (n  —  2)  parts. 

(4)  (n  —  6)  units :  three  2*  (n  —  3)  parts, 

\{r  +  1) J     («  —  2r)  units :  r . .  2*         (n  —  r)  parts. 

The  successive  numerators  of  the  coefficients  are 
n(«  —  1)...2.1,  «(n  -  1)...2,  n.(n  —  1)...3 
n  (n  —  1),..4, n(«  —  1)...(^  +  l)...&c. 

the  saooessive  denominators  are 

1.2... .n,    1.2...(n- 2)  X  1.,    1.2...(»  -  4)  x  1 .2, 
1.8...(«  — 6)x.l.2.3.,,..1.2...(«  — 2r)xl.2...r,,.. 


SM 


It  follows  therefore  that  the  coefficient  of  the  tiiiddit 
term*  required  is 

njn-l-)       «(«-l)(«-2)(B-3) 


1  +  - 
n(n  - 


1 .2  1 . : 

1)  (n  -  2)  (»  - 


1. 


3)(„-4)(„-5) 


njn-  1) {w-(2>-  + 


IS.. 


<1.2....: 


ili+Scc. 


I 


(8)  1  +  ,T  +  a;'  +  a^)"  =  1  +  6:t  +  21.r=  +  56.*' 
+  \2Qx*  +  216a^  +  336^;'  +  456.;^'  +  54Gj?*  +  SSG-v" 
+  5*6;!'"'  +  456a!"  +  336.^''  +  216^"  +  120,r"  +  5G.v'' 
+  21a;"'  +  6^"  +  x'\ 

(9)  To  find  the  term  of  the  developemeat  of 

(l+a:  +  **  +  *»+  .vy 
which  involves  .u'*. 

The  number  12  may  be  broken  into  parts,  between  1  and 
4  inclusive,  not  exceeding  10  in  number,  in  31  different 
ways,  the  first  being  4,  4,  4,   and  the  last 
2,  2,  1,  1,  1,  1,  1,  1,  1,  1. 
The    sum    of  all    the    terms    corresponding     to     these 
fractures  is  1 82005  ,r'=t- 

*  Tbe  Bqntre  of  the  coefficieol  of  the  middle  term  of  (l-f-T+it')**  a 
equal  to  tbe  sum  of  tbe  squares  of  tbe  coefficiGtitt  of  tlie  seriea  for  (l+z-t-z")* ; 
HDd  the  lame  reJition  e\i»ls  hetween  themiildic  tcrin  of  (1 +*  +  at'+„.i")" 
and  the  eiuu  of  squares  of  the  coefficients  of  the  scries  for  (I-f-3;+i'+. .  .x")*: 
forif  nemake    (l  +  i+i"  +  .  ,3")"  =  l  +  m3:  +  ii,i'  +  . ..■_*— 

{l  +  x  +  i'  +  j-)-=:l  +  a.a:  +  a,2J+a«i-, 
it  will  readily  appear  that  tbe  term  in  their  prodact  whicb  iototves  x^,  nLicU 
i*  tbG  middle  tenn  of  (I +i-  +  i'  +  .  ..i")*,  wUI  be 
=  (IX  o™  +«.  X  a«-i  +<i,  X  o-_.+  ...  +  o»_.  X  a,  +a_  x  !)i- 

=  {l'  +  a"4-o.'  + B-,-,"  +  a,*')i-, 

■ince  I=(t„,   fli  =  a__i,  ri  =  <i«.- t.  and  so  on,  for  tbe  coeflicients  of 
bU  the  terma  which  are  equidistant  (ram  tlie  hegiauing  and  tlie  end. 

t  Id  thi«  and  limilar  caacs,  the  term  in  question  may  be  dcteniuacd,  ag 
well  a*  the  developcment  of  the  aeries  very  e»sily  effected,  by  considerine 
(l  +  i  +  jr  +  a^''  +  T')i°  =  / jjr_\  BJ»d  by  mnltiplyirg  togeUicr  tlie  serie.s 
foe  (I— jt^Vaiid  (I— jr)~". 


(10.)     (2  -  5a?  —  7*'  +  <r»  +  3^^)*  =  32  -  400.« 

+  1440.if*  +  eSOar*  -  llSgO.t''  +  IdSSx'  +  47025.ir" 

+  5435^:'  -  11184S.r'  -  flliS.t'  +  lOSOTS.r"* 

+  119495J7"  -  36185.r'-  -  86056,p''  -  8165a>'* 

f+  31141J-"  +  9465,p'*  -  5716*"  -  2565.1'"  +  iOSV 

+  243  ,r". 

346.     The  solution  of  the  follo»-ing  problem  is   con-  Problem  in 


lethods  we  have  jiist  l>eeii 


Dected  with  the  formulse  am!  i 
ccmsideriDg : 


*'  What  is  the  chance  of  throwing  any  assigned  number 
«  +  n  in  7t  throws  with  one  die,  or  in  one  throw  with 
n  dice?" 

The  faces  of  the  die  being  marked  with  the  numbers 
1,  S.  3,  4,  5,  6,  the  minimtim  tlirow  is  clearly  n,  when  n 
at-es  are  thrown. 


It  would  be  the  same  problem  therefore  if  the  faces  of 
the  die  were  market!  with  0,  1,  2,  3,  4,  5,  and  the  niunber 
required  to  be  thrown  was  not  m  +  n  but  m. 

The  whole  number  of  combinations  both  favourable  and 
unfavourable  is  6"  (Art.  245.) ;  but  those  combinations 
■re  alone  favourable,  the  sum  of  the  numbers  in  which  is 
equal  to  tn :  if  we  represented  therefore  the  several  faces 
of  the  die  by  af,  ar',  a;",  nr',  at*,  n^,  the  number  of  those 
fsvourable  cases  would  be  that  coeflicient  of  the  terra  in 
the  developement  of  (1  +  a;  +  ,r'  +  •jt'  +  .r*  +  »■*)",  which 
involved  j":  for  that  coeflicient  would  denote  the  num- 
ber of  all  those  combinations  of  tlie  face.')  or  their  reprc- 
wntatfves  which  made  up  the  required  sum. 

The  chance  required  -will  be  found  by  dividing  this 
covfficient  by  6'.     (Art.  266.) 
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It  18  obvious  that  the  same  problem  would  be  solved 
by  making 

and  ooUectiiig  those  terms  in  the  product  of  the  series  for 

(1  -arV  and  (1  -  j?)-* 
which  involved  af^i  the  coefficient  of  this  term  is  as  follows; 

fi(n«f  1)  ...  (n-f  m-1)      n.(n-fl)  ».  (n-f  m  — 7) 
1.2....  m  1.2...        (m  —  6)     ' 

n(n4-l).*.(n-f  fi»— 13)  w(n— 1) 
"*"      1.2...     (m-12)     •    1.2.    ~^''* 

y    tvr  t»(n4-l)...(n-i-f»— 6r— 1)  n.(n— l)..(n— r+1) 
^      ^       1.2...       (m  —  6r)  1  .  2 .  .  .    r 

the  series  terminating,  when  6r  +  1  is  equal  to,  or  greater 
than,  m, 

Ezimplet.         347-     To  find  the  chance   of  throwing  17  in   three 
throws  with  a  single  die. 

Since  17  —  3  =  14,  we  must  break  the  number  14 
into  parts  between  1  and  6  inclusive,  not  exceeding  3  in 
number:  there  is  only  one  such  fraction,  which  is 

6,  6,  4, 

and  the  coefficient  corresponding  is 

3.2.1 


1.2.1 


=  3. 


3         1 
The  chance  therefore   ==  ts  =  zr:  • 

6'       72 

348.     To  find  the  chance  of  throwing  18  in  one  throw 
with  5  dice. 
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Since  18  —  5  =  13,  the  number  13  must  be  broken 
into  parts,  between  1  and  5  inclusive,  not  exceeding  5  in 
number :  the  number  of  such  fractureB  is  20,  beginning 
with  5,  5,  3,  and  ending  with  3,  3,  3,  2,  2 :  the  sum  of  the 
coefficients  of  the  corresponding  terms  in  the  developement 
of  (1  +  «  +  jf*  4-  a?*  +  ar*  +  ^Y  is  780,  which  denotes 
the  number  of  cases  favourable  to  the  hypothesis  made: 
the  chance  therefore  required 

_  780  _  780 

""  6*  ~  7776* 

The  same  conclusion  may  be  much  more  readily  de- 
duced from  the  second  formula,  which  gives  us  for  the 
favourable  cases 

_5.6....17      5. 6. ..11   ^ 
""1.2...   13""    1.2. .7 

+  5.^=780. 


CHAP.   XI. 


On  Ba- 


I  Proportione. 


^Bi  xdinuy 
^H>  Bnning. 


In  whit 


I 


34>9-  The  term  Ralio,  in  ordinary  language,  is  used  ' 
to  express  the  relation  which  exists  between  two  quan- 
tities oF  the  same  kind  with  respect  to  magnitude:  thus 
we  speak  of  the  ratio  of  two  numbers,  of  two  lines,  of 
two  areas,  of  two  forces,  of  two  periods  of  time  and  of 
any  other  concrete  quantities,  the  relation  of  whose  mag- 
nitudes to  each  other  admits  of  being  estimated. 

350.  The  definition  of  rado  in  Algebra,  like  all 
other  definitions  in  that  science,  must  be  an  assumption 
adapted  as  much  as  possible  to  its  popular  usage,  in 
Arithmetic  or  Geometry  or  in  both,  in  order  that  the 
conclusions  which  are  founded  upon  it  or  represented  by 
means  of  it,  may  be  transferred  to  those  subordinate  sci- 
ences: in  order  properly  to  effect  this  object,  it  will  be 
necessary  to  commence  by  endeavouring  to  ascertain  what 
the  meaning  and  usage  of  this  term  in  those  sciences 
really  is. 

361.  A  Tatio,  (the  word  is  here  used  absolutely)  con- 
sists of  two  terms  or  members,  which  are  denominated  the 
antecedent  and  the  consequent:  it  is  denoted  in  arith- 
metic as  well  as  in  geometry,  by  writing  the  antecedent 
before  the  consequent,  with  two  dots,  one  above  the  other, 
between  them :  thus  the  ratio  of  3  to  5  is  written  as  fol- 
lows; 3:5.  In  a  similar  manner,  if  a  and  b  denoted  any 
two  other  numbers,  lines  or  other  magnitudes  of  the  same 
kind,  their  ratio,  whatever  it  may  mean,  would  be  denoted 
by  a  :  A, 

352.  Such  &  mode  of  representing  a  ratio,  merely 
■  exhibits  its  terms  to  the  eye  as  objects  of  comparison,  and 
consequently  conveys  to  the  mind  no  idea  of  absolute  mag- 
nitude :  it  may  be  called  the  gemnetrical  representation  of 
ratio,  being  the  only  one  which  is  used  in  that  science :  for 


thougti  in  geometry  we  may  agree  upon  various  modes 
of  representing  ratios,  yet  they  must  all  of  them  be  equally 
arbitrary  or  independent   of  each  other:  for  there  is  no  P 
geometrical  definition  of  ratio,  by  which  the  equivalence  „ 
of  diiferent  modes  of  representation   may  be   ascertained  " 
as  necessary  consequences  of  it ;    for  ratio  is  said  to  be 
the  relation  of  quantities,  of  the  same  kind  with  respect 
to  magnitude,  a  description  of  it«  meaning  much  too  vague 
to  be  considered  as  a  definition,  and  therefore  not  capable 
of  being  made   the  foundation  of  other  propositions    re- 
specting it:  it  is  for  this  reason  that  ratios  in  geometry 
«re  only  considered  in  connection  with  each  other,  as  con- 
■tituting  or  not  constituting  a  proportion. 

353.  A  little  examination  liowever  of  some  of  the  con-  f 
ditions  which  ratios,  taken  according  to  the  popular  usa^e  ^ 
of  the  term,  must  satisfy,  will  lead  to  an  arithmetical  mode  " 
of  repre'ienting  them,  by  which  their  absolute  magnitude 
may  be  ascertained,  and  which  will  thus  conduct  us  to  an 
arithmetical  and  also  to  an  algebraical  definition  of  ratio, 
which  will  be  independent  of  the  connection  of  ratios  with 
each  other :  for  it  is  perfectly  conformable  to  our  common 
idea   of  ratios,   to   consider   them   in   the   first   place,   as 
necessarily  the  same  for  the  siune  magnitudes,  in  what- 
ever manner  they  may  be  represented;  and  in  the  second 
place,  as  independent  of  the  specific  affections  or  proper- 
ties (of  the  same  kind)  of  the  magnitudes  themselves. 

354.  Thus,  if  two  lines  admitted  of  resolution  into  3  c 
and  5  parts  respectively,  which  were  equal  to  each  other,  " 
the  lines  themselves  might  be  correctly  represented  by  the  «■ 
numbers  3  and  5,  and  their  ratio  by  3  :  5.    But  the  common  ^ 
unit  of  their  primary  division  is  itself  divisible  into  2,  3 
V  m  equal  parts,  and   the   numbers  of  these  successive 
part*  which  the   original  lines  would  contain,   would  be 
iBTcnlly  6  and  10,  9  and  15,  3i»  and  5m,  which  might 
denote  them  equally  with  the  original  numbers  3  and  5 ; 
their  ratio  therefore,  which  remains  the  same,  in  coofbr- 
mity    with   the  principle   referred  to,    would   be  equidly 

Med  by  6  :  10,    9  :  IS,    3m  :  5m. 


■Idefi. 

I 
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Again,  this  mode  of  representing  lines  and  their  ratiu^ 
which  possess  this  particular  relation  to  each  other,  i& 
equally  applicable  to  any  other  magnitudes  of  the  same 
kind  which  posseas  the  same  relation  to  each  other :  thus 
two  areas,  two  solids,  two  forces,  two  periods  of  time^ 
may  be  so  related  to  each  other,  as  to  admit  of  resolution 
into  3  and  5  parts  or  units  respectively,  which  are  equal 
to  each  other:  under  such  circumstances  they  must  admit 
likewise  of  resolution  into  numbers  of  parts  or  units  equal 
to  each  other,  which  are  any  equimultiples  of  3  and  5: 
such  pairs  of  numbers  therefore,  will  equally  represent 
those  magnitudes,  and  will  likewise  equally  form  the  ' 
terms  of  the  ratio  which  expresses  their  relation  to 
each   other. 

355.  The  preceding  observations  will  conduct  us 
naturally  to  the  following  conclusions  : 

(1)  Magnitudes  of  the  same  kind,  which  admit  of 
resolution  into  any  numbers  of  parts  or  units,  which  are 
equal  to  each  other,  may  be  properly  represented  by 
Buch  numbers,  or  by  any  equimultiples*  of  them. 

(2)  The  numbers  which  represent  two  magnitudes  of 
the  same  kind  will  form  the  terms  of  the  ratio,  which 
expresses  their  relation  to  each  other :  and  this  ratio 
remains  unaltered,  when  its  terms  ore  replaced  by  any 
equimultiples  of  them. 

(3)  Such  ratios  are  dependent  upon  the  numbers 
which  form  their  terms  only,  and  ore  the  same,  whatever 
be  the  nature  and  magnitude  of  the  concrete  unit  of  which 
those  numbers  may  be  respectively  composed. 

356.  All  these  conditions  will  be  f\illy  satisfied,  if  we 
ag^ree  to  denote  a  ratio  by  means  of  a  fraction,  of  which 
the  antecedent  is  the  numerator,  and  the  consequent  the 
denominator:    for    the    value    of    this    fraction   is   deter- 
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ininM  solely  by  the  numbers  which  fonn  its  numerator 
Biiti  deDominator,  and  in  entirely  independent  of  the  spe- 
cific value  or  nature  of  the  units  of  the  same  kind,  of 
which  they  are  respectively  composed:  and  it  remains 
unaltered,  when  its  numerator  and  denominator  are  mul- 
tiplied or  divided  by  the  same  number,  that  is,  when  the 
terms  of  the  ratio  corresponding,  are  replaced  by  any 
equimultiples  of  them. 

In  arithmetic,  therefore,  a  ratio  may  be  defined,  as  A 
the  &action  whose  numerator  is  tlie  antecedent,  and  deno-  ^, 
minator  is  the  consequent  of  the  ratio.  " 

357.  In  algebra  likewise  we  adopt  the  same  definition,  A 
considering  the  ratio  of  two  quantities  expressed  by  symbols  „^ 

9  and  6,  as   a   phrase  synonymous  with   the  fraction   - : 

in  this  science,  therefore,  there  is  a  meaning  to  be 
attached    to  the  ratio  of  a  to  b,    whenever  there    is    a 


meaning  to  be  attached  to  the  fraction 


ft' 


whether   the 


quantities  which  they  denote  are  of  the  name  or  a  different 
kind,  or  possess  the  same  or  different  algebraical  signs: 
in  other  words,  there  is  no  limit  to  the  interpretation  of 
the  term  ratio,  when  thus  applied,  which  is  different  from 
that  which  belongs  to  the  interpretation  of  the  equivalent 
&w:tion. 

It  appears,  therefore,  that  both  in  Arithmetic  and 
Algebra,  the  theory  of  ratios  becomes  identified  with 
the  theory  of  fractions, 

358.     The  symbols  of  algebra  represent  geometrical  as  Ii 
well  as  other  quantities,  and  the  lines,  areas  and  solids  of  ^ 
gmoaetry,  are  thus  brought  within  the  range  of  this  defini-  »' 
tion :  it  must  he  kept  in  mind  however,  that  it  is  only  by  " 
laiadcring  geometry  as  a  science  subordinate  to  algebra, 
that  such  quantities  admit  of  the  mode  of  representation 
which  that  defmilion  renders  necessary  :  for  tliere  is  no  geo- 
■Krical  mode  of  representing  the  division  of  one  line  by 


another,  or  the  result  of  such  a  diTision :  for  this  result 
[.  can  bear  no  analogy  to  the  quantities  which  produce  it, 
'Q  being  essentially  numerical  and  consequently  not  capable 
of  being  represented  by  a  line,  unless  in  a  symbolical 
sense,  which  under  all  circumstances  must  be  difierent 
from  that  in  which  tlie  other  lines  are  used.  It  is  of 
great  importance  to  attend  to  this  distinction,  as  it  serves 
not  only  to  explain  the  reason  why  there  is  no  indepen- 
dent definition  of  ratio  in  geometry,  but  also  why  in 
comparing  different  ratios  of  geometrical  lines  or  areas 
with  each  other,  with  reference  to  their  identity  or  diver- 
sity, we  are  not  at  liberty  to  avail  ourselves  of  the  alge- 
braical definition  of  ratio,  unless  we  first  change  the  mode 
of  representing  the  quantities  which  are  the  objects  of 
the  investigation,  and  resort  to  the  use  of  symbolical 
language. 

359.     The  idetitity  of  the  definitions  of  ratio  in  arith- 

-  metic  and  algebra,  makes  it  indii&rent  whether  the  quanti> 

ties  which  compose  the  terms  of  a  ratio,  present  themselves 

"  under  an  arithmetical  or  symbolical  form :   for  the  tran- 

!-  sition  from  one  to  the  other  is  immediate,  so  long  as  it 

can  be  effected  by  an  operation,  which  in  one  is  indicated 

and  not  performed:   thus  the  ratio  of  ^i  to  the  ^9  ear 


V9. 


is  idcDtica]  with  ^,  though  one  ratio  is  symbolical 


or  algebraical,  and  the  other  arithmetical ;  the  same  tran- 
sition may  be  likewise  made,  whenever  there  is  a  symbolical 
common  measure  of  the  terms  of  a  ratio,  which  leaves, 
when  removed,  an  arithmetical  result ;  thus 
V^13         JSxJi 

J2xji5       Jib 

"4/125       S 
and  similarly  in  other  cases. 


!   781  _4/3x.ya7 

i  ■  7375       ^3x4/125 


1^ 
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We  shall  now  proceed   to  the  statement  of  stane 
r  the  more  commoR  propoeitiuna  concerning  ratios,  which, 
Aough  merely  properties  of  arithmetical  and  other  frac- 
tions,   admit   of  many    important    applications,    and    have 
given  rise  to  some  most  important  theories. 

"  Hstios  are  compared  with  each  other,  by  comparing  9 
Uie  fractions  by  which  they  are  denoted.""  ^ 

Thus,  the  ratios  of  3  to  S  and  of  5  to  8,  are  denoted 
the  fractions  ^   and   g:   these  are  identical   with  the 
fractions  ^  and  ^ :  it  is  the  second  of  these  ratios,  there- 
fore, which  is  the  greater  of  the  two, 

361.  A  ratio  of  greater  inequality  is  one,  whose  an-  H 
tccecient  is  greater  than  its  consequent:  a  ratio  of  Isea 
inequality  is  one,  whose  antecedent  is  less  than  its  con- 
sequent :  a  ratio  of  equality  is  one,  whose  antecedent  is 
equal  to  its  consequent :  the  first  corresponds  to  an  im- 
proper fraction,  the  second  to  a  proper  fraction,  and  the 
third  to  unity.  The  following  proposition,  connected  with 
ratios  which  arc  thus  denominated,  is  frequently  used. 

362.  "  A  ratio  of  greater  inequality  is  diminished 
and  one  of  less  inequality  increased,  by  adding  the  some 
quantity  to  both  its  terms." 


IttM: 

._itiw  of        ' 
orlRM 


brrmcd  by  adding  the  same  quantity  x  to  both  its  terms : 
these  fractions  reduced  to  a  common  denominator,  become 


h{b  +  m) 


and 


6(4+..)- 


rwpectirely :  if  «  be  greater  than  6,  or  if  the  primitive 
ratio  he  one  of  less  inequality,  the  first  fraction  is  the 
greater  of  the  two,  which  is  diminished,  therefore,  by 
die  addition  of  the  same  quantity  to  both  its  leniDi :  hut 
Rr 
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if  d  be  less  than  by  or  if  the  primitive  ratio  be  one  of  ksfif 
inequality,  the  first  fraction  is  the  less  of  the  two,  whid^ 
is  increased  therefore  by  the  addition  of  the  same  quantity 
to  both  its  terms. 

Meaning  of        363.     If  there  be  several  ratios,  whose  antecedents  are 

two'o^      multiplied  together  for  a  new  antecedent,  and  their  con- 

nxrtc  zmtiof.  sequents  together  for  a  new  consequent,  the  resulting  ratio 

is  called  the  sum  of  the  component  ratios :  in  other  words, 

the   sum  of  two  or  more  ratios  is  the  product  of  the 

fractions  which  denote  them. 

Exunples.  Thus,  the  sum  of  the  ratios  of  a  :  b  and  c  :  d  is 
ac  :  bd. 

When  the  jf  ^jjg  consequent  of  one  ratio  become  the  antecedent 

consequent  *" 

of  one  imtio  of  the  next,   the  sum   of  any  number  of  such  ratios  is 

cetot^"  ^^  ^^^^'^  ^^  ^^  ^^^  antecedent  to  the  last  consequent, 
the  next 

If  the  ratios  be  a  :  6,  6  :  e,  c  :  d,  and  d  :  e»  their  sum 

abed      abed       a 
beds       bcde       e  * 

A  dnpliote  The  sum  of  two  equal  ratios,  or  the  double  of  any 
ratio,  is  the  ratio  of  the  square  of  the  antecedent  to  the 
square  of  the  consequent. 

Fpr  the  sum  of  the  ratios   a  :  b  and  a  :  6  is 


a 

a 

r 

a- 

b 

X 

b 

- 

A^* 

A  triplicate  In  a  similar  manner,  the  triple  of  any  ratio  is  the 
ratio  of  the  cube  of  its  antecedent  to  the  cube  of  its 
consequent. 

For  the  sum  of  the  ratio  of  a  :  6,  added  thrice  to- 

^,        .     a       a       a       a^ 
gether,  is-x^x-=-5. 
0       b       b       b 

More  generally,  the  sum  of  n  times  any  ratio,  such 
as  o  :  6,  is  the  ratio  of  a"  :  b^. 
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For  the  product  of  i   into  itself^  repeated  as  a  factor 

n  tunes,  is  -r-- 

a" 
In  the  same  sense,   a"  :  1   or   y  or  a",  is  n  times 

the  ratio  of  a  :  1. 


364.  It  is  in  this  sense,  that  the  powers  of  numbers  Lpguidun: 
may  be  considered  as  multiple  ratios  of  the  simple  num-  tiveoMtt. 
hers  to  1 ;   thus,  10-  :  1  or  10%  may  be  termed  the  double  ««• 

of  the  ratio  of  10  :  1 ;  10*  :  1  or  10*,  the  quintuple 
of  that  ratio,  and  similarly  for  other  cases,  the  index 
of  the  power  being  the  measure  of  the  number  of  simple 
ratios  whose  addition  forms  the  compound  one:  the  term 
logarithm  means  the  number  of  ratios,  and  is  therefore 
equivalent  in  signification  to  the  index  of  the  number, 
which  forms  the  fundamental  ratio. 

Thus,  if  the  fundamental  ratio  be  a  :  1  or  a,  then  2 
tt  the  logarithm  of  a*  :  1  or  of  a^ ;  3  is  the  logarithm  of 
o^  :  1  or  of  a^ ;  and  n  is  the  logarithm  of  a"  :  1  or  of  a\ 

1        •        a* 

365.  Again,  o*  :  6*  or  --r ,  is  the  half  or  sttbdupli-  ^  •«'»- 

o^  '^  *        duplicate 

«rfe  of  the  ratio  o(  a  :  b;  {or  the  double  of  the  ratio  of  '**^* 
oi  :  ftMs 

a*       a*       a 

_i 
The  ratio  of  a*  :  b^  or  -^  ,  is  the  subtriplicate  of  the  A  sub- 

6*  ^  tripUoUe 

ratio  of  a  :  6;   for  the  triple  of  that  ratio 

a*       a^       a^       a 


Sl6 

KA  inqBi-  The    ratio   of   a*  :  M    is    the    sesijuiplicate'    ratio   of 

a  :  b;  for  the  sum  of  the  simple  and  subduplicate  ratio 
of  a  :  A 


The  ratio  of  n"  :  //"  is  •■  th  part  of  the  ratio  of  n  :  6 ; 

n 

for  n  times  the  ratio  of  a"  :  6"  is  the  ratio  of  a  :  6. 


Bsioided  3gg     Ij,  ^  similar  manner,  n"  :  1  or  a"  is  the  «"'  part 

«e  of  ih*  _     _  '  *^_ 

Tm  loga.    of  the  ratio  of  «  :  1  ;  anil  it  is  an  easy  and  natural  extension 

to.  '      1 

to  call  -  the  logarithm 
,   the  fimdamental  ratio 


of  the  term  logarithm 
1    or  of  « 


of  the  ratio  of  a' 
being  a  :  1. 

367-  The  theory  of  the  ratios  of  incommensiirable 
quantities  and  the  modes  of  approximating  to  their  values, 
involve  necessarily  the  comparison  of  ratios  with  each  other, 
with  respect  to  tlieir  identity  or  diversity ;  and  it  is  for  this 
reason  that  the  consideration  of  them  would  most  naturally 
■Propociion.  follow  the  definition  of  proportion  and  its  dependent  pro- 
positions :  we  shall  proceed  therefore  at  once  to  this  second 
subject,  which  is  of  such  immense  importance  in  Geometry, 
and  wliich  presents  itself  in  so  many  forms  in  oil  the 
practical  applications  of  mathematics. 

*  Before  the  introdDcUoD  of  fractional  aud  f!;eiieral  indicen  into  Algebra, 
when  Geometry  was  used  as  a  ByniboliCBl  Ecience  to  represent  tlie  relations  of 
every  ipecies  of  qaanlity,  Ibaso  niodilicatjous  of  numben  which  indices  cuprcsi 
BO  briefly  and  w  unilannly,  nece  considered  at  tbe  results  of  ratios,  anil  were 
deugnaled  by  an  extremely  complicated  nomenclature :  ut  lliis  kind  were  die 
terms  setquipiuatc  and  others,  which  have  been  explaiaed  in  the  text :  for  the 


reipondiug  to  other  indices,  sndi  tu 


m,  extreme]  jr 


einbarcauing  combinadons  of  nnmcrical  terms  were  required:  it  is  easy  ti 
conceive  how  much  tbe  difficulty  even  of  the  most  simple  investigationa  mus 
hne  been  increased,  when  euciinibtrcd  by  sncit  n  nnnenclalnrc  and  its  cor 
,  reppoiKiiiiK  interpretation. 


I  *'  Proportion  consists  in  tlic  equality  of  two  ratios."        IwacBnl- 


A  proportion  (the  term  is  here  used  absolutely)  is 
composed  of  four  terms,  the  first  and  third  of  which 
are  the  antecedents,  and  the  second  and  fourth  the  con- 
sequents, of  the  ratios  which  are  required  to  be  equal 
to  each  other. 

368.     A  proportion  in  Geometry  is  expressed  by  con-  ; 
nectiug    the  two  ratios,   written  geometrically,   with  the 
sign  :: ,  which  is  used  to  denote  their  identity  with  each  tie 
other ;  thus,  if  o  :  6  and  c  :  d  be  the  ratios  which  con-  "* 
stitute  a  proportion,   they  are  written  thus, 

a  :  b  ::  n  :   d. 

The  same  method  of  exhibiting  a  proportion  is  very  u 
commonly  used,  both  in  Arithmetic  and  Algebra,  what-  ^ 
ever  be  the  nature  of  the  quantities  which  compose  it.  A 

369-     The  definition  of  a  ratio  which  is  given  in  Arith-  A 
metic  and  Algebra,  will  necessarily  lead  to  a  mode  of  cxhi- 
biting  a  proportion  which  is  appropriate  to  those  sciences:  for  "^ 

if  -  and  -  denote  the  ratios  respectively  which  constitute 

a  proportion,  the  proportion  itself  must  he  expressed  by 
the  equation 


i 


It  is  the  equality  of  these  fractions  which  is  the  teat 
of  proportionality,  or  of  the  equality  of  the  ratios,  which 
in  csM-ntial  to  their  forming  a  proportion:  it  may  be  as- 
certained, therefore,  whenever  the  values  of  these  fractions 
can  be  calculated  or  determined. 

370.  There  is  another  form  of  this  equation,  which  is  de-  ^f^'"" 
dudble  from  it,  and  which  expresses  therefore  the  same  rela-  imncs 
tiim  of  the  quantities  involved  in  it,  and  which  is,  genernllv  "•"?' '" 
^leaking,  more  convenient  for  the  pur]Kiscs  of  calculotion  :  thimcui*. 
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Q  C 

if  the  fractions  -  and   --•  be  reduced  to  a  common  de- 

b  a 

nominator,  the  equation 

a       c    ^  ad      be 

-  =  -     becomes    —  =  — ; 
b       d    "*^'"*^    hd      bd' 

or,  omitting  the  common  denominator, 

ad  ^  be* 

It  appears,  therefore,  that  if  four  quantities  constitute 
a  proportion,  the  product  of  the  extremes  is  equal  to  the 
product  of  the  means. 

Iticon-  371.  Conversely,  if  the  product  of  any  two  quantities  be 

"*"*'  equal  to  the  product  of  two  others,  they  will  be  convertible 
into  a  proportion,  by  making  the  terms  of  one  product  the 
extremes,  and  the  terms  of  the  other  product  the  means. 

For  if  ad  =  &c,  we  obtain,  by  dividing  these  equal 
quantities  by  bdj 

a       c 

b"^  d' 

which  is  the  algebraical  mode  of  expressing  the  proportion 

a  :  b  ::  c  :  dy 

or  c  :  d  ::  a  :  b; 

in  the  first  of  which,  a  and  d  are  the  extremes,  and  6  and  c 
the  means;  and  in  the  second,  c  and  6  are  the  extremes, 
and  d  and  a  the  means. 

Continued  3^2.    If  the  two  mean  terms  of  a  proportion  are  equal, 

propora      ^^  ££  ^j^^  consequent  of  one  ratio  be  the  antecedent  of  the 

next,  the  product  of  the  extremes  is  equal  to  the  square 

of  the  mean:  for  in  this  case, 

a       b  ac       V^ 

-  =  -,     or    — =  — , 
be  be       be 


In  this  case,  the  terms  a,  h,  c  i 
proportion. 


B  said  to  be  in  continued 


373.  Before  we  proceed  further  with  the  examination 
of  the  consequences  of  our  definition  of  proportion,  it  may 
be  proper  to  consider  how  far  this  definition,  and  therefore 
the  test  of  proportionality  which  it  leads  to,  is  consistent 
with  the  notions  which  we  attach  to  the  term  proportion 
in  ordinary  language. 

In  tbe  first  place,  we  frequently  confound  in  ordinary  ' 
language,  the  terms  ratio  and  proportion  with  each  other :  p 
thus  it  is  equally  common  to  say,  that  two  lines  or  other  " 
quantities  are  in  the  ratio  of  3  to  5,   or  that  they  arc  a 
in  the  proportion  of  3  to  5 :  both  these  forms  of  expres- 
sion  are   elliptical,  though  in  different  degrees:   the  first 
is  equivalent  to  saying,  that  the  ratio  of  the  two  lines 
DT  quantities  is  equal  to  the  ratio  of  3  to  5,  and  leaving 
it  to  be  inferred  from  thence,  that  they  constitute  a  pro- 
portion :  the  second  may  be  considered  as  an  abbreviated 
mode  of  asserting,  that  the  two  lines  and  the  two  numbers, 
fiirm  the  terms  of  a  proportion.     In  both  cases  there  is 
the  same  tacit  reference  made  to  the  conditions  requisite 
to  establish  a  proportion. 


374.    The  adjective  proportional  is  still  more  variously  '-'"B"  "^ 
axd,  though  in  all  cases  it  will  be  found  to  be  equivalent  to  propor. 
tbe  axKcrtion  <)f  a  proportion  between  certain  quantities,  '' 
dther  expressed  or  understood :  thus,  when  we  say  that 
the  intereat   of  money   is  proportional  to  the  principal 
we  merely  express  in  a  very  elliptical  form,  the  following 
proposition :  "  The  rate  of  interest  and  the  time  for  which 
il  is  due  being  the  some,   any  two  principals  and  their 
ranvsponding  amounts  of  interest  will  constitute  the  terms 
of  a  proportion."    Thus,  if  J?100.  in  one  year  will  produce 
£&.,    £100.  in  the  same  time  and  at  tbe  same  rate  will 


I 


I   Uugi;  nf 
tbephtuc 

'   "in  the 


Tliecffi^ct 


Wh^  the 
deptndtncc 
it  physical. 


produce  ^36.;  or  in  other  words,  100  and  700.  5  and  36, 
will  form  the  terms  of  the  proportion 

100  :  700  ::  5  :  35. 

375-  Another  mode  of  expressing  the  same  proposition 
will  serve  to  illustrate  the  efforts  made  In  ordinary  language 
to  avoid  the  tediousness  which  statements,  strictly  con- 
formable to  the  arithmetical  definition,  would  render  more 
or  less  necessary.  When  speaking  of  the  dependence  of 
the  interest  upon  the  principal,  when  the  rate  and  time 
is  given,  we  should  say,  that  "  In  whatever  proportion 
the  principal  was  increased,  the  interest  would  be  increased 
in  the  same  proportion;"  a  proposition  wliich  might  be 
applied  to  the  preceding  example  iu  the  following  manner; 
"  If  there  are  two  principal  stims  of  money,  .£100.  and 
^7*^'>  which  form  a  jiroportion  with  the  numbers  1  and  7i 
then  the  amounts  of  interest,  5  and  35,  of  those  two  prin- 
cipals, will  likewise  form  a  proportion  with  the  same 
numbers  1  and  7  '■  »nd  also  the  two  principals  and  the 
two  amounts  of  interest  will  form  a  proportion  witli  each 
other." 

376.  There  is  no  proposition  which  is  more  frequently 
I  referred  to,  or  which  is  pregnant  with  more  important 
consequences  than  the  following :  **  The  efiect  is  always 
pmportional  to  its  cause."  As  this  proposition  is  inti- 
mately connected  with  the  subject  of  our  present  discus- 
sion, we  shall  endeavour  to  explain  and  illustrate  its 
meaning  and  applications. 

377-  When  the  connection  between  cause  and  effect  is 
physical,  and  therefore  not  necessary,  the  proposition  ex- 
presses the  great  law  of  the  permanence  and  uniformity  of 
the  operations  of  nature,  our  conviction  of  the  truth  of  which 
is  the  foundation  of  all  our  reasonings  concerning  them : 
thus,  if  a  given  force  support  a  given  weight,  then  the 
double  of  that  force  will  support  the  double  of  the 
weight,  and  any  multiple  of  the  force  will  support  the 
same  multiple  of  the  weight :  the  ratio  between  any  two 


SSI 


effect  con- 


I 


,  therefore,  will  be  the  same  as  the  ratio  between 
irresponding  wei^ls  supported ;  and  such  forces 
and  weights  will  form,  therefore,  the  terms  of  a  propor- 
tion. It  is  in  this  sense  that  tho  force  would  be  con- 
sidered as  proportional  to  the  weight,  the  force  corres- 
ponding to  the  cause,  and  the  weight  to  the  effect  in  the 
general  proposition  we  are  illustrating. 

378.  The  ratios,  however,  which  form  the  proportion, 
are  convertible,  and  the  terms  which  correspond  to  them 
in  the  proposition  must  be  convertible  likewise.  In  the 
particular  case,  therefore,  which  we  are  considering,  if 
the  force  be  considered  as  proportional  to  the  weight, 
the  weight  must  bkewisc  be  considered  as  proportional 
to  the  force :  In  whatever  sense,  therefore,  the  proportion 
may  require  to  be  interpreted,  in  order  to  answer  to  this 
change  in  its  form,  a  corresponding  change  must  take 
place  likewise  in  the  connection  between  the  terms  of 
the  proposition. 

379.  When  the  connection  between  the  terms  of  the  ^Vhen  ihc 
proposition  is  mathematical,  and  therefore  determined  by  tamitlW' 
de6nition,  the  proposition  may  be  considered  as  merely  an  n"tir«L 
abbreviated  form  of  expressing  the  corresjwnding  propor- 
tion :  thus,  when  we  say  that  the  area  of  a  triangle  whose 
iltitude  is  given,  is  proportional  to  its  base,  we  merely 
aaaert  that  the  ratio  of  the  area  of  one  triangle  to  the  area 
of  any  other  triangle  possessing  the  same  altitude,  is  the 
tame  as  the  ratio  of  the  hose  of  the  first  triangle  to  the 
base  of  the  second. 

380.  When,  however,  the  connection  of  the  terms  of  When  diL- 
the  proposition  is  neither  physically  nor  mathematically  ne-  i!f?i^!'™ 
ossary,  we  must  invest  them  with  a  necessary  connection  t'*''"^- 
bjr  means  of  hypotheses,  either  expressed  or  understood, 

wfaicb  will  be  equivalent  to  definitions :  thus,  when  we 
my  that  the  "  Work  done  by  labourers  is  proportional 
k)  their  number,"  we  take  it  for  granted  that  each  in- 
dnriduol    lalwurs   with    the   same   effect ;    it   is   in  virtue 


I 


of  audi  bypotheses,  tliat  we  conclude  with  matheinaticat 
certiunty,  that  twice  or  any  multiple  of  the  work  will 
be  done  by  twice  or  the  same  multiple  of  the  number 
of  men,  and  consetiuently,  that  the  quantities  of  work  done 
in  any  two  cases  and  the  corresponding  numbers  of  men, 
will  constitute  the  terms  of  a  proportion. 

«*«  381.     The  relation  of  cause  and  effect,  expressed  by 

nuK.  ^yi^K  that  one  is  proportional  to  the  other,  is  more  fre- 
quently designated  by  an  equivalent  phrase,  which  is,  that 
the  effect  varies  ae  the  cause  or  conversely  :  in  both  cases, 
an  equally  enlarged  signification  is  given  to  the  terms 
cause  and  effect,  and  the  connection  between  them  is 
rendered  necessary,  either  by  definition  or  hypothesis  or 
by  inferences  drawn  from  observation  of  the  general  laws 
of  the  physical  world. 

« ihe  382.    When  the  causes  or  agents  which  produce  an  effect 

lis  con.  ^'^   more  than  one,  the  effect  is  said   to   vary  conjointly 

iJy-        with  the  causes  which  produce  it.     It  remains  to  consider 

the  law  of  the  dependence  of  the  effect   and  agents   in 

such  cases,  particularly  with  reference  to  the  proportion 

which  they  form. 

impleof        383,     Thus  we  should  say,  that  the  work  done  would 

ji  ""■  vary  conjointly  as  the  number  of  men  employed  and  the 
number  of  days  they  worked :  for  if  the  number  of  days  dur- 

-  ing  which  the  men  worked  remained  the  same,  m  times  the 
same  work  would  be  done  by  m  times  the  same  number 
of  men:  and  if  the  number  of  men  remained  the  same, 
n  times  the  same  work  would  be  done  in  n  times  the 
same  number  of  days :  it  would  follow,  therefore,  that 
mn  times  the  original  work  woiJd  be  done  by  m  times 
the  original  number  of  men,  working  for  k  times  the 
original  number  of  days;  and  in  a  similar  manner,  m'n' 
times  the  original  work  wquld  be  done  by  m  times  the 
original  number  of  men  working  for  n'  times  the  original 
number  of  days:    the  ratio,   therefore,   of  Ihe  quantities 

of  work  done  under  these  different  drcumstances,  would 


ti^W  that  of  mn  to  m'n,  which  is  the  ratio  of  the  product 
■  number  of  men  into  the  number  of  days  in  the 
first  ease,  to  the  product  of  the  number  of  men  into  the 
number  of  days  in  the  second;  and  these  four  quantities, 
therefore,  would  form  the  terms  of  a  proportion. 

It  is  ob\-ious.  likewise,    that  the   existence  and  value  li 
of  the  ratios  which   form  this   proportion,   are  perfectly  ^ 
independent  of  the  particular  value  or  peculiar  nature  of  m 
the   primitive   effect   and   agents :    for   if  we   denote   the  ° 
original   work  done  by  tv,  the  originaJ  number  of  men  «' 
Igr  M,  and  tlic  original  number  of  days  by  JV,  the  terms  of  °* 
ibe  first  ratio  would  be  mnw  and  m'n'w,  and  those  of 
(be  second  mnMN  and  m'n  MN,  which  arc  clearly  iden- 
tical  with   each  other,   inasmuch   as  w   is   a   measure   of 
the  terms  of  the  first  ratio,  and  MN  a  measure  of  the 
terms  of  the  second. 


» 


384l  Other  conditions  or  other  agents  might  be  intro-  \ 
duced  into  the  question  we  have  just  been  considering,  con-  ^■ 
tribiiting  to  the  effect  produced :  we  might  consider,  for  t- 
instance,  variations,  not  merely  in  the  number  of  men  and 
number  of  days,  but  likewise  in  the  nunilier  of  hours  during 
which  they  should  each  of  them  work,  and  also  in  the  in- 
tensity of  their  labour:  the  effect  produced  or  work  done 
vould  vary  as  all  these  causes  or  agents  conjointly :  for  if 
W»  double  or  otherwise  increase  the  number  of  hours  of 
Itbmjr  during  each  day,  we  should  double  or  increase  at 
Uw  same  rate  the  work  done :  and  if  we  should  double  or 
otherwise  increase  the  eff'ective  industry  of  the  workmen, 
we  should  double  or  increase  at  the  same  rate  the  work  doae 
the  same  circumstances.  If,  therefore,  m  :  «'  ex- 
the  ratio  of  the  numlier  of  men  in  any  two  cases, 
_  »'  the  ratio  of  the  number  of  days,  p  :  p  the  ratio 
■f  the  number  of  working  hours  each  day,  and  q  :  ^ 
the  ratio  of  the  eff'eclive  industry  of  the  men  under  such 
drciunstances,  then  the  ratio  of  the  work  done  in  the 
two  cases  would  be  that  of  mnpq  to  mnp't/. 


lAwof  385.     We  have  hitherto  considered  the  law  of  depen- 

o?me    **  dcnce  of  the  effect  upon  its  several  agents  or  causes;   and  it 

Hgtni  upon  very  rarely  happens  that  they  are  not  sufficiently  distin- 

aaetiH  and   guished   from  each  other  by  the  nature  of  the  question 

effi*'-  proposed :    it    is    frequently,   however,    a  matter  of  equal 

■  importance,    to  aacertaia    the  law   of    dependence    of  one 

H  of  the  agents  upon  the  other  agent  or  agents,  when  the 

P  effect   is  the  same,  or  upon  the  other  agents  and  effect, 

when  the  effects  in  different  cases  are  different  from  each 

other. 

Thus,  the  same  work  is  done  by  different  numbers 
of  men  in  different  numbers  of  days :  what  is  the  nature 
of  the  relation  between  the  number  of  men  and  the 
number  of  days  ? 

Let  tile  numbers  of  men  in  any  two  cases  be  m  and  m', 
or  let  their  ratio  be  that  of  m  to  vi:  let  the  corresponding 
numbers  of  days  be  n  and  n'.  Then,  since  the  effect 
'  or  work  done  varies  conjointly  as  the  number  of  men 
and  the  number  of  days ;  and  since  the  ratio  of  the  work 
done  under  these  circumstances,  is  that  of  \  to  1,  it 
follows  that 

1:1::  mn  :  m'n. 
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Effi 


and  therefor 


and   consequently. 


I 


When  the 
tifecl  LI 


-  or  the  ratio  of  the  numbers  of  men  in  the  two  cases  is 
the  inverse  of  the  ratio  of  the  numbers  of  days :  in  other 
words,  the  number  of  men  is  said  to  vary  inversely  as 
the  number  of  days. 

If,  however,  we  should  suppose  the  work  done  in 
the  two  cases  different,  and  in  the  ratio  of  w  to  lu', 
the  first  proportion  would  become 


1  therefore 

w        mn  ,    m 

— ,  =  — j— 7  1    ^nd   —,  : 

I  consequently 


(i) 


Under  such  circumstances,  the  number  of  men  in  each 
case  ie  said  to  vary  as  the  work  to  be  done  directly, 
and  as  the  number  of  days  inversely. 

386.    In  the  innumerable  questions  which  present  them-  P 
sdf-es  as  examples  of  the  Rule  of  Three,  direct  and  inverse,  o 
sniple  and  compound,    and   in    most    of  the   applications  ^ 
of  Arithmetic,    it  is  required    to   determine  the  value    of 
ttae  unknown  quantity  from  its  connection  with  three  or 
more   known   quantities,    when   there   exists   amongst   all 
of  them  a  relation  of  cause  or  agent  or  agents  and  e^eet, 
such  as  we  have  been  considering :  the  common  principle 
nf  solution   in   all   such   questions  is,   to   reduce  all   the 
quantities  to  the  form  of  a  proportion,  of  which  the  un- 
known quantity  shall  form  one  term :  and  if  three  terms 
of  a  proportion  be  given,  the  fourth  may  always  be  de- 
tornined :   thus,  in  the  proportion 


o  =  — ,       rf=— ,       6=  — ,      and   c=  -r-i 
a  a  c  0 

and  tbervfore  either  of  the  extreme  terms  of  the  proportion 
may  be  found  by  dividing  the  product  of  the  means  by 
tbe  Qither  extreme ;  and  either  of  the  means  may  be  found 
by  dividing  the  product  of  the  extremes  by  the  other  mean. 

387-    In  order  to  arrange  the  quantities  in  the  question,  „ 
ia  the  proportion    which  is  necessary  for  its  solution,    we  u 


must  consider,  in  the  firat  place,  whether  the  unknowo 
quantity  can  be  considered  as  an  effect  or  an  agent  i  and 
also,  whether  it  expresses  the  entire  efiect  or  a  part  of 
it  only:  if  it  be  an  efiect,  it  must  vary  as  the  agent,  or 
jointly  as  the  agents :  if  it  be  an  agent,  it  must  vary 
directly  as  the  effect :  but  if  it  be  one  amongst  sever^ 
agents,  it  must  vary  as  the  effect  directly,  and  inversely 
as  the  other  agents. 

Primary  The  effect  may,  in  some  cases,  have   a   separate  de- 

pendence upon  its  own  agents,  as  connected  with  the  es- 
timation of  its  magnitude ;  thus,  the  effect  may  he  an 
area,  dependent  upon  its  length  and  breadth ;  or  a  solid, 
dependent  upon  its  lengtli,  breadth  and  height:  and  the  ob- 
ject of  the  problem  may  sometimes  require  the  tie  termination 
I  Bnboidinaie  of  one  of  these  subordinate  agents  of  the  entire  effect 
I  V"-  produced  by  the  primary  agents :  it  will  vary  directly 
as  the  primary  agents,  and  inversely  as  the  other  subor- 
dinate agents. 

r  Examplct.  388.     The  following  are  examples : 

(1)     If  3  guns  in   a  battle   kill  21  men,  how  many 
men  would  11  guns  kill  in  the  same  time? 

The   effect  is  the  number  of  men  killed:    the   agent 
\9  the  number  of  equally  cfGcieDt  guns. 

The  effect  varies  as  the  agent,  and  therefore 


Mud.        Men.       Guns. 
2\      :      X      ::     3     : 

Gum. 
11> 

11x21       , 
and     w= — =' 

77. 

(2)  An  elephant  consumes  4001bs.  of  rice  in  3  days : 
how  many  lbs.  of  rice  would  an  elephant,  which  is  Jth 
greater  in  every  dimension,  consume  in  5  days? 

It  is  assumed  as  a  mathematical  hypothesis,  that  the 
consumption  of  rice  by  the  elephant  will   vary   with  his 


bulk  and  the  number  of  days,    snd   also   that   his  bulk 
'ary  with  his  length,  breadlJi  and  height. 

The  effect  is  the  consumption,  and  the  unknown  quan- 
is  one  of  the  effects. 


■  400  :  jr  ::   1 

and  therefore 


The  agents   are   the   length,   breadth,   and  height  of 
elephant,  and  the  number  of  days. 


(3)     How  much  in  length  which  is  4  inches  in  breadth, 
will  make  a  yard  square? 

The  effect  is  the  area  formed,  which  is  the  same  in 
both  cases. 

The    agents    are    the   length    and   breadth,    and   one 
therefore  varies  inversely  as  the  other: 

therefore, 

IHlenKtb.  adieogtii.  2d  breeulth.  Istbreadtli. 


=  324  inches. 


(4)  If  132  men  can  dig  a  trench  which  is  100  yards 
long,  3  deep  and  2  wide  in  7  'lays,  working  during  10 
hours  each  day,  how  many  men  will  it  require  to  dig  a 
tranch  320  yards  long,  4  deep  and  3  wide  in  11  days, 
working  during  12  hours  each  day.^ 

The  effect  is  the  trench,  whose  subordinate  agenta 
■R  fttt  length,  depth  and  brvadth. 


The  primary  agents  are  the  number  of  men,  the 
number  of  days  and  the  number  of  hours  in   each  day. 

It  is  the  number  of  men  in  the  second  case  which  is 
the  agent  to  be  determined. 

The  number  of  men  varies  a«  the  subordinate  agents 
of  the  effect  directly,  and  as  the  other  primary  agenta 
inversely. 

Therefore, 

100  X  3  X  2   320  X  4  X  3 
■   7  X  10   "'   11  X  12 
::  33  :  112; 
112  X  132   ,,„ 


132  : 


33 

(5)  If  10  men  can  reap  a  field  in  3  days,  whose 
length  is  1200  feet  and  breadth  800  feet,  what  is  the 
breadth  of  a  field  whose  length  is  1000  feet,  which  12 
men  can  reap  in  4  days? 

The  effect  is  the  area  of  the  field,  the  subordinate 
agents  of  which  are  its  length  and  breadth :  it  is  the 
breadth  in  the  second  case  which  is  the  unknown  term 
of  the  pro])ortion. 

The  breadth  varies  as  the  number  of  men  and  the 
number. of  days  directly  and  inversely  as  the  length: 

10  X  3  12  X  4 
1200  ''  1000 
::  25  :  48: 


800  : 


The  subject  of  proportion  presents  itself  so  con- 
tinually not  only  in  the  business  but  hkewise  in  the  language 
of  common  life,  that  we  have  felt  it  imjwrtant  not  merely 


to  interpret  correctly  the  very  various  phrases  by  which 
it  is  expressed,  but  likewise  to  shew  the  genera!  coinci- 
deoce  of  such  interpretations  with  the  general  definition 
of  proportion  which  we  havo  adopted :  it  only  remains 
to  consider,  in  conclusion,  its  coincidence  likewise  with  the 
peculiar  form  of  the  definition  of  proportion  which  is 
used  in  peometry. 

The  same  reason  which  prevented  the  transfer  of  the  T 
algebraical  definition  of  ratio  to   Geometry,  will  likewise  „; 
prevent  the  similar  transfer  of  the  definition  of  proportion  :  P' 
for  it  is  impossible  to  ascertain  the  identity  of  the  fractions  f^ 
which  constitute  a  proportion,  if  we  have  no  geometrical  '"^ 
meftns   of  ascertaining   the   values  of  the  fractions   them- 
selves:  it  is  no  answ«   to   this  observation   to   Bay  that 
the  identity  of  these  fractions  exists,  when  their  numera. 
Uks  and   denominators  fomi    the    terms    of  a   proportion, 
in  the  case  of  geometrical  as  well  as  other  quantities :   for 
if  geometry  be  considered  as  a  practical,  as  well  as  a  theo- 
retical, science,  we  can  avail  ourselves  of  no  properties  of 
tbe  quantities  which  are  the  objects  of  its  investigation, 
which  are  only  discoverable  by  the  aid  of  another  science, 
and  which  cannot  be  verified  by  any  geometrical  test. 

390.     But  the  algebraical  definition  of  proportion  ooio-  'f 
(Kcbcods   geometrical    as    well   as    other   qnantities,    and  ^ 
wfaaterer   may   be  therefore  the  gewnetrical  defmilion  of  pi 
pvipoTtion  which  we  may  adopt,  it  must  coincide  with  the  ^ 
tlgebrakal  definition  in  its  consequences,  at  least,  if  not  in  •i' 
its  fbmi :  for  though  such  a  definitioQ,  Uke  all  others,  is  j^, 
perfectly  arbitrary,  when  considered  merely  as  the  founda-  ^' 
tian  at  a  system  of  dependent  propositions,  it  would  be 
voTK  than  useless,  if  it  was  so  constructed  as  to  lead  to 
conclusions    inconsistent    with    those    which    result    from 
tfce  definitions   of  another  and  more   general  science  by 
wfrieh  it  is  or  ought  to  be  comprehended :  it  is  for  this 
ifaaon  that  it   will  be   expedient   to   examine   the  conse- 
qncDces   of   the   algebraical   definition   of  proportion,    in 
•der,    if  possible,    tu    find   some  one,  which    admits   of 


I 


definition, 
ihc  r«un. 
sle  formed 

ihcKCUn- 
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the   application   of  a  geomelricol   test,  which  is  equally 
applicable  to  every  species  of  geometrical  quantity. 

391-  One  of  the  most  immediate  and  remarkable  of  tlie 
consequences  of  the  algebraical  delinitiun  of  ratios,  is  the 
equality  of  the  products  of  the  extreme  and  mean  terms 
of  the  proportion :  if  the  quantities  which  were  the  objects 
of  comparison  were  geometrical  straight  lines,  tlie  products 
in  question  would  correspond  to  rectangles  of  which  these 
lines  were  the  adjacent  sides  respectively :  and  such  lines 
would  properly  form  the  terms  of  a  proportion,  if  those 
rectangles  were  equal  to  each  other :  and  inasmuch  as 
the  equality  or  diversity  of  such  rectangles  could  be 
•ecertained  by  practical  geometrical  means  (by  their  con- 
Tersion  into  equal  squares),  we  should  thus  be  put  into 
possession  of  a  geometrical  test  of  proportion,  which 
would  necessarily  coincide  with  the  test  supplied  by  the 
algebraical  definition. 

392.  Without  noticing  however  other  objections  to  the 
use  of  such  a  geometrical  definition  of  proportion,  there  is 
one  which  is  fatal  to  it :  it  is  not  applicable  to  every  spe- 
cies of  geometrical  quantity :  for  if  the  terms  of  the  pro- 
portion, two  or  all  of  them,  were  areas  or  solids,  the  test 
in  question,  would  no  longer  admit  of  application:  it  does 
not  present  itself,  in  short,  under  a  form  which  is  inde- 
pendent of  the  specific  nature  of  the  quantities  which  con- 
stitute each  ratio  of  the  proportion;  and  it  is  obvious  that 
the  same  objection  would  more  or  less  apply  to  the  adoption 
of  any  definition,  which  was  founded  upon  any  consequences 
of  the  algebraical  definition  of  proportion,  which  are  inde- 
pendent of  or  not  immediately  connected  with,  the  fractional 
form  of  the  ratios  which  compose  it. 

393.  It  is  for  this  reason  that  we  shall  again  recur 
to  the  original  forms  of  the  fractions  which  constituted 
the  dcfipition  of  proportion,  namely, 


'l-i- 


and  exfiminc  whether  there  is  any  modificatioD  of  their  a 
terms,  which  geometrical  quantities  could  admit  of  in  a  " 
system   of  geometry,   which   is  essentially   connected  with  3 
their  equality  or  identity :  among  those  might  be  reckoned  |j 
any    multiples    whatsoever    of   the    terras    of  the    ratios,  p 
whether  lines  or  areas:  thus  if  we   take   any  equimulti- 
ples whatsoever  (m)  of  the  first   and   third  terms  of  the 
proportion,    and    any  equimultiples  whatsoever  (n)  of  the 
id  and  fourth,  wc  should  get 


^g^OOf 


nd 


$aA  it  is  obvious  that  if  ma  be  greater  than  nb,  mc  is 
also  greater  than  nd,  and  if  ma  be  equal  to  nb,  then 
mc  is  also  equal  to  nd,  and  if  ma  be  less  than  nb,  then 
mc  is  also  less  than  nd:  for  if  not,  let  us  suppose  mc 
greater  than  nb,  at  the  same  time  that  me  is  not  greater 
than  nd,  and  it  will  follow  therefore  that  a  ratio  of  greater 
inequality  may  be  oqual  to  a  ratio  of  equality  or  to  a  ratio 
of  less  inequality ;  or  in  other  words,  that  an  improper 
fraction  may  be  equal  to  unity  or  to  a  proper  fraction: 
and  it  may  he  readily  shewn  that  any  other  conclusion 
respecting  the  relation  of  the  terms  ma,  nb,  mc,  nd 
liferent  from  those  we  have  mentioned,  will  lead  to 
omilar  contradictions. 

394-  It  will  follow  therefore  if  a  and  &,  c  and  d  c 
are  pairs  of  geometrical  magnitudes  of  the  same  kind  "^ 
r«p«'tively,  whether  lines,  or  areas,  or  solids,  which 
form  the  terms  of  a  proportion,  and  if  any  equimulti- 
ple whatsoever  he  taken  of  the  first  and  third,  and 
any  equimultiples  whatsoever  be  taken  of  the  second 
■nd  fourth,  then  if  the  multiple  of  the  first  be  greater 
tlwa  the  multiple  of  the  second,  the  multiple  of  third 
will  be  greater  than  the  multtpk  of  the  fourth:  if  the 
malliple  of  the  first  be  equal  to  that  of  the  second,  the 
multiple  of  the  third  will  be  equal  to  that  of  the  fourth: 
■nd  if  the  multiple  of  the  first  be  less  than  that  of  the 
>rcond,  the  multiple  of  the  third  will  be  les»  than   that 


of  the  fourtli.  It  is  tfais  proposition  which  is  deduced 
ae  B  neceesary  oonsequenoe  o£  the  definition  of  propor- 
tion  in  algebra,  including  geometrical  as  well  as  other 
magnitudes,  whii^  may  be  legitimately  converted  into  the 
definition  of  proportion  in  geometry,  and  which  is  given 
for  that  purpose  in  the  fifth  definition  of  the  fifth  book 
of  Euclid. 

395.  But  this  definition  is  incomplete,  unless  it  can  be 
shewn  that  it  enables  ua  to  ascertain  not  only  when  four 
geometrical  magnitudes  form  a  proportion,  but  also  when 
■,  they  do  not :  it  follows  however  as  a  parallel  conclusion* 
that  such  magnitudes  do  not  form  a  proportion,  which 
do  not,  under  all  circumstances,  fulfil  the  conditions  which 
the  definition  prescribes:  or,  in  other  wards,  four  magni- 
tudes do  not  form  a  proportion,  if  when  any  equimultij^es 
whatsoever  are  taken  of  the  first  and  third,  and  any  equi- 
multiples whatsoever  of  the  second  and  fourth,  it  can  be 
^ewn  that  the  multiple  of  the  first  is  greater  than  that 
of  the  second,  but  the  multiple  of  the  third  not  greater 
than  that  of  the  fourth ;  or  that  the  multiple  of  the  first 
18  equal  to  that  of  the  second,  but  the  multiple  of  the 
Aird  not  equal  to  that  of  the  fourth :  or  that  the  mul- 
tiple of  the  first  is  less  tlion  that  of  the  second,  but 
the  multiple  of  the  third  not  less  than  that  of  the  fourtli. 

39c.     In  order  to  shew  that  this  definition  of  quantities 

which  are  not  proportionals,  is  likewise  a  consequence  of 

■  the  algebraical  definition  of  proportion,  we  will  suppose 

the  four  quantities  a,  b,  c,  d,  so  related  to  each  other. 


that  -  is  either  greater  or  less  than 
if  we  m^e 


in  the  first  case^ 


3S8 


•e  now  sappose  me^nd,  we  shall  also  have  nut  — 
=  nb,  and  thnvfore  ma  is  greats  than  nb,  at  the  same 
tine  that  mc  is  equal  tu  we :  or,  in  other  words,  equi- 
multiples of  the  first  and  third  of  four  quantities  are 
taken  and  other  equimultiples  of  the  second  and  fourth, 
and  the  multiple  of  the  first  is  greater  than  that  of  the 
second,  but  the  multiple  of  the  third  is  not  greater  than 

Lbat  of  the  fourth.     If  again,  wc  suppose  -  leas  than  -l, 

^■nen  we  may  make 

^B  a  +  a       c        ,  be  — ad 

r 


where  j?  =  - 


I  wc  abaJl  also  have' 


»(n  +  .r)       mc 


if  we  now  suppose  mc  =  nd,  we  shall  also  have 

and,  therefore,  ma  is  less  than  nb,  at  the  same  tinie  that 
me  is  not  less  than  nd:  or  in  other  words,  equimultiples 
of  the  6r^  and  third  of  four  quantities  are  taken,  and 
eqnimultipleB  likenise  of  the  second  and  fourth,  and  tlie 
multi{de  of  the  first  is  less  thaii  that  of  the  second,  but 
tlK  multiple  of  the  third  not  less  than  that  of  the  fourth : 
it  thus  appears  that  the  geometrical  definitions  of  quan- 
tities which  are  proportionals,  as  wdl  as  of  those  which 
ve  not  proportionals,  are  equally  consequences  of  the 
i^bniical  definition  of  proportion. 

397-     The    geometrical    definition    of   proportion    is  Thrgco. 
adapted   not  merely  to  the  peculiar  nature  of  the  quan.  ™i,ion 

tttics  which  are  considered  in  eeometrv,  but  likewise  to  •^p<^  w 
,        ,  ,  ,-11  "        .      -^  ,     .     ihL'  fonm 

tM   furra   under   wfaich   tJie    rcasonmgB  concemmg   their  orgmnae. 
relations  present  themselves:    for   there   are  no  processes  '"'^'™- 
in  Geometry  beyond  the  formation  of  multiples  and  siib- 
■ultiples  w^icJi  oorrei^nd  generally  to  algebraical  mul- 


tiplicatinn,  and  none  whatever  to  algebraical  division:  the 
operations  of  Geometry,  as  far  as  they  can  be  called  so,  and 
the ' reasonings  connected  with  them,  or  which  are  founded 
upon  the  detinitions,  are  confined  to  the  compariBon  of  quan- 
tities with  each  other,  whether  as  regards  their  equality  or 
inequality,  or  as  forming  or  as  not  fiirniing  the  terms 
of  a  proportion:  the  peculiar  definition,  therefore,  of 
proportion  in  Geometry  has  been  adopted  as  much  from 
Qeceastty  aa  from  choice,  as  the  only  one  which  was  adapted 
to  the  form  and  nature  of  the  processes  and  reasonings  of 
that  science :  for  we  have  shewn  that  there  is  no  other  mo- 
dification of  the  algebraical  definition  of  proportion,  which 
possessed   the  necessary  conditions. 

398-  All  general  propositions  concerning  ratios  end 
§^^'n_  proportions  may  be  considered  as  equally  necessary  conse- 
ceming  n.  quenccs,  both  of  the  algebraical  and  geometrical  definitions; 
proimnioiu  ^°^  ^^^y  ^'^  both  of  them  equally  applicable  to  every 
equally  spccies  of  quantity,  and  one  of  them  may  he  consi* 
rnof'i™'  dered  as  a  proposition  deducible  from  the  other:  if  the 
WDdcfini.  only  object  proposed,  therefore,  in  mathematical  inves- 
tigations, was  the  most  Epcedy  establishment  or  discovery 
of  truths,  without  any  reference  to  the  form  of  the  de- 
monstrations, we  should  naturally  make  use  of  that  de- 
finition, which  conducted  us  most  rapidly  and  most  easily 
to  the  conclusions  sought  for:  but  such  investigations 
commonly  present  themselves  as  parts  of  some  general 
system,  the  completeness  of  which  would  require  con- 
sistency in  the  form  of  the  demonstrations,  and  conse- 
quently a  uniform  reference  to  the  same  system  of  defi- 
nitions as  the  basis  of  them:  it  is  for  this  reason,  that 
we  should  adhere  uniformly  to  the  algebraical  definition 
of  proportion  in  a  system  of  Algebra,  and  to  the  geome- 
trical definition  in  a  system  of  Geometry. 

The  propositions  which  follow  are  in  substance 
ihe  same  with  those  which  are  demonstrated  by  means  of 
the  geometrical  definition  of  proportion  in  the  fifth  book 
of  £uclid :   the  contrast  which  they  present,  in  respect  to 


ihe  brevity  and  fadlity  of  the  demonstrations  in  the  two  Reum 
cases,  is  so  remarkable,  as  to  have  given  rise  to  a  very  g^^,rical 
general  impression  tliat  the  difference  was  less  owing  to  detinid™ 
the  more  tangible  nature  of  the  teat  of  proportion  in  the  ^nieibMn 
definition  in  Algebra,  than  to  the  superior  strictness  and  coniidmd 
generality   of  the   corresponding   definition  in  Geometry :  tal  ihan 
much,  however,  of  this  preiudice  ought  to  be  attributed  !'"'^''"' 
to  the  very  common  custom  of  considering  the  algebraical  bon. 
as  merely  co-extensive  with  the  arithmetical  definition  of 
proportion,  and,  therefore,  comprehending  only  commen- 
Hurable  magnitudes,  whose  ratios  were  expressible  by  finite 
numbers :   thus,  four  magnitudes  were  defined  to  be  pro- 
portionals,  when  the  first  was  the  same  multiple  part  or 
partA  of  the   second,    that  the  third    was  of  the   fourth: 
it  was  the  substitution  of  a  particular  consequence  of  the 
algebraical  definition  of  proportion,  for  the  definition  it- 
self,   which    really   made    the    propositions    founded    upon 
it  less  comprehensive  than  those  deduced  by  means  of  the 
geometrical  definition,  in  consequence  of  the  non-existence 
of  any  algebraical  or  rather  arithmetical  test  of  proportion- 
ality, under  such    circumstances,    when    the  terms  of  the 
ratios  were  incommensurable  with  each  other. 

400.  Geometrical  magnitudes,  being  subject  to  the  law  Oe™"""- 
rf  continuity,  are  capable  of  representing  accurately  the  mdnauiy 
ratios  of  all  other  magnitudes  of  the  same  kind,  whether  ^^^^ 
eommenburable  or  not:  when  lines,  however,  are  used  sjmi-  mcniumblc 
bolically,  we  have  no  means  of  ascertaining  whether  the  ""*  '""Sj 
■ctusl  lines  assumed  for  this  purpose  and  exhibited  to  the  niios- 
qre^  possess  the  same  relation  to  each  other  with  the  quan- 

titiea  which  they  represent,  and  under  such  circumstances, 
therefore,  they  serve  no  farther  practical  use  than  the 
general  symbols  of  Algebra  employed  for  the  same  purpose : 
it  ia  only,  therefore,  when  they  are  not  used  symbohcally, 
but  are  themselves  the  magnitudes  which  they  represent, 
that  they  become  the  proper  subjects  of  enquiry  as  to  their 
coDunensurability  with  each  other. 

401.  The  process  for  finding  the  greatest  common  mea- 
ture  of  two  lines  is  identical  with  that  for  finding  the  greatest 


:  measure  of  two  numbers :  for  it  merely  requires 
!  to  cut  off  tile  less  of  two  lines  (the  divisor)  from  the 
i-  greater  (dividend)  as  many  times  as  is  possible,  and  then 
"  to  repeat  tJie  same  process  with  the  remainder  and  the 
last  divisor:  if  the  process  terminates,  the  lines  are  coin-> 
mensurable,  and  the  last  divisor  is  the  common  measure 
required :  but  if  the  division  does  not  terminate,  however 
long  it  may  be  continued,  the  lines  are  incommensurable 
with  each  other.  It  rnay  be  objected,  that  this  process 
vould  Dot  enable  us  to  pronounce  two  lines  to  be  incom- 
mensurable with  each  other,  without  an  infinite  number 
of  operatione:  but  when  such  incommensurable  bnes  are 
connected  with  each  other,  by  some  assignable  geometrical 
properties,  it  is  generally  possible  (o  shew  tbat  the  same 
relati6ns  will  recur  between  the  remainder  and  the  divisor, 
and  consequently  that  the  process  can  never   terminate: 

thus,  if  AB  and  AC  repre- ^ ~g 

sent  respectively  the  diago- 
nal  and   side  of  a    square :  r  o 
if  we  cut  off  JC  from  AB,      J       ''  ''       l- 
the    remainder    is    BC :    if 

a^D  we  cut  oflf"  twice  BC  ^ 

fiim  AC,  the  remainder  is      "* 

AE:  it  is  not  very  difficidt  to  prove  geometrically  that 
the  relation  between  AD  and  DE  is  the  same  as  that 
between  AB  and  AC:  or  in  other  words,  that  AD  is  the 
diagonal  of  a  square,  of  which  DE  or  BC  is  the  side: 
it  follows,  therefore,  that  this  process  can  never  termioate, 
in  consequence  of  this  continued  reproduction  of  the  same 
relations,  and  that  consequently  the  diagonal  and  side  of  a 
square  are  incommensurable  with  each  other." 

102.  If  we  call  a  the  side  of  a  square,  the  square  of  the 
diagonal  will  be  equal  to  the  sum  of  the  squares  described 
upon  the  two  sides,  which  is  consequently  2a':  the  diagonal, 


ssr 

terefore,  itself  will  be  denoted  by  t/8 .  a,  and  its  ratio  to 
I  side  will  be  that  of  1^2  :  1 ;  the  representation  of  T 
thin  ratio  under  this  form  is  symbolical  only,  and  is  in-  ^ 
capable  of  being  replaced  by  aiiy  finite  numbers  what-  " 
soever :  it  is  the  distinction  between  discrete  and  con-  „ 
tinuous  quantity,  which  gives  to  Geometry  a  more  enlarged  ^j 
power  of  representation  than  to  Arithmetic,  when  either  ^ 
science  is  used  symbolically. 

403,  The  ordinary   process   for  finding  the   greatest  If 
common  measure,  in  all  cases  of  incommensurable  ratios,  '^ 
will  lead  to  an  indefinite  series  of  quotients,  whether  re-  '<) 
cuning  by  discoverable  periods  or  not,  from  which  a  series  jj. 
of  converging  fractions  may  be  formed,  approximating  to 
the  values  of  the  ratios  themselves  to  any  required  degree 
of  accuracy :   the  theory,   however,   of  the  formation  of 
continued  fractions  from  the  same  series  of  quotients  and 
of  the  deduction  of  the  converging  fractions  from   them, 
will  be  considered  in  a  subsequent  Chapter,  to  which  we 
ahsll  reserve  the  further  consideration  of  this  subject.* 

404.  In  the  case,  however,  of  the  roots  and  powers  A 
of  very  large  numbers  or  quantities  which  differ  bttle  J 
from  each  other  when  compared  with  the  numbers  or  p" 
quantities  themselves,  a  very  ready  and  useful  approxima-  q, 

fi  to  the  value  of  their  ratios,  whether  commensurable  * 
incommensurable,    may   be  ejected   by   the   following  fr 
hod :  if  the  numbers  or  quantities  themselves  be  a  +  x'* 
a,  where  r  is  very  small  compared  with  a,  then 
„•  ^  „„.-..,  ^  "'"-'>  „-.... 

=  nearly, 


')• 


"  +  «a"~^.' 


'.v'  +  &c. 


'(»-!) 


+  Sec. 


•  Tlip  ordiniry  proftu  fi 


if  we  ncglfct  tlic  terms  of  tlit;  numerator  after  tlie  second, 

involving—,   — ,    -•,  &c.  which  are  very  small  fractions : 
a      rt'     «'  ■' 

thus  the  ratio  of  (101)-  to  (100)'  is  very  nearly  that  of  102 

to  100:  tlie  ratio  of  (137)^  to  (135)'  is  very  nearly  that 

of  135  +  3  X  2   or   141   to  135:  the  ratio  of  ^1001   to 

:^1006  is  very  nearly  that  of  1000^  to  1000  or  of  2001 

to  2000 :  the  ratio  of  ^729  to  ,,y728  is  very  nearly  that 

of  72B^  to  728  or  of  9185  to  2184. 

lienaal  405.   We  shall  DOW  subjoin  some  of  the  most  important 

timioa      propositions  on  the  subject  of  proportions,  which  have  not 
propoMions.  ][,eeii  included  in  the  preceding  investigations. 

*'  Magnitudes  which  have  the  same  ratio  to  the  same 
magnitudes  have  the  same  ratio  to  one  another." 


:  fi  :  /and  also  c  :  d  : 
a  I  b  r.  c  :  d. 


:  /,  then 


For  if  -  =  -  and  - 


=  -  ,  then  also  r  =  ^  j  and,  there- 
/  b       d 


fore,  I 

iwitcndo.  406.  «i  If  four  magnitudes  be  proportionals,  they  shall 
be  proportionals  also  inPerlendo*,  that  is,  when  the  terms 
of  the  respective  ratios  are  taken  in  an  inverse  order." 

Let  a  :  b  ::  c  :  d;    then  also 

b  :   a  ::  d  :  c. 

applicable  wlieii  Ihc  lernis  of  the  ratio  are  expicsseil  eymboliFally,  unlen, 
wbpn  the  operation  is  pertDrmail,  we  are  enabled  to  gxisi  from  symbolical 
(0  real  quantities  or  their  repreft^ntatire* :  oE  this  kind  is  tbe  ratio  of 

V^a  W  1,    of  1/3  to   %/2: 
under  iildi  cirruiinlaDcet  we  mnst  rewrt  to  other  methods  for  the  formation 
of  the  qiiotienti,  from  which  lh«  continued  fracliaiij  are  deduced. 

*  It  is  usual  (a  qnote  tedinkaUy  tbii  nnd  several  other  proporllDns  on  the 
sulyect  of  propoi'lioQi  hy  the  words  or  phrase  wliicli  wai  used  id  the  Latin 
traaslalion!  of  Euclid  to  expres*  tlie  particiilai'  modification  of  (he  temu  of 
a  proportion  which  it  was  the  ot^cet  of  the  proposition  to  rslab1i«h. 
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a       c 
For  1^  7  =  ;;  >  &nd  if  we  divide  1  by  each  of  these 


6       d 
equal  quantities,  we  shall  get 


N    1  1  b       d 

or  -  =  - 
a       c 


G)  G) 


and,  therefore, 

b  :  a  ::  d  :  c, 

407-    "  If  four  magnitudes  be  proportionals,  they  shall  AltauMdo. 
be  proportionals  also  aUemando,  or  when  taken  alternately.**^ 

Let  a  :  b  ::  e  :  dj  then  also 

a  :   c  ::  b  :  d. 

For  if  T  =  :i,  then  also  ac(=s&c,  and  dividing  each 
6       d 

of  these  equal  quantities  by  cfe,  we  get  . 

ad       be  a       b 

_-  =  —  ,     or     -  =  3 , 
dc       dc  e       a 

and,  therefore, 

a  :  c  ::  b  :  d. 

408.    ^^  If  four  magnitudes  be  proportionals,  they  shall  Compo. 
be  proportionals  also  compofiendo^  that  is,  the  sum  of  the  "*"^ 
first  and  second  shall  be  to  the  second  as  the  sum  of  the 
third  and  fourth  is  to  the  fourth. 

Let  a  :  b  ::  c  :  dy  then  also 

a  +  b  :  b  ::  c  +  d  :  d. 

a       c  a  c 

For  if  7  =  •%  >  then  also  -  +  1  =  -  -f  1,  and,  there- 
o       d  b  a 

a  '\-  b       c  -\-  d 
fore,  — r —  =  — -J—  J  or  a  -\-  b  :  b  ::  c  -\-  d  :  d. 
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Bifidendo.  409*  ^^  If  iour  magnitudes  be  proportionals,  they  shall 
be  proportionals  also  dividendoy  that  is,  the  difference  of 
the  first  and  second  shall  be  to  the  second  as  the  differ- 
ence of  the  third  and  fourth  is  to  the  fourth.''^ 

Let   a  :  b  ::  c  :  dy   then  also  a  —  b  :  b  ::  c  —  d  :  d. 

i 

For  if     r  =  -  ,      then  also      -  -  1  =  -  -  1 ; 
b       d  b  d 

and  therefore     — -—  =         ■  , 

b  d 

or      a  —  6  :  6  ::  c  — d  :  d. 

CooTer-  410.    "  If  four  magnitudes  be  proportionals,  they  shall 

be  proportionals  also  convertendo^  or  the  first  shall  be  to 
the  difference  of  the  first  and  second  as  the  third  is  to 
the  difference  of  the  third  and  fourth."" 

Let   o  :  6  ::  c  :  d,   then  also  a  :  a-^b  ::  c  :  c  — d. 

For  if      ?=£, 
6       d' 

,         ,        «  — 6       <?  — d  ,     b       d 

then  also     — -—  =  — -—     and     -  =  -  ; 

b  d  a       c 

-       ^  a  — 6        b       c~^d       d 

therefore       — -—  x  -  =  — -r-  x   -, 

bade 

or      =    — ^,     and  invertendoy 

a  c 

a  c 


a  —  b       c  —  d^ 
or      a  :  a  — 6  ::  c  :  r  — d. 

411.  "  If  four  magnitudes  be  proportionals,  the  sum 
of  the  first  and  second  is  to  their  difference  as  the  sum 
of  the  third  and  fourth  is  to  their  difference." 
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Let     a  :  b  ::  c  :  dy 
then  also     a  +  b  :  a^b  ::  c  +  d  :  c^d. 

For  if      -r  =  -  , 
b       d 

,,         ,  0  +  6       c  +  d  ,    o  — 6       c  — rf 

then  also      — 7—  = ,     and    =  — r- ; 

b  d    '  b  d    ' 

a  +  b       c  +  rf 

.      r  ft  d  _     _        0  +  6       c  +  d 

therefore      r  = -,     and  also    r  = ^ 

a  — 6       c  — d  0  —  6       c—d 


or      0  +  6  :  a  — 6  ::  c  +  d  :  c^d. 

412.    <^  If  there  be  three  or  any  number  of  magnitudes  Ek  «{iiidi 
of  the  same  kind,  and  as  many  others,  which  taken  two  and  ^^J^^^' 
two  in  the  same  order,   have   the   same  ratio :    then    (m  ncdL 
itquo    or  ew  iBqtcali  in  proportione   directd),    the  first 
shall  be  to  the  last  of  the  first  set  of  magnitudes  as  the 
first  is  to  the  last  of  the  second  set  of  magnitudes/ 


w 


Let  a,  6,  c  be  the  first,  and  a',  b',  c   the  second  set 
of  magnitudes ;  then,  if 

a  :  b  ::  a'  :  6',     and     b  :  c  ::  b'  :  c', 

we  shall  also  have 

a  :  c  ::  a'  :  c. 

„       .-      o        a  .     b       b' 

h        b  c       c 

,  .  a       b        a        b' 

then  also      -  x  -  =  77  x  ->; 

b       c        b        c 

and  therefore     -  =  —  , 

c       c 

or       a   :  c  ::  a    :  c'. 


A  similar  demonstration  will  apply  when  there  are 
more  than  three  magnitudes  in  each  set. 

413.  "  If  there  be  any  number  of  magnitudes  and  as 
many  others,  which,  taken  two  and  two  in  a  cross  order, 
have  the  same  ratio;  namely,  if  the  first  be  to  the  second  of 
the  iirst  set  of  magnitudes,  as  the  last  but  oae  to  the  last  of 
the  second  set  of  magnitudes,  and  the  second  to  the  third 
of  the  first  set  of  magnitudes,  as  the  last  but  two  to  the  last 
but  one  of  the  second  set  of  magnitudes:  then  (cj.'  tBtfuo 
perturbaio  or  eJ7  tequali  in  proportione  perturbatd),  the 
first  of  the  first  set  of  magnitudes  shall  be  to  the  last  as 
the  first  of  the  second  set  of  magnitudes  is  to  the  last." 

Let  «,  6,  c  he  the  first,  and  a,  b',  c  the  second 
set  of  magnitudes;  and  k't  j 


and       b  : 
then      a  : 


For  if      r  =  -     and     "  =  T" 
be  V        b 

b' 


A  similar  demonstration  will  apply  when  there  are 
more  than  three  magnitudes  in  each  set. 

414.  "  If  there  be  tliree  magnitudes  in  continued  pro- 
portion, the*  first  shall  have  to  the  last  the  duplicate  ratio 
of  the  first  to  the  second." 

Let  a  :  b  ::  b  :  c,    then  also   n"  ;  6^  ::  o  :  c. 


For  if     -    =  - 
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,8 


^^        ^         a      a      o      a     '      a*       a 
then  also      --x-;-=-Xt     or-^=-; 

o       b      c      b  Ir       c 

a*       a 

therefore     a*  :  6*  ::  a  :  c. 

In  Greometry,  where  there  is  no  independent  definition 
of  ratio,  it  is  the  enunciation  of^  this  proposition  which 
forms  the  definitioh  of  duplicate  ratios. 

415.  ^^  If  there  be  four  magnitudes  in  continued  pro-  TripUaie 
portion,  the  first  shall  have  to  the  fourth  the  duplicate  q^J^. 
ratio  of  the  first  to  the  second.*" 

Let   a  :  b  ::  b  :  c  ::  c  :  d,   then  a'  :  6'  ::  a  :  d. 

Forif^  =  *  =  f, 
bed' 

a^       a  .    a^       a       a       c  a^       a 

^  r«  =  c-'  "^  T'^^ft'-c^a'  "  ^  =  rf' 

therefore      a'  :  6'  ::  o  :  d. 

It  is  the  enunciation  of  this  proposition  which  forms 
the  definition  of  triplicate  ratio  in  Geometry. 

416.  ^*  If  there  be  four  magnitudes,  a,  b,  c,  d,  which  Compod- 
are  proportionals,   and   four   others,   a\  V,  c ,  d',  which  ^^^ 
are  proportionals  also,  then  their  corresponding  products  or  of  propor. 
quotients, 

aa ,     66 ,     cc  j     dd  , 

a        6         c  d 

a         6         c         d 

shall  also  be  proportionals.^** 

For,f       -=-,      and     -  = -, , 
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a      a        c       c 
then  also      -  x  -7  =  -  x  -ry , 

60         da 


or      aa'  :  hh'  ::  cc'  :  dd'. 
Again,   If     -=-,      and     ^=^,, 


a      h'       c      d'  a      U       c      d' 

a 


then      r^*=3^~'      ®"^      "7^1="?^^^' 
"---de  a       0        c       a 


and  therefore        —7 —  =  — ; — , 

a)  (1) 

a      h       c       d 
a      o       c       a 

417*   ^^  If  four  quantities,  a,  6,  c,  d,  be  proportionals, 
then  o*,  6*,  c*,  d",   shall  also  be  proportionals."^ 


a"       c" 


then  also      —  =  —  , 
or        a"  :  6*  :;  c*  :  d*. ' 


418.  "  If  there  be  any  number  of  ratios  which  are  equal 
to  each  other,  then  as  one  antecedent  is  to  its  consequent, 
so  shall  all  the  antecedents  together  be  to  all  the  con- 
sequents together."" 

Let         a  :  h  ',',  c  :  d  ::  e  '.  fj 
then  also,     a  :  h  ::     a-^c-^e:h-^d-\-f. 


and  consequently 


i-  ad  +  af=ba  +  be  ■\ 
i+  d  +f)  =A(a  +  c 


b        b  +  d-^f 

or,       a  :  b  ::  a  +  c  +  e  ;      b  +  d  +  f. 

The    same    demonstration   may  eaeily  ha  extended  to 
any  number  of  ratioii  which  are  equal  to  each  other. 

419.     There  are  many  propositions  in  the  fifth  book  of  Sdf  evident 
Eoclid,   where  hypotheses  are  made  concerning  ratios  as  ^"f'^^ 
greater  and  less  than,  aa  well  as  equal  to,  each  other,  and  »iecb™i™i 
the  circumstances  under  which  they  are  so,  which  are  either  propordon 
self  evident,  or  so  nearly  self  evident,  consequences  of  the  ■"  ™"  ^- 
algebraical  definition  of  ratio,  that  it  will  not  be  neces-  eridmtwn- 
lary  to  notice  them  in  this  place,  as  distinct  propositions  '^?™'*' 
to  bv  demonstrated:  the  case  however  is  very  diiferent  in  a  metrical df. 
■ystem  of  Geometry,  where  the  want  of  a  definition  of  ratio,  *™'^'™- 

H  iluconnected  with  the  definition  of  proportion,  makes  it  

accessary  to  consider  such  properties  of  ratios,  as  much  the 
olgects  of  demonstration,  as  any  of  the  properties  of  pro- 
portions or  proportionals:  thus  when  it  is  said  that  "of 
UHqual  magnitudes,  the  greater  has  a  greater  ratio  to  the 
tune  than  the  less  has,"  it  is  required  to  bring  this  pro- 
pMition  within  the  operation  of  the  definition  of  quonlitin 


whicli  are  not  proportionals,  and  to  shew  that  the  condi- 
tions are  such  as  coincide  with  the  circumstances  under  j 
which  the  first  of  four  magnitudes  is  defined  to  have  i 
to  the  second  a  greater  ratio  than  t)ie  third  to  the 
fourth,  which  is  in  this  case  identical  with  the  second:  ! 
if  however  we  represent  algebraically  the  a&mc  three  ( 
magnitudes  by  a,  6,  and  c,  where  a  is  greater  than  c,  then 


and  it  is  a  necessary  consequence  of  the  meaning  attached 
to  the  term  fraction,  which  is  synonymous  with  that  of 
ratio,  that   the  first  fraction  under  such  circumstances   is     ' 
greater  than  the  second:   no  formal  demonstration  could 
add  to  the  evidence  of  such  a  proposition.  j 

The  same  observation  would  apply  to  the  following 
proposition:  "if  there  be  six  magnitudes,  and  if  the  first 
bears  to  the  second  a  greater  ratio  than  the  third  to  the 
fourth,  but  the  third  does  not  bear  to  tlie  fourth  a  less  ' 
ratio  than  the  fifth  to  the  sixth :  then  the  first  bears  to 
the  second  a  greater  ratio  than  the  fifth  to  the  sixth." 

If  the  six  magnitudes  be  severally  denoted  by  a,  b, 
c.  d,  e,  f,  then  the  three  ratios  which  are  the  objects  of 


the  proposition  are 


-  ,  -  and  -  respectively;  if  7  h^  greater 


than  ~,  and  ' 


be  not  less  than  - ,  then  we  infer  inmiedi- 


ately  that  -  is  greater  than  -; ,  and  no  demonstration  can 

add  to  the  evidence  of  such  a  conclusion:  in  the  absence 
however  of  any  geometrical  mode  of  defining,  indepen- 
dently of  each  other,  the  values  of  these  ratios,  it  becomes 
requisite  to  shew  that  there  are  some  equimultiples  of  the  . 
first  and  fifth,  and  also  of  the  second  and  sixth,  where 
the  multiple  of  the  first  is  greater  than  that  of  the  second, 
but  the  multiple  of  the  fifth  not  greater  than  that  of  the 
sixth :  a  conclusion  by  no  means  self  evident,  but  requiring 
tile  authority  of  a  formal  demonstration. 


CHAP.  XII. 


:,  Theory  of  Simple  Roots,  with  the  Pri; 
oy  THE  Application  or  Alqebba  to  Geometry, 

420.  We  have  before  explained  the  meaning  of  the  General 
n  root  in  its  ordinary  acceptation,  as  the  inverse  of  the  ,1,^  urait 
term  power,  (Art.  13.):  and  have  also  investigated  and""'""' 
exemplified,  at  considerable  length,  the  rules  for  the  deter- 
mination of  the  roots  from  their  corresponding  powers, 
botli  for  numbers  and  for  simple  and  compound  algebraical 
espresHons  (Chap.  VIII.);  there  are  other  consequences 
of  those  operations,  vrhich  are  due  to  the  fundamental 
assumptions  of  Algebra,  which  are  amongst  the  most  im- 
portant in  the  wliole  science  of  symbols,  which  we  shall 
now  proceed  to  consider :  it  will  form  however  a  useful, 
and  in  some  respects  a  necessary,  introduction  to  this 
subject,  to  consider  and  determine  the  extent  of  the 
meaning  which  can  be  properly  given  to  the  term  root 
in  Arithmetic,  and  in  a  system  of  arithmetical  algebra, 
properly  so  called. 

431-  The  term  root,  when  applied  to  numbers  or  MoniiigeJ 
numerical  c)uantities,  denotes  as  we  have  seen,  the  num-  Ij^"™ 
bar  or  numerical  quantity,  whether  admitting  of  finite 
determination  or  not,  which  used  as  a  factor  in  multi- 
plication as  often  as  its  denomination  indicates,  produces 
the  required  number,  whether  fractional  or  not  :  thus  the 
square  or  quadratic  root  of  25   is    5 :    for  5  x  5  =  25 : 

^  5329  .    73     ^ 
the  squAie  root  ot  is  —  ;   for 

73       73  _  5329 

19**  19  ~  sef" 

the  cubic  or  cube  root  of  1.030301  is  1.01 ;  for  1.01  x  1.01 
X  l.Ol  produces  1 .030301 ;  the  square  root  of  2  is  denoted 
sytnbolicKlly  by  )/3,    there  lieing   no  finite   arithmetical 
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quantity  wbich  is  equal  to  it :  but  the  genera)  rule  for  the 
extraction   of  the   square  root  in    numbers,  will  give  lU 
an   approximate  determination   of  its  value,  which  is  tbtf 
more  accurate,  the  further  the  operation  is  continued, 
lumoui-  422.     In    a    system   of    arithmetical    algebra,    whicfc 

I  «Shmeii<al  r^js'^ts  the  independent  use  of  the  signs  +  and  — ,  and 
[  ilgeb™.  in  which  the  values  of  the  symbols  are  limited  as  far  aS 
this  rejection  makes  it  necessary,  the  term  root  will  strictly 
coincide  with  its  meaning  in  common  arithmetic :  it  wiQ, 
denote  the  ntimerical  quantity  (though  it  may  be  syra-i 
bolically  represented)  which  used  as  a  factor  in  niul- 
tiplication  as  often  as  its  denomination  indicates,  will' 
produce  the  required  expression:  as  7uan/t7^  alone  there^ 
fore  is  considered  in  such  roots,  there  can  be  one  root; 
only  corresponding  to  one  power :  and  as  no  affccfion, 
of  quantity  is  capable  of  being  considered  in  the  powers,, 
no  affection  of  quantity  can  be  considered  in  the  rootB. 
ipUa.  iQ3.     Thus  the  square  root  of  a'  is  a  and  a  only:; 

the  second  root  —  a  belongs  exclusively  to  a  system  of 
symbolical  algebra:  the  square  root  of  a*  —  2ab  +  h-  is 
a  —  6  or  ft  —  a,  according  as  a  is  greater  than  A,  or  a 
less  than  ft :  the  cube  root  of  «'  is  a  and  a  only :  there 
are  two  other  algebraical  roots  which  we  shall  afterwards 
have  occasion  to  notice  :  the  cube  root  of 
rt*  —  3a=fi  +  3ffl6*  —  b' 

is  « —  ft,  when  a  is  greater  than  &:  if  a  be  less  thaa 
ft,  neither  the  cube  nor  its  root,  can  be  considered  as 
having  an  arithmetical  existence :  it  is  hardly  necessary 
however  to  extend  these  observations  farther,  as  we  have 
already  sufficiently  considered  the  limitations  in  the  use 
and  values  of  synibola,  which  a  system  of  arithmetical 
algebra  renders  necessary.     (Chap.  III.) 

[  ExundHi  424.     The  symbols  in  arithmetical  algebra  are  equally 

°       comprehensive  with  numbers,  and  therefore   may  express 

[  wiihioedral  line.s  or  areas  or  any  other  species  of  quantity  which 
numbers  are  cajtable  of  representing:  in  all  cases  there- 
fore, when   such   quantities   admit   of  powers   which   ore 


ible  of  interpretation,  there  will  be  a  corresponding  rooi, 
rirhich  may  be  called  the  arithmetical  root,  as  belonging 
to  this  system  of  arithmetical  algebra,  though  the  quan- 
tities which  they  represent  may  not  be  so :  thus  if  a* 
be  on  arefl,  a  is  the  hne  upon  which  an  equal  square 
may  be  described:  if  a'  be  a  »olid,  «  is  the  edge  of  an 
equal  cube,  and  similarly  in  other  cases:  this  extended 
use  of  the  term  arUhmetical  root,  therefore,  is  limited  by 
^^  the  independent  use  of  the  signs  +  i'nd  —  only,  and 
^ftoot  by  the  uature  of  the  quantities  represented. 

^K  4S5.  In  symbolical  as  well  as  in  arithmetical  algebra,  1 
^^rae  may  consider  the  term  root  as  the  inverse  of  the  term  " 
^^nMwr,  and  conversely :  for  if  the  m*  power  (or  what  is  in 
^'"'■o  tailed)  of  a   be  denoted   by   a",  its  n"  root  may  be_ 

denoted  by  o" :  imd  the  general  principle  of  indices  will 

lead  us  to  the  equations  («")"  =  (o")"  =  a :  it  follows 
therefore  that  the  n*  root  of  the  n"'  power  of  a  is  equal 
to  the  H*  power  of  the  »*  root  of  n,  and  the  result  is 
in  both  cases  the  original  symbol  or  quantity  a :  in  other 
words,  the  operation  denoted  by  the  «'"  jiower  of  a, 
undoev  the  effect  of  the  operation  denoted  by  the  n"" 
root  of  a,  and,  conversely,  whatever  the  value  of  n  may 
be,  and  whatever  may  be  the  particular  nature  and  mean- 
ing of  tile  operations  which  they  severally  denote :  and 
it  is  for  this  reason  that  we  conclude  generally  that 
those  operations  are  respectively  the  invert  of  each  other. 

♦26.  When  however  we  pass  from  general  to  parti- 
cular values  of  this  index,  the  same  principle  will  at  once 
\e»A  us  to  the  interpretation  of  the  meaning  of  the  ope- 
ration which  it  denotes,  whether  the  subjects  of  such 
operation  be  symbols,  or  numbers,  or  any  quantities  what- 
ever which  they  may  represent :  thus,  the  square  root 
of  -t-  «  or  —a  will  be  the  symbolical  quantity  which 
multiplied  into  itself,  will  produce  +  n  or  —  « :  the  n"" 
root  of  -i-  a  or  —  o  (where  n  is  a  whole  number)  will 
tie  that  symbolical  quantity  which  employed  as  a  factor 


ing  for  p*r- 
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n  limes,  will  produce  +  a  oi  —a:  and  similarly  in  all  ' 
other  cases,  whatever  he  the  symbols  or  algebraical  expres-  < 
siona,  whose  square  or  other  roots  may  require  to  be  ) 
determined  or  expressed.  ' 

427-     Iq  a  system  of  symbolical  algebra,  the  expressions  1 
+  o'  and    —  a-,  or,  «■  and   —  n^,  express  different  affec-  i 
lions  of  the  same  quimtity,  which,  in  a  system  of  arithnie-   ' 
tical  agebra,  would  be  equally  denoted  l>y  o':  and  there   I 
is  only  one  arithmetical  root  a,  which  equally  belongs  to 
o',    +  n^  and    —  a' ;  for  it  is  dependent  upon   the  magni- 
tude only   of  a"  and    not    upon  the   particular    affections, 
which  may  be  denoted  by  the  signs  +  and  —   attached  to 
it :  but  in  considering  the  algebraical  roots  of  a*  and  —  a', 
we  muHt  have  regard  only  to  the  conditions  which  such  roots 
must  satisfy;  and  there  will  of  course  be  as  many  roots, 
as  there  are  symbolical  expressions,  which,  in  conformity 
with  the  general  rules  and  assumptions  of  Algebra,  will 
equally  produce  the  required  result :  thus  all  expressions 
are  equally  algebraical  roots  of  a"  or  of  —  a",  which  mul- 
tiplied into  themselves,  produce  or  or  —  a' :  and  similarly 
in  all  other  casses. 

428.      It  is   upon   this  principle,    that   we   consider  a 

I  Mid    —  a  as   equally   algebraical   square  roots  of  n":  for 

quuiti-    a  X  a  =  a*  and  also  —  a  x  —  n  =  o* :  or  in  other  words 

and  —  a,  equally  answer  the  algebraical  conditions  which 
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lign  +,  the  square  root  of  a^  is  required  to  satisfy :  in  a  similar 
manner,  if  we  denote  the  arithmetical  square  root  of  a 
by  \/a,  the  two  algebraical  square  roots  of  a  will  be 
severally  denoted  by  -i-  \^a  and  —  \^a,  the  first  of  which 
coincides  with  the  arithmetical  root :  again,  the  two  alge- 
braical square  roots  of  a^  —  2at  +  h^  arc  equally  a  —  b 
and  6  —  a,  or,  {a  —  h)  and  ~  (n  —  6),  one  of  which  only, 
under  its  most  simple  form,  will  coincide  with  the  arith- 
metical root. 

429.  If  we  now  proceed  to  consider  the  algebraical 
square  roots  of  —  a",  it  will  immediately  appear  that  such 
roots  cannot  be  denoted  by  any  simple  algebraical  symbol 
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^Ibe  a  or  b,  aSected  with  the  ordinary  Rigns  +  or  —  : 
r  the  general  rule  to  which  these  signs  are  subject,  makes 
t  necessary   that  the  square  of  any  symbol  affected  with 

K4ither  one  or  other  of  these  signs,  must  be  affected  with 
(he  sign  +  only,  and  consequently  such  a  result  can 
never  be  identical  with  — a'.  If  we  are  confined,  there- 
fore, to  the  use  of  those  signs,  +  and  — ,  as  indicating 
the  only  affections  of  quantity  which  are  capable  of  being 
considered,  we  must  conclude  that  there  are  no  square 
roots  of  —or,  or  that  the  language  of  symbols  is  incom- 
petent to  express  them. 

430.     It  is   true,   that   under  such  circumstances  we 
might   denote  the   square   root   of  —a'   by  >^  —  a',  by 
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merely   prefixing  to 
•nd  also  that 


and 


the    symbol   of   operation,    v' ;  " 


vould  be  identical  equations,  which  are  perfectly  inde- 
pendent of  the  actual  performance  of  the  operation  denoted 
by  t^,  whether  practicable  or  not :  if  there  was  no  mode 
of  denoting  the  result  of  this  operation,  the  operation 
might  be  properly  termed  impossible,  and  the  result 
imaginart/:  but  such  imaginary  results  would  become 
equally  real  with  the  square  roots  of  a^,  if  signs  can  be 
auamed  which  are  not  inconsistent  with  the  existing  signs 
+  and  — ,  and  which  satisfy  all  the  algebraical  conditions 
■faich  the  case  requires. 

If  we  consider,  therefore,  a  as  the  arithmetical 

I  toot  of  —  a',  and  assume,  in  the  first  place,  i  to 

9Dt  the  imaginary  or  pecuHar  sign,  wliich  must  be 

1  to  it  in  order  to  convert  it  into  the  proper  alge- 

I  root,  we  shall  have 


I 
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trentiag  the  sign  t   as  an  ordinary  symbol :  but 
likewise  equal  to  (  — l)a%  and  tlierefore 

_«•=(»)' a' =(-!)«=, 

and      (iy  =  -  1. 

If  we  still  continue  to  consider  (t)'  and  —1  as  subject 
to  the  same  laws  as  ordinary  symbols,  we  shall  get 


ubject     1 


•asccptible 
also  of  tbe 


It  thus  appears  that  we  may  use  ^/— 1  as  a  sign 
of  affection,  whether  admitting  of  interpretation  or  not, 
equally  with  the  signs  +  and  — ,  and  also  in  perfect 
accordance  with  its  ordinary  symbolical  character. 

432,     The  square  root  of   —  o-  is  equally 

+  a  ^ '—1     and      —  n^  —  I,  ' 

for  the  same  reason  that  the  square  root  of  t 
+  a  and   —a;   for 


a  equaUy 


»V^i  = 


equally  with 


o,y/  — 1  X  e 


it  follows,  therefore,  that  a y/  —\  is  susceptible  of  the 
signs  +  and  — ,  and  therefore  of  those  affections  which 
they  may  denote,  which  are  proper  to  the  quantity  a 
modified  by  the  sign  ^  —1  ;  a  fact  which  will  be  found 
to  be  important,  when  we  come  to  consider  the  principles 
of  its  interpretation. 

433.  We  shewed  on  a  former  occa-sion,  that  the  as- 
sumption of  the  independent  use  of  the  signs  +  and  — 
was  essential  to   the  unlimited  values  of  the  symbols  of 
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I  .Algebra,   however  connected   with    each   other,   and  also  i 
erpUined   the   advantages    which   resulted    from    making '' 
those  signs  of  affection  identical   with   the   signs  of  the  J 
operations  of  Addition  and  Subtraction :   the  asaumption  "I 
of  the  sign  .^  —  \    is    equally    necessary  for    nearly    the  ii 
same   reasons:   for  unless  we  are  at   liberty   to   consider  ^ 
the  square  roots  of  quantities  affected  with  the  sign  —  , 
we  must   necessarily  suppose  a    greater  than  6,   in  such 
expressions  as   V{a-  —  V),  a  restriction  which  is  contrary 
to  the  assumed  generality  of  representation  of  the  symbols 
of  Algebra :  if  we  suppose,  therefore,  n  to  be  less  than  6, 
or  that  a^=.h-  +  ir,  this  expression   will  become  •>/  —c', 
and  the  consideration  of  such    quantities  will   become  a 
necessary  consequence  of  this  fundamental  assumption  of 
Algebra. 


I 


434.  We  may  denote  o"  by  «*  x  1,  as  well  as  —  a" 
by  o'  X  —  1 :  and  consequently  we  may  denote  ^a"  by 
a  V'l)  in  the  same  manner  as  we  denote  ^  —a^  by 
«^—  1.  Under  such  circumstances,  we  may  consider 
V'l  and  ^  — 1,  as  the  recipients  of  the  peculiar  affec- 
tions which  may  or  may  not  distinguish  the  arithmetical 
from  the  algebraical  square  root ;  for  V\  is  symbolically 
identical  with  + 1  or  -1,  and  therefore  a  V'l  is  sym- 
bolically identical  with  +  a  and  —  a :  in  tlie  same  manner, 
^  — 1  being  equally  susceptible  of  the  two  signs  + 
and  — ,  it  follows  that  a^  —\  includes  within  itself 
tile  double  value    +  a  ^  —  1  and   —a^—\. 

435-  The  same  principle  of  representation  may  be 
rxleuded  to  the  «*  roots  of  a",  or  —  a";  for  a"  is  identical 
irilh  a"  X  1,  and  -  ri"  is  also  identical  with  «'  x  (—  1): 
it  follows,  therefore,  that 
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(«")"  =  „^1      .,r      «(1)": 
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of  mlgcbnl. 


-1     or     a(-l)-. 

It  would  thus  appear,  that  whatever  may  bo  the  peculiar 
affections  whicli  must  modify  the  common  arithmetical 
root  of  fi"  and  —  a",  in  order  to  form  the  corresponding 
algebraical  roots,  they  must  be  symbolized  by  the  similar 
roots  of  1  and  -  1 ;  and,  if  capable  of  determination, 
they  may  be  determined  from  them. 

In  all  cases,  indeed,  it  is  convenient  for  the  purposes 
of  a  general  theory,  to  consider  1  and  —  1  as  the  redpi- 
ents  of  all  the  peculiar  affections  whicti  the  signs  of 
Algebra  may  be  made   to  express :  thus, 

^1    and    ^-1,        ^1   and    ^-1, 

^1    and    ^  —  1, 

may  be  considered  as  signs  or  symbols  expressing  affections 
and  not  magnitude,  equally  with  ,^1  and  V'— 1,  and 
as  forming  the  syndxilical  connection  between  the  corres- 
ponding arithnu'lical  and  algebraical  roots  of  different  and 
corresponding  denominations:  it  wiU  form  one  of  the  prin- 
cipal objects  of  the  investigations  which  follow,  to  ascertain 
■whether  the  affections  thus  symbolized  are  multiple  or 
simple,  and  whether  they  are  susceptible  or  not  of  sym- 
bolical transformation  into  others  which  are  equivalent. 

436,  Before  we  proceed  to  the  interpretation  of  the 
sign  y/  —  1,  under  whatever  circumstances  it  may  present 


itself,   and   the  very   important   consequences   which   will 
ttarign"     ^  found  to  follow  from  it,  it  may   be  proper  to  give  a 
few  examples  of  the  reduction  and  transformation  of  al- 
gebraical expressions  in  which  this  sign  occurs. 

(1)     ^  —  49  =  7^-1.     In_this    and    in  other 
cases,  we  shall  condder  the  sign  ^  —  1   as  bearing  the 
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double  sign  +  or  — ,   when  their  separaf^  condderation 
is  not  required. 

(2)  ^/"^l20  =  2  1/5  J~^. 

(3)  (a  +  bJ^^)  +  ia-b^,/^)-2a. 

(4)  (a  +  6V^)-(«-*^/^-^)  =  ^^^^~^• 


(6)     ia  +  b„y^^)  +  (c  +  d^-l)  =  a  +  c 
+  (6  +  <0 -s/"-!  • 

(6)  (o  +  6yi:r)_(c  +  d-y^)  =  o-c 

(7)  aj'^^a  VbJ''^. 

(8)  o,y^xa^/"^=-aa^/6^; 

for  a»y  —b  =  a  VbA^^,  and  a^  -p  =  ay/fiy/  -1; 
and  therefore 
a.J~^x  aj'^=aa.jb^  .  (  -  1)  =  -  aa^/b^. 

The  quantity  >^6/3  bears  the  double  sign  +  or  — , 
and  consequently  the  product  we  are  considering  may  be 
affected  with  either  of  the  signs  -|-  or  — '■>  ^^e  result 
wUch  we  have  put  down  is  such  as  will  arise,  in  case 
^h  and  t/jS  were  both  affected  with  the  same  sign, 
whether  +  or  — . 

(9)      v^(  -  o*  +  2o6  -  6*)  =  (o  -  6)  ^111. 

aO)     (a  +  6 >s/~^)  (o -  6n/"^)  =  o«  +  6». 

It  thus  appears,   that  a- +  6^  is  equally  resolvible  into 
factCMV  with  a^  —  b*. 


(11)     (o+6v/^)'  =  a'+2a6,y3l_6«. 
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(12)  ia  +  b,y^^)(c  +  d^  -l)  =  ac-bd 

(13)  (a-b v/^)  (c- d  V^^)  =  ac-bd 

-  (ad  +  be)  ^  -1. 

(14)  (o+6^/^+c^/^)  (o-6n/^  -  c>/^) 

=  «'  +  (6  +  c)«. 


(15)  (a+6x/^+Cv^^)(a+6\/^-cVTr) 
=  (o  +  6n/^^)*  +  c*  =  o« - 5*  +  c*  +  2a6  v' -^• 

(16)  (a+6V^+c-s/^)  (a+6y::T-cv^) 
X  (a-6,y3T+c^3T)  (a_6,y3l  _  c,^/"!!) 
=  o*  +  6*  +  c*  -  2a«6«  -  2a«c«  +  26V. 

(17)  (V^)^=-l. 

(18)  (y^)'=-7^n. 

(19)   (v'^ri)*=i. 


(20)     {J~^f  =  J'^.     The  same  values 
after  every  fourth  term  of  the  series 

(n/"^)",    (^/^)^    (x/^)S    (n/^)' 

and  so  on,  continued  as  far  as  we  please. 


(21)  (1  +  7_1)'  =  2V-1. 

(22)  (l-V3i)«=_2yTi. 


857 


(24) 


(^i^7= ' 


The  two  expressions. 


and 


2 


answer  the  conditions  which  are  required  to  be  satisfied 
by  the  cube  roots  of  1. 

- 1  +  ,^/33\*  _  - 1  -  ^/^ 


In  a  similar  manner  it  will  be  found,  that 


\  2  /  2 


(26)     ( 


1/2 


)•=— ( 


i-^r^\* 


1/2 
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(27)     ( 


-1+y-Tv 


V2 


)=-'=( 


•2 
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(28) 


(29) 


Oa/ — 1        a 


o*  +  6*  (a  +  fcy/-!)' 


a'- 6"       2ab»y—i 


(30) 


o  +  fc^/  — 1       ac  +  fed  —  (ad— 6c)  ^  —  1 
c  +  d^yHl  ?Td« 


(31) 


ac  +  bd+  (ad  —  be)^  —I 

^*+"d* 
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(32) 


(33) 


o  +  ft-sA-^ 


a  +  b^  — 


(34) 


(36) 


a-b^ 


(36) 


(37) 


a  +  b,J^ 


+  d^- 


a  +  bij  — 


+  d^- 


a*  +  b* 


2a 


o_6^_l        o«  +  6« 


2(g*-6*) 
o*  +  6* 


-dV- 


a-b»y~^ 


4o6«y"n" 


=  2. -J-       - 


+  d* 


s2. 


c—djL./  — 


(6c— od)^  — 1 


(38)  V(«  +  *'v/'^l)  + VC^-^-s/^ 

=  ^  ^2a  +  2 -v/(o«  +  6»)| .     (Ex.  62.  Art.  181.) 

(39)  ^y(o  +  6N/"^)  +  ^(«-6v^^^) 

=  V{V{2o  +  2-y(a'  +  6«)}  +2;/(a«+6«)}. 
(Ex.  64.  Art.  183.) 

(40)  (a-6,ytrT)(a*  +  afe,y3r-6«) 

=  o»  +  6'  V^. 

(41)  (a_6yZT)  + 

(a*  +  a'fe  ,y^~  a^b-  -  ab^  ^f^  +  *') 


SA9   - 


(42) 


a*  +  b* 


=  o-6,y^=T. 


(43) 


a  +  bJZ-i 


o6^/_T_5' 


(*♦) 


a*^b* 


a  +  bj^:i 


=o»-o«6  ./^  -  o6«+6*^/^ 


(46) 


a*-b* 


(46)     (o  +  6,^-l)-  =  o-  +  mo"-'6V-l 

_  ^C*"-^)  „.-.j«  _  *»(*»-!)  (m-2) ^^_,^,    *-^ 
i»2  1.SI.3 

^m(m-l)(7»-2)(>»-3)^,.,^,^^^^ 


(47)     (o  +  6N/^=Tr +  (a-6v^-l)' 


^(^-l)^«.£ft« 


=  2  <o" ^ a' 

(  1  .2 

iii(w- 1)  (m-2)  (w--3) 
1.2.3.4 


a~-*6*  +  &c.l  • 


(48)     (a  +  6,y31)-.-(a-6yZi)~ 
«    / — ^^      m   ir      w(m-l)(m-2)(m-3)   ^   ... 


1.2.3 


iii(m  —  l)....(m-  5) 
1.2 5 


a^'-^fc* 


—  &c.  >  . 
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(49)      t/(a  +  6,yTl) 


+ 


The  identity  of  these  expressions  may  be  ascertained  by 
squaring  both  sides. 

(60)     y/{a-b\/-l\ 

Prindpks  437«     There  are  certain  general  principles  which  must 

udaaST'  ^  attended  to,  in  the  interpretation  of  the  meaning  of  the 
****^  sign  ^y  —  1,  when  attached  to  a  symbol  with  a  specific 
V—^»       value,  which  we  shall  now  proceed  to  consider. 

If  we  suppose  the  sign  >^  —  1  to  designate  a  property 
or  affection  of  quantity,  dependent  both  upon  the  specific 
nature  of  the  quantity  itself  and  other  general  algebraical 
conditions  which  it  may  be  required  to  satisfy,  then  we 
may  likewise  consider  the  attaching  this  sign  to  a  symbol 
which  designates  any  given  quantity,  as  equivalent  to 
imposing  that  peculiar  affection  upon  it,  which  is  appro- 
priate to  them  both:  thus  if  a  designated  a  line  drawn 
Meaning  of  in  a  given  direction,  and  if  we  supposed  or  should  otherwise 

affixrtatioH.   determine  that  the  sign  ^  —  1  in  such  a  case  designated 
the  movement  or  transfer  of  that  line  through   a  given 

angle,  then  a  ^^  —  1  would  represent  the  line  in  question 
in  its  new  position :  the  affectation  (if  we  may  be  allowed 
to  use  this  term  in  such  a  sense)  of  this  second  line  again 
with  the  same  sign  ^  — 1,  which  is  equivalent  to 


SCI 

^  —  \    or  10   —a, 

would  designate  a  line  making  the  same  angle  with  a^^  —  l, 
that  the  line  designated  by  a^  ~\,  makes  with  that 
designated  by  o :  under  such  circumstances,  it  is  very  easy 
to  conceive  the  successive  affectation  of  the  line  a  by  the 
■ame  sign  ^  —  1,  which  will  be  symbolically  represented 

or  by 

and  which  will  designate  a  series  of  tines  making  with  each 
other,  the  same  angle  which  the  line  denoted  by  a  fj  —  \ 
makec  with  the  primitive  line  a. 

'ids.     Again,  the  symbolical  quantities  ^ 

-(v^^)'.    '^J^^Y,    '^(^/^)^ 
'{J^f,     o(v'^'.  «■<■■ 

vhicb  represent  the  result  of  the  double,  triple,  quadnipls, 
juintvplc,  scTtuple,  &c.  affectation  of  the  line  a  by  the 
^gD  ^—1,  are  likewise  equivalent  to 


wlierc  the  same  symbolical  quantities  recur  for  every  fourth 
tg^etatian:  it  will  follow  therefore  that  the  lines  repre- 
lOited  by 

a(V31)*,     a{J^)\     a{^nr\)\ 


which  uc 
rwbonliiwli 


I  fnterprcia- 


Alg«bra  are  necessary,  the  interpretations  which  we  ^ve 
to  theni)  have  no  essential  conneclion  with  them:  th^ 
form  in  all  cases  a  subject  of  investigation  which  is  secon- 
dary to  the  deduction  of  the  results  themselves,  and  are 
admissibk'  only  so  far  as  they  are  consistent  with  them- 

7  443.  But  though  there  exists  no  essential  connection 
ij.  between  the  symbolical  results  and  their  interpretation, 
yet  there  may  exist  a  necessary  and  mathematical  con- 
nection between  the  inteipretations  themselves :  for  the 
interpretation  of  the  more  general  result,  must  include  the 
interpretation  of  the  other  results  which  are  subordinate 
to  it:  thus,  the  interpretation  of  the  succession  of  sym- 
bolical results  a,  a^  —  \,  o(^  — 1)",  a  {^  —  1 )",  &c. 
necessarily  includes  that  of  +  «  and  —  n ;  if  by  any  other 
means  therefore  we  have  determined  the  interpretation  of 
+  a  and  —  a,  when  a  has  a  specific  value,  then  its  coin- 
cidence with  the  interpretation  derived  from  the  more 
general  case  is  essential  to  the  correctness  of  one  at  least 
of  the  two :  under  such  circumstances,  it  is  the  authority 
of  the  less  general  case,  which  most  conmionly  prevails, 
inasmuch  as  it  generally  precedes  the  interpretation  of  the 
more  general  case  in  the  order  of  investigation,  and  is  more 
immediately  and  more  essentially  connected  with  the  6rst 
principles  of  the  science. 

444.  Assuming  tliercforo  the  correctness  of  the  inter- 
pretation of  the  less  general  case,  it  is  by  an  inductive 
process  of  reasoning  only,  that  we  pass  from  it  to  the 
interpretation  of  the  more  general  case,  and  the  existence 
of  one  does  not  determine,  in  the  mathematical  sense  of  the 
term,  the  existence  of  the  other:  but  it  is  the  necessary 
connection  which  exists  between  the  interpretation  of  the 
more  general  result  and  those  which  are  subordinate  to  it, 
which  makes  it  so  important  to  examine  and  ascertain  the 
latter,  as  tests  of  the  unitt/  as  well  a^  correctness  of  the 
interpretation  of  the  former :  of  tills  kind  is  the  following, 
as  applicable  to  our  interpretation  of  the  sign  ^  —  1,  when 
applied  to  symbols  designating  lines. 
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A 


ind  and  fourth  must 
sign     —  :    now  the  first 


If  upon   the  «qual   lines       ■= 
JB,  Jff,  Ab,  Ab'  which  are 
at  right  angles  to  each  other, 
ve  describe  a  series  of  squares 

ABCff,  ABch,  b 

Ahc'b',  Ah'c'B, 
it  would  follow  from  princi- 
ples,   which    we  have   consi- 
dered before  (Art.  104),  that       c 
if  the   first   and    third   were 
affected   with   the   sign    + ,  the 
necessarily  be  affected  with   the 

and  third  are  constructed  upon  the  lines  AB  and  Ab,  which 
may  be  designated  by  the  symbols  +  o  and  —  a:  and 
they  are  sirailarly  described  upon  them,  that  is,  towards 
die  some  parts,  from  right  to  left :  in  a  similar  manner, 
the  second  and  fourth  are  the  squares  similarly  described 
upon  the  lines  AB"  and  Ab' ■  now  the  first  and  third  of 
these  squares  are  symbolically  represented  by  a",  which 
is  the  squ&re  of  +  a  or  —  a :  whilst  the  second  and  fourth 
are  symbolically  represented  by  —  a*,  which  is  the  square 
of  +  a^  — 1  and  —a^  —  1:  it  follows,  therefore,  that 
ilAB  and  Ab  are  denoted  by  +  a  and  —a,  that  AB"  and 

Jb'  maybe  correctly  denoted  by  +a^— 1  and  —a^—\% 
for  such  a  mode  of  denoting  these  lines,  or  such  an  inter- 
pretation  of  the  symbolical  quantities    +  a^  —  1   and 

—  a^/  —  1,  fully  satisfies  the  conditions  which  are  re- 
quired to  be  fulfilled :  and  if  we  take  for  granted  the 
coTTCctDess  of  the  interpretation  of   +  a  and    —  a,  and  of 

+  «?  and  —  o',  it  is  the  only  interpretaiem  of  -I-  a^  ~\ 
•ad   — <*v    — 1'  "hich  can  do  so. 

445-    Interpretations  must  in  many  cases  partake  in  some  Cbuu> 
(Irgree  of  the  vagueness  of  the  language  in  which  they  are  orr„"onj 
oqireaacd:  thus  we  have  said  that  tlie  affectation  of  a,  when  i>k<"">«* 
JenQting  a  line,  with  the  sign  ^  —  I,  was  equivalent  to  its  uiinnx. 
tnittfer  through  an  angle  of  90^ :  but  it  would  have  been 


I 


■ppllcsble 
to  linn  R- 
picnnling 

^_      vdocidea. 
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equally  correct  lo  have  said,  or,  in  other  words,  it  would 
have  equally  satisfied  the  symbolical  conditions  to  have  said, 
that  if  a  denoted  a  line,  ai^/^l,  a  (.J^^f,  a  (^'^)\ 
&C.  would  denote  a  series  of  lines  at  right  angles  to  each 
other  in  succession:  the  idea  of  transfer  is  in  no  respect 
essential  to  this  interpretation  and  is  merely  introduced 
as  one  amongst  other  modes  of  exhibiting  or  of  producing 
the  succession  of  quantities  which  the  symbolical  results 
required  to  be  interpreted,  may  be  made  to  represent. 

446.  Before  we  quit  the  consideration  of  the  interpreta^ 
tion  of  the  sign  ^  —  1  when  applied  to  lines,  it  may  be 
proper  to  remark  that  it  will  equally  apply  to  any  other 
quantities  which  lines  may  represent,  and  which  are  capable 
of  the  same  aiTections  with  lines :  thus  if  a  and  —  a 
denote  two  equal  forces  in  opposite  directions,  o  s/  —  1 
and  —  a^  —  1  may  likewise  denote  two  other  equal 
forces  in  opposite  directions,  and  acting  at  right  angles 
to  the  former ;  if  a  and  —  a  denoted  velocities  in  opposite 
directions,  o^  —  1  and  —  a^  —  1  may  denote  velo- 
cities in  opposite  directions,  which  are  likewise  at  right 
angles  to  the  former;  and  similarly  in  other  cases  of  a 
Himilar  kind. 

447-  There  arc  many  cases  however  of  quantities, 
which  cannot  be  represented,  unless  symbolically,  by  lines, 
which  arc  susceptible  of  aiTections  denoted  by  +  and  — , 
which  are  appropriate  to  their  specific  nature:  thus  if  a 
represented  property  possessed,  —  a  may  represent  the 
same  property  owed  ;  under  such  circumstances  what  is  the 
meaning  which  may  be  attached  to  a^—1  and  —a^—1? 

If  we  consider  the  succession  of  quantities 

or,  a,  a  ^/  —  l,   —  a,   —  a^  —  1, 

and  if  the  first  represents  property  possessed,  and  the  third 
property  owed,  the  second  can  neither  represent  property 
possessed  nor  owed,  under  the  same  circumstances  or  by 
the  same  person,  inasmuch  as  in  such  a  case  it  would  be 
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ijinbolicatly  represented  by  a  or  —  a:  it  may  represent  how-  -^^H 

ever  property  deposited,  which  admits  of  similar  retatioOB  *^^| 

when  considered  as  property  possessed  and  property  owed  ^^H 

by  another  person ;  under  such  circumstances,  the  aff'eO'  ^^H 

tation  of  a  denoting  property  possessed  by  J  by  the  sign  ^^H 

^  —  \,   would  convert  it  into  property  possessed  by  B-.  ^^H 

and  the  affectation  of  a^/  —  \  by  ^  —1,  would  con-  ^^| 

Tert  property  possessed  by  B  into  property  owed  by   A :  ^^| 

thirdly,  the  affectation  of   —  a  by  ^  —  1  would  convert  ^^| 

properly   owed   by   A    into   property   owed    by   B :    and  ^^| 

fourthly,  the  affectation  of  —a^—1   by   ^  — 1   would  ^^M 

convert  property  owed  by  B  into   property  possessed  by  ^^M 

A :    the    repetition    of  the    process  of  affectation   by    the  •  ^^| 

sign   t^  —  \,    would    reproduce    continually    the    same  ^^| 
Rjccession  of  transfers  of  property  from   A   to  B,  and  of 
conversions  of  property  possessed  into  debt,   and  of  debt 
into    property  possessed,   which  is  required  to  correspond 

to  the  succession  of  the  same  symbolical  results.  ^1 

In  this  case,    the  interpretation    of    the    sign   i-J  —  ^| 

which   we  have  given,  satisfies   the  symbolical  conditions,  ^H 

■od  also  coincides  with  the  interpretation  of  the  meaning  ^H 
of  the  signs  +  and  — ,  which  is  otherwise  established :  ^H 
we  cannot  give  it  the  additional  authority  of  the  coinci-  ^^| 
dence  of  this  interpretation  with  the  interpretation  of  the  ^^| 
Beanings  of  the  quantities  corresponding  to  a'  and  —  (i*,  ^^| 
far  those  ({uantiticB  in  the  case  under  consideration  admit  ^^| 
of  DO  interpretation. 

446.  If  a  denoted  a  sum  giuned  by  ^,  —a  might  Lontod 
denote  the  same  sum  lost  by  ^ :  in  this  case  the  affectation  ^' 
of  a  by  ^/— 1,  would  transfer  the  gain  from  A  \a  B: 
the  affectation  of  a  :^  —  1  by  y/  —  \  would  convert  the 
gain  of  B,  into  a  loss  by  J ;  the  affectation  of  —a  by  ^/— T 
would  transfer  the  loss  from  A  to  B:  and  the  affectation 
of  —a  .^y^i  by  ^  —  1,  would  again  transfer  the  loss  by 
B,  to  a  gain  by  A:  we  then  obtain  a  repetition  of  the 
nmc  changes  in  the  same  manner  as  in  the  other  cases 
which   wc  have  considered. 


««8 


449-  If  we  supposed  ab 
to  represent  the  area  ABCD, 
then  —  ah  would  represent  the 


cxpRssions  'U'ea  ABcd  or  ADEh  and  con- 

Tepretent- 


versely:  in  this  case  abisj  —  1 
might  be  interpreted  to  repre- 
sent tlie  equal  rectangle  de- 
scribed upon  AB  or  AD,  at 
right  angles  to  ABCD,  in- 
Asmuch  as  such  on  hypothesis  ' 

would  satisfy  all  the  required 

Bynibolical  conditions!  for  if  the  first  affectation  of  ab  or 
of  ABCD  by  ^— 1  moved  tlie  rectangulai"  area  ABCD 
round  AB  through  an  angle  of  90",  the  second  affecta- 
tion of  ab  by  ^y  —  1,  would  move  it  through  an  adfJi. 
tionaJ  angle  of  90",  and  make  it  coincide  with  ABod: 
and  again,  if  the  first  aSeotation  of  ab  or  ABCD  by 
^  —  1  moved  the  rectangle  ABCD  round  AD  througli 
■n  angle  of  90",  the  second  affectation  of  afc  by  ^  —  1 
would  move  it  through  an  additional  angle  of  90°  and 
would  make  it  coincide  with  ADEb;  the  result  corres- 
ponding in  both  cases  to  the  interpretation  we  have  given, 
is  represented  by  —  ab,  which  is  identical  with  the  sym- 
bolical result  ab(s/  —  1)'';  again,  the  triple  affectation 
of  ab  or  of  the  rectangle  ABCD  with  the  sign  ^  —  1, 
would  move  it  round  AB  or  AD,  through  three  right 
angles  and  the  symbolical  result,  or  —abtj~\  would 
tlierefore  represent  a  rectangle  whose  plane  is  perpendi- 
cular to  the  planes  of  ABCD,  ABcd  or  ADEb,  and 
occupying  the  same  position  therefore,  with  respect  to 
the  rectangle  represented  by  ab  ^  —  1,  that  the  rect- 
angle represented  by  —ab  bears  to  the  rectangle  represented 
by  ab;  whilst  the  fourth  affectation  of  ab  by  ^  —  1, 
would  move  the  corresponding  rectangle  through  four  right 
angles  and  make  it  coincide  with  the  primitive  rectangle 
ABCD  represented  by  ab,  whether  it  moved  it  round  AB  or 
AD  ;  it  is  not  necessary  to  notice  the  repetitions  of  these 


operations,  which  wuuld  prwlu<^e  a  repetition  of  the  samu 
symbolical  results  corresponding  to  the  same  positions  of 
the  rectangles :  and  woidd  thus  shew  that  the  interpreta- 
tion whicli  we  have  given,  fully  satisfies  sll  the  required 
s^mbolicAl  conditions. 
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450.  The  rectangle  JBCD,  whose  sides  are  JD  =  a 
AB  =  b,  is  represented  by  ab,  whilst  the  rectangle 
ABcd,  contained  by  Ad  =  —  a  and  AB  =  b,  is  repre- 
sented by  —  ah:  in  this  instance,  as  we  have  shewn  in 
its  proper  place,  (Art.  102.)  the  interpretation  of  the 
meaning  of  -(-  ^b  and  —  ab,  whilst  b  remained  the  eame, 
both  in  sign  and  magnitude,  would  be  determined  by  that 
and  —  a,  and  would  also  equally  correspond  to 
•U  rectangles  which  can  be  similarly  constructed  upon 
'^nes  which  +  a  and  —  a  may  represent :  they  will  therefor« 
'•Hepresent  all  rectangles  which  are  parallel  to  each  other, 
and  therefore  also  perpendicular  to  the  same  plane.  In 
this  case,  we  have  represented  the  second  side  AB  of 
the  rectangle  by  6,  used  as  a  symbol  in  arithmetical 
AJgebra,  neither  possessing  nor  admitting  any  sign  of 
affection  which  might  distinguish  its  position  as  differ- 
t!Qt  from  that  occupied  by  the  lines  +  a  and  —  a : 
if  we  still  consider  b  as  an  arithmetical  symbol,  AB 
ly  continue  to  be  denoted  by  b,  whether  in  a  posi- 
which  is  parallel  to  its  first  position  or  making 
ly  angle  with  it,  and  the  rectangle  formed  by  it  with 
any  line  represented  by  +  o  or  —  n,  and  consequently 
all  such  rectangles  which  are  perpendicular  to  the  same 
plane,  would,  under  such  circumstances,  be  equally  repre- 
6ente<l  hy  ab  or  —  abi  hut  if  we  assign  to  h  and  to  a, 
the  same  algebraical  character,  and  therefore  take  into 
consideration  their  positions  with  respect  to  each  other, 
S9  far  Bt  least  as  our  signs  are  competent  to  exprMs 
ihaOf    then   we  must   examine    the  successive  values  of 


equally  with  those  of 


and  detenniiie  the  positions  of  the  resulting  rectangles 
which  correspond  to  the  several  sj-mbolical  results, 

ab,   ~  ab,  ab 

Thus  the  lines  de- 
signated hy  a  and  —  a, 
representing  AB  and 
Abf  form  one  line  BJb, 
whilst  the  lines  desig- 
nated by  b  and  —  b, 
representing    AC    and 

Ac,  form  another  line  at  right  angles  to  it:  again,  the 
lines  designated  by  6^  —  1  and  —b„/—l,  repre- 
senting AD  and  Ad,  form  a  third  line  DAd,  at  right 
angles  to  each  of  the  other  lines  BAb  and  CAc,  and 
also  at  right  angles  to  the  plane  of  the  paper,  in  the 
figure  which  we  have  drawn :  now  the  line  AB  forms 
four  rectangles  with  the  lines  AC  and  Ac,  AD  and  Ad, 
the  two  first  of  which  correspond  to  ab  and  —  ab,  and 
the  two  others  to  ab  yf  —  1  and  —  ab  ^  —  1  :  and  in 
the  same  manner,  the  line  Ah  forms  four  other  rectangles 
with  the  same  four  lines  AC  and  Ac,  AD  and  Ad,  which 
correspond  to  —  nb,  ah,  —  ab^  ~  1,  and  abyf  —  1 
respectively :  it  follows,  therefore,  that  the  four  rectan- 
gles in  the  plane  passing  through  BAb  and  DAd,  are 
affected  with  the  sign  ^  —  \,  whilst  the  four  rectangles 
in  the  plane,  passing  through  BAb  and  CAc,  which  is  at 
right  angles  to  the  former,  arc  not  affected  by  the  sign 
«y  —  1,  but  by  the  signs    4-    and   —   only. 

We  might  represent  AB  and  Ab  hy  a  ^  ~  \  and 
—  a^  —  1,  AC  and  Ac  hy  b  and  —  b,  and,  therefore, 
AD  and  A  d  by  b  ^  -  \   and   -  b  .^  —  1 ;  in  this  case 
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the  four  rectangles  in  the  plane  of  BAb  and  CAc  would 
cnrrespond  to  ab^  —1  and  —  ab.^  —  1,  whilst  the 
four  rectangles  in  the  plane  at  right  angles  to  it,  passing 
throiigh  BAb  and  DAd,  would  correspond  to  ab  and  —  ab: 
az  we  might  represent  AB  and  Ab  by 

/^n  and    -aj^r\, 

AC  and  Ac  hy  b^  —  1  and  —  6^,^  —  1,  and  there- 
fore, AD  and  Jd  by  6  and  —  fe:  in  this  case,  the  four 
rectangles  in  the  plane  passing  through  BAb  and  CAc, 
would  correspond  to  ab  and  —  ab,  and  the  other  four 
rectangles  in  the  plane  passing  through  BAb  and  DAd, 
would  correspond  to  ab^/  —  1  and  ~  abyf  —  1  ;  or  we 
might  represent  AB  and  Ab,  by  a  and  —  a,  AC  and  jIc, 
by  by/  —  \  and  —  ft:^  —  1  and  therefore,  ^/>  and  j^d 
by  b  and  —  6:  in  tliis  case,  the  four  rectangles  in  the 
plane  passing  through  BAb  and  CAc,  would  corres- 
pond to  ab  ^  —  \  and  —  fib^/  —  J,  whilst  the  other 
four  rectangles  in  the  plane  passing  through  BAb  and 
DAd,  would  correspond  to  ab  and  —ab:  in  whatever 
manner,  therefore,  the  representation  of  the  lines  con- 
taining those  rectangles  ia  varied,  eonsigtently  with  the 
interpretation  which  we  have  ^ven  of  the  signs  + ,  — , 
^  — 1,  —  ^  —  \,  when  applied  to  lines,  we  arrive  at 
the  same  general  conclusion,  *'that  whilst  the  rectangles 
in  one  plane  are  distinguished  by  expressions  affected 
by  the  signs  +  and  — ,  the  rectangles  in  the  plane  at 
rigljt  angles  to  it  are  affected  by  the  signs  v  ~  ' 
and   -  s/~^^. 

451.     A  very  little  consideration  will  shew  that  the  signs  The  >ign 


^  —  1  and 


-1,  will  not  only  admit  of   no  inter- 


t/-idow 


prctation,  when  applied  to  parallelopipedons,  but  also  that  l^pment 
they  cannot  properly  present  themselves  in  the  represeuta-  """  '"^' 
tinn  of  such  <)uantitics :  for  if  one  of  the  edges  of  a  paral-  lion  of  la- 
lelopipedon  be  denoted  by  n  or  -  a,  the  two  other  edges  S^XITt 
at  right  angles  to  the  former,  if  considered  willi  reference  ihc«int 
to  the  first,  would  be  denoted  by  I"*"'' 


STS 


in  all  such  cases,  the  parallelopipedon  itself  would  be  denoted 
by  -fafccor  —oftc,  and  therefore  its  representation  would 
be  independent  of  the  signs  ^  —  1  and  —  *^/  —  1 ;  if 
however,  we  should  agree  to  represent  one  of  the  edges 
by  a  symbol  used  arithmetically,  and  consider  the  two 
other  edges  only  with  reference  to  each  other,  then  they 
would  be  denoted  by 


or  by  b  and  - 


or  by  —b  and  c^  —1, 
,  or  by  —6  and  —  c^^— 1; 


Upon  such  an  hypothesis  all  the  parallelopipedons  which 
can  be  formed  round  the  same  point  and  axis,  would  be 
equally  affected  by  the  sign  ^  — 1,  which  would  not 
therefore  indicate  any  property  of  one  parallelopipedon 
as  distinguished  from   anotlier. 

462.     The  successive  signs  1,  <-^  —\,  —1,  — ^  — 1, 
to  which  our  interpretations  have  hitherto  been  confined, 
are  all  of  them  included  in  the  single  sign  or  symbolical 
,  expression  (1)*; 

for      (l)i=l    or   -1, 
and  therefore 

a)»=(l)l   or  (-1)1, 
and  is  equal  therefore  to  j|^^^| 

lo.    -1    ,/^„-yrT:  '^ 

it  follows  therefore  that  these  several  signs  may  be  con- 
sidered as  the  four  symbolical  roots  of  1,  inasmuch  as 
they  are  RymboUcal  expressions  whose  fourth  powers  are 


liKverally 
""■rithmetical 


equal 
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!  four  roots  of  a'  ((»  being  the 


and  are  identical  Kith  the  square  roots  of  a*  and  ~a' ; 
in  considering  however  the  peculiar  affections  designated 
by  (1)*  or  its  equivalent  signs,  when  attached  to  a  symbol 
with  a  specific  value,  it  ia  not  necessary  to  consider  them 
as  the  results  of  the  extraction  of  the  fourth  root  of  a* 
or  even  of  the  square  root  of  a'  and  —  «*;  ioasmuch  as 
those  affections  are  determined  from  the  signs  themselves, 
and  the  general  algebraical  conditions  which  they  are 
required  to  satisfy,  without  any  reference  to  the  mode  of 
their  derivation. 

453.  We  have  shewn  that  there  are  four  symbolical  '^ 
roots  of  1,  or  rather  four  symbolical  values  of  (1)1  and  no  a 
more ;  we  shall  afterwards  shew  that  there  are  n  symbolical  „, 
roots  of  1  or  n  symbolical  values  of  (!)■  and  no  more; 
or  to  other  words,  that  there  are  n  such  symbolical  values, 
whose  n""  powers,  formed  according  to  the  general  laws 
of  Algebra,  are  equal  to  1.  If  we  commence  by  assuming 
their  existence  generally  (and  in  some  cases  we  have  shewn 
that  they  do  exist),  it  will  be  easy  to  shew  that  they 
must  possess  properties,  when  viewed  in  connection  with 
each  other,  which  will  materially  aid  us  in  the  interpre- 
tation of  the  affections  which  they  may  designate,  when 
applie<l  to  symbols  with  specific  values;  for  they  cannot 
express  magnitude,  but  affections  of  magnitude  only,  and 
it  is  in  this  respect  alone,  that  the  values  of  <i(l)'  can 
be  distingtiished  from  that  of  a,  or  the  algebraical  distin- 
guiihed  from  the  arithmetical  root. 

464.    In  the  first  place,  1  is  in  all  cases  one  of  the  values  ^?^. 

f  (1)*;    for  the  »»'*  power  of  1  is  equal  to  1,  which  is  nijii^ 
I  symboUcal  condition  which  such  a  value  is  re-  " 
to  satisfy ;   it  follows,  therefore,  that  one  of  the 
I  of  n  (1)"  is  always  n,  or  in  other  words,  that  one 


able  reU' 
tion  of  ihe 
■ymboliCBl 


of  the  (m)  algebraical  roots  of  a"  coincides  witli  the  aritli- 
metical  root. 

455.      If  we  designate  the  other  values  of  ^hm 

m-  by   a„   a, a._„  '^B 

it  may  be  shewn  that  if  there  be  any  one  of  these  values 
which  IB  different  from  1,  and  also  from  all  those  which 
correspond  to  inferior  values  of  n,  then  all  those  values 
arc  different  from  each  other,  and  may  be  represented 
hkewise  by  the  terms  of  the  series 


,  then  we  must  have 
=  1, a,'"-""=I, 


..(«/"-'>)"  = 


For  if  a,  be  a  value  of  (1)~ 
and  therefore  also 

<  =  '.    («■')■  =  !.    (».T  =  i. 

It   follows   therefore  that   a^,  a,%   a,', Oi"~'  ^^ 

values  of  (1)",  since  they  severally  satisfy  the  required 
symbolical  conditions:  and  if  a,  be  such  a  value  of  (1)*, 
that  no  power  of  it  less  than  the  n"'  is  equal  to  1,  they 
will  likewise  be  different  from  each  other:  thus  Qj 
necessarily,  under  such  circumstances,  different  from 
for  if  they  were  identical,  or  n,'  =  a,,  then  ai  =  l ;  alsc 
must  be  different  from  a*  or  Oj,  for  otherwise  if  0[^  = 
or  ai*  =  aj,  we  should  either  have  a,  =  1,  or  a^=\; 
must  he  different  from  «)*  or  ai°  or  a,,  for  if  a,*  =  «, 
a*  =  a^  or  a/=0|,  then  we  should  have  a, =1,  or  a,-=l 
or  a|'=l ;  and  generally  a,"~'  must  be  different  from 


for  otherwise  if 


=  1,  or  a*  =  1,  or  a,*  =  1, or  a,""*  =  1;    i 

i  follows  therefore  that  the  terms  of  the  series 


^  not  only  severally  values  of  (1)",  but  likewise  under 
the  circumstances  indicated  in  the  hypothesis  which  we  have 
made,  they  are  all  of  them  different  from  each  other. 

^L     The  extension  of  the  same  series  to  such  terms  as 


would  still  produce  values  of  (1)',  but  they   would   be 
identical  with  the  successive  terms  of  the  series 


1,  a,,  «.%•■ 


for 


■  =  1, 


^^fatd  so  on;  the  same  series  of  n  difierent  values  of  (1)* , 
^■Will  therefore  perpetually  recur,  however  far  this  series 
'     may  be  extended. 

456.   We  have  thus  got  n  hypothetical  different  values  of  There  on 
(I)*,  and  it  is  very  easy  to  shew  that  there  can  he  no  more;  '^'^  " 

1  ijQiboliGml 

lor  if  we  suppose  x  =  (1)",  then  .v*  =  1,  and  therefore,  ™''«^of 

»"  —  1  =  0 ;  now  if  .v  =  1,    then   x  ~  I    is   a  factor  of  a  (i)v 

*"— 1,    for   otherwise  .r"  —  1    could  not   he    identically 

equal   to   zero ;    if  a:  =  a, ,  then  JT  —  a,    is  a    factor,    for 

the  same  reason;  if  .s  =  oo,  then  x  ~  a^  is  also  a  factor      ^^^| 

and    so  on,   a  factor  in   all  cases   corresponding  to  every       ^^^| 

value  of  ^ ;  it  follows  therefore,  that  ^^H 

l»"  —  1  =  (*  —  1)   (i  —  a,)   (^  —  a,)...(.T  —  a„_i), 

L.tbe  number  of  such  factors  cannot   exceed  n,  it 

utt  there  cannot  be  more  than  n  values  of  Ji  or 

.  whether  they  axe   different  or    not ;   it   follows. 


S76 


therefore,  that  the  n  values  of  (1)"  which,  upon  a  par- 
ticular hypothesis,  we  have  shewn  would  exist  and  be 
different  from  each  other,  are  the  only  values,  which 
under   the  same  circumstances  (1)-  could  possesa. 

ImpoTiant  457-    The  series  of  hypothetical  values  of  (1)"  wMch  we 

in^he'fDmi  '^^^^  ''^"  Considering,  will  easily  admit  of  an  important 

of  ihe  variation  of  form  ; 
qrmbolica] 
I   viducsof  n 


for  it  is  obvious,  that 


and  the  terms  of  the  series  therefore, 

if  n  be  an  odd  number,  may  be  arranged  as  follows : 

„(■-?)      -(¥) 


If  »  be  an  even  number,  the  middle  term  of  tht?  original 
series  will  be  a,',  which  is  equal   to  — ;,  and  therefore 

equal  to  —  1 :  for  under  such  circumstances  it  must  be 
equal  to  1  or  - 1,  and  it  cannot,  by  the  hypothesis 
which  we  have  made,  be  equal  to  1.  In  this  case, 
therefore,  the  series  may  be  arranged  as  follows : 


ceding  pro- 

the  sjmba- 
Ucal  values 

pmsiiDii. 


I,  -1; 


.«-'),  „,-(;-)■ 


iSS.  The  preceding  investigation  of  the  properties  of 
the  values  of  (1)',  or  of  the  n  roots  of  1,  will  form  the 
proper  introduction  to  the  interpretation  of  their  meaning, 
when  attached  to  symbols  with  specific  values :   it  will  be 
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found,  indeed,  that  there  are  not  many  quantities  which 
sjinbols  ma;  represent,  which  admit  of  a.  succession .  of 
affections  which  will  correspond  to  the  succession  of  their 
roots:  in  Geometry,  however,  we  shall  find  both  lines 
and  areas,  by  the  changes  of  their  position,  capable  of 
exhibiting  the  complete  succession  of  changes  which  are 
required  to  correspond  to  the  symbolical  conditions  which 
those  values  are  required  to  fulfil. 

459-  If  we  suppose  a  circle  divided  into  n  equal  parts, 
and  the  radii  to  be  drawn  from  its  centre  to  the  several 
points  of  division ;  then,  if  a  denote  the  radius  in  its 
primitive  position. 


tntcipicta- 
valuoof 


'Or, 


am-,       «(!)■,....  0(1)  ■ 


I 


will  denote   the   successive   radii,   reckoned   in   the   same 
direction  from  the  primitive  line. 

For   if  we   consider   the   affectation   of  a   by  o,,   as 

equivalent    to   its   transfer    through    an   angle    equal   to 

360"         1  ,^  r   ,_       ■  ,  ^        L 

,  or  -th  part  oi  the  circumference,  then  the  succes- 

n  n      ' 

are   affictaiions  of  a   by   the  same   sign  or  symbol  a,, 

eorresponding  successively  to 


irill  be  equivalent  to  its  successive  transfers  through  the 
aame  angle;  and  the  lines  thus  designated,  therefore, 
malte  angles  of 


■nd  the  last  of 


and  coincides,  thetefore,  with  the  primitive  line  :  and  since 
a  .  a'  =  a,  such  an  interpretation  of  a,  when  thus  applied, 
satiifies  the  required  symbolical  condition. 

Again,  the  n'"  affectation  of  a  by  a,',  transfers  the 
line  designated  by  a  through 
3n 


the  n"^  aiSectaUon  of  a  by  a, 
3n 


—  x360,  or    2x  360": 

transfers  it  through 
or  3  X  360°: 


and  the  n""  affectation  of  a  by 

(—1)". 


transfers  it  through 


1°,    or   (n-1)  xSeo". 

In  every  case,  therefore,  the  «*"  afiectation  of  a  by  any 
one  of  these  («  — 1)  roots  of  1,  which  are  different  ^om 
1,  the  common  symbolical  result  of  which  is  o,  brings 
the  primitive  line  to  its  primitive  position,  and  the  in- 
terpretation satisfies  therefore  the  symbolical  condition 
which  in  every  case  is  required  to  be  fulfilled. 

460.     The  lines,  which  the  values  of  a  (1)"  (different 

from  a)  designate,    may  be  grouped   into   pairs,   making 

'  equal  angles  with  the  primitive  line :  thus 

aa,    and    a .  a.""  ,   or   a.a,~' 


represent  lines  making  angles  of 


m 


?  X  360»  and   (^— ?)  x  360°,  or  — ?  x  360"  with  a; 


«.Oi*   and    a.Oi""', 
represrat  lines  making  angles  of 


m 


and  I 


■eat  lines  making  angles  of 


,  -  X  360°   and 


(^')' 


360", 


I  So  far,  therefore,  as  the  determination  of  the  lines  cor- 
responding to  a  (1)-  is  concerned,  it  is  indifferent  in  what 
direction  we  proceed  round  the  circle,  whether  from  right 
to  left  or  from  left  to  right,  inasmuch  as  the  same  series 
of  lines  must  result  in  both  cases. 


^. 


If  n    be  an    even    number,     -  . 


=  180°,   uid   the 


I 

I,      nu 


line  corresponding  to  n  .  n, '  or  —  a  (for  a,'  =  —  1),  is  op- 
potite  to  the  primitive  line,  and  therefore  aSected  with 
the  sign  —  -  Under  the  same  circumstances,  likewise, 
the  lines  corresponding  to 

a. a,    and   a. a,"    ,   or    a  .  a,^  x  a,,    or   —a.  a,; 


to     o.a,'    and    a  .  ai°     ,    or     —  a  .  a,', 

which  are  severally  represented  by  the  same  syinbotical 
txpressions,  affected  with  the  signs  +  and  — ,  must  cor- 
Kipond  to  lines  which  are  opposite  to  each  other,  in  con- 
formity with  the  interpretation  whicli  we  have  given  of 
K  dgiiH  under  such  circumstances. 

461.     In  considering  the  affectations  of  lines  with  dilTer-  ^ 
It  values  of  (1)*,  we  express  the  angles  of  transfer  by  m 
nultiples  of  the  angle  corresponding  to  the  first  affectation,  " 
vbether  with    a,,    a,',    a,',    &c.    or    a,""'.      Under    such 
drcumstances,   such   multiples   of  the  angles  of  transfer 
may  exceed  4  right  angles  or  a  multiple  of  4  right  angles: 
but  MS  the  angle  of  position  of  the  atfected  line  is  alone 
eanaidered,  without  any  reference  to   the  mode  in  which 
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it  ia  transferred  to  it,  we  may  reject,  therefore,  either 
4  right  angles  or  any  multiple  of  4  right  angles  which 
the  expressed  angle  of  transfer  may  contain,  and  the  re- 
mainder, which  is  less  than  4  right  angles,  will  be  the 
angle  required. 

462.  Inasmuch  as  angles  of  4  right  angles  and  their 
.  multiples  are  of  very  frequent  occurrence,  not  only  in  the 
theory  of  these  roots  of  1 ,  but  in  many  other  most  impor- 
tant theories  which  are  connected  with  them,  it  becomes 
convenient  to  adopt  some  conventional  symbol,  by  which 
they  may  always  be  expressed.  It  has  been  usual  to  make 
use  of  2ir  for  this  purpose  :*  thus,  a  line  making  an  angle 
of  9  with  a  primitive  line,  coincides  with  a  line  making 
angles  of 

{27r  +  e),    or  (47r  +  0),  or  (Gir  +  B),  ...or  (2mr  +  B), 

rejecting  the  multiples  of  2^;  a  line  making  an  angle 
of  IT  +  6,  or  180"+ 0,  with  a  primitive  line,  coincides 
with  a  line  making  angles  of 

3r  +  0,     or   Sir +  6,  ...or    {2m  +  l)T  +  e, 

and  we  may  reject  in  this  case  us  before,  the  multiples 
of  2-rr;  a  line  making  ao  angle  of  —6  with  a  primitive 
line,   coincides  with  a  hne  making  an  angle  of 


(27r-9),     or    (.4,r-fl), 


{2mir  ~  9)y 


■  lliR  rulio!  of  difTerFDl  anitlcs  are  the  Mine  as  the  ralios  uf  the  area 
uC  Uie  same  circle  vhirfi  iiililend  them  Ht  its  centre  i  aad  it  h  in  tlill 
■enie  that  arcs  ate  said  lo  be  the  tncaBurcs  of  ao^es:  in  order  lo  lietermine 
therefore,  tlie  ratio  which  nny  angle  heara  to  a  right  angle,  we  mutt  deter- 
mine the  ratio  which  the  correapcading  arc  of  the  circle  beais  la  a  qiiDdranlal 
arc,  and  couverBcly  :  for  thf»e  four  laasDitudeB  fonn  the  leimi  of  a  proportion. 

An  angle  may  be  aymlmllcally  repreaeuled  by  tlie  ratio  of  the  arc  anb- 
tending  it  to  the  quadrant  of  the  name  circle,  or  by  the  ratio  of  the  arc 
to  the  radius  of  tlie  circle:  lor  lucfa  a  qoaiility  is  the  same  for  different 
cirdi-'s,  i(  the  uncle  be  the  aame,  and  if  tlie  angle  varies,  it  variea  as 
the  angle:  if  we  mppgse,  therefore,  the  radius  of  the  circle  to  be  1  under 
all  circnni stances,  thun  the  angle  will  be  symlolically  represented  by  (he 
correipondinK  arc,  or  conversely  :  it  i>  upon  tliii  hypolhesB,  that  we  re- 
present indiffercnlly  by  the  uinte  symbol  2*,  both  4  riglil  angki  and  ttw 
drcnnlcreDce  of  a  drcle  whose  nuliiia  la  1. 


i 


may   reject,    as   in   all   other   v&ses.    Sir   and  its 
iiltiples. 

463.    The  angle  ir  —  9  is  called  the  supplement  of  fl,  Suppl, 
conversely,  one  being  equal  to  what  the  other  wants  com^. 

of  180";  and   &  is  also  called  the  complement   of  -  —  d, 

being  equal   to  what   the   other  wants  of  90°  or  a 
light  angle. 


] 


464.     The  diiferent  values  of  «(!)"  as  we  have  shewn,  s 
are  essentially  connected  with  the  angles  formed  with  the  ^^^^JT" 
ccHTesponding  lines  and  the  primitive  line,  and  it  would  be  the  v*Ia» 
convenient,  therefore,  if  they  could  be  expressed  by  equi-  irfo(l)*. 
valent  forms  which  involved  that  angle  symbolically :   such 
expressions  arc  e'  and  e~*,  corresjxjnding  to  a^  and  a,"'; 
for  they  possess  the  proper  inverse  relation  to  each  other, 
their  product  being  =  1 ,  equally  with  that  of  a^  and  a,  ~ ' : 
and  they  involve  symbolically  likewise,  the  angles  $  and 
.'-d,  which  the  corresponding  lines  make  with  the  primitive 
:  it  will  follow  also  if  a,  =  «'  and  a,~'  =  e~',  that 
*  =  e'<  and  a,-'  =  «-« 


,'  =  e«  and  a,'-  =  €-'K  < 
a,-'  =  et— J»  and  t_ 
,  consequently  the  aeries  of  values  of 


■  i)f 


%  £.,-=;     a^\  a,-*;...a,»-'  and  a,"'"""'. 
ire   alt  powers  of    the    same   quantity,    whose    exponents 
Rpress  the  several  angles  which   the  corresponding  lines 
ike  with  the  primitive  line:  it  follows  also  since 


equal  to  'iir,  since 


it  appears,  therefore,  that  e"=1,  an  equation  which  will 
.nsble   us  hereafter  to  determine   the   quantity,    whether 


Bymlx^cal  or  not,  to  which  e  is  equivalent :  so ,  far 
however  as  the  consistent  representation  of  the  values  of 
o(l)*  are  concerned,  it  is  merely  necessary  to  suppose, 
that  the  equation  e*"  =  1  is  true,  whatever  the  parti- 
cular value  of  G  may  be. 

\  465.  We  have  thus  determined  two  symbolica]  modes 
I  of  representing  the  lines,  corresponding  to  a(l)",  which 
arc  equivalent  to  each  other,  though  different  in  form: 
it  remains  to  investigate  a  third  mode  of  exhibiting 
them,  which  is  algebraically  equivalent  to  tlic  former, 
though  connected  with  the  geometrical  properties  of 
such  lines,  when  considered  with  reference  to  the  pri- 
mitive  line. 


In  the  plane  of  this 
paper  let   us  describe  a 

I  circle,  whose    radius   is 

I  ]ABi  and  let  us  draw  the 
radii  AC  and  Ae  making 
equal  angles  BAC  and 
BJc  with  the  primitive 
line;  and  let  us  join  Ce 
cutting  AB  in  D:  since 
AC  =  Ac  and  AD  is 
common  to  the  two  tri- 
angles  AUC  and  ADc, 

and  the  angle  BAC  is  equal  to  the  angle  BAc,  it  follows 
that  CD  =  cD,  and  the  angle  ADC  =  ADc,  and  there- 
fore to  a  right  angle.  Now  if  the  angle  BAC*  be 
pven,  the  ratios  of  AC  to  AD  and  of  AC  to  CD  are 
g[iven :  and  in  every  ease  there  is  a  necessary  connec- 
tion between  the  angle  BAC  and  the  two  ratios  of 
AC  to  AD,  and  of  AC  to  DC,  and  it  will  be  the 
object    of    subsequent    investigations    and    calculations    to 


assign  the  Buccession  of  values  of  one  or  both  of  these 
ratios,  which  correspond  to  the  succeBsion  of  values  of 
the  angles,   and  conversely. 

Id  order   to  recal   this   easential    connection,    it    has 

been   usual   to   term    the   ratio    -—   the   cosine    of   the 


greater  brevity,  the  first  is  written  cos  $,  and  the  second 
an   0:    thus 

=  cos  o,  and  — -  =  sin  d ; 

AC  AC 

and  therefore,  if  AC  expressed  arithmetically  or  AB  =:  a, 
have 

AD  =  AC  cose  =  aco&e, 

DC  =  ^C  sin  d  =  a  sin  0. 

466.     If  we  suppose  AC,  or  the  radius  of  the  circle  Wh™  ihe 
to  be  denoted  by  1,  then  ^'^ 

I  AD  =  cos  0,  and  DC  =  sb  0, 


,  or  the  two  aides  of  the  right-angled  triangle,  whose 
hypothenuae  is  1,  become  the  cosine  and  sine  of  the 
angle  at  its  base. 


467.     Let  us  now  consider  the  fundamental  properties  Thdtf^B. 
the  cosine  and  sine  of  an  angle,  which  result  from  the  ^^|^^ 
definition  of  their  meaning. 

In  the  first  place, 

a»e  =  coR(-e) («). 


I 
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For 

AD  =  JCcosBJC  =  aco»0; 

and  the  same  line  AD  is  likewise  equal  to 

AccobBAc  =  a.co8(—  d),  (jfbr  BAc  =  —  0); 
consequently 

AD  s=  acosd  s  acos(—  0); 
and  'therefore  cosd  =  co8(—  0). 

In  the  second  place, 

sin9=  -sin(-e) (/3). 

For 

DC  ^  AC  An. BAC  —  asind; 

and  the  line  Dc,  is  also  equal  to 

^c  sin  JS^c  =  a.  8in(—  d); 

but  DC  and  Dc  being  equal  and  opposite  to  each  other, 
are  affected  with  different  or  opposite  signs:  consequently 

DC=r  —  Dc; 

and  therefore, 

a.sind  =  —  a.sin(—  d),  or,   sind  =  —  8in(—  d). 

In  the  third  place, 

cos«0  +  sin-0  =  1 {y). 

For 

AD  ^       ^  DC 

—  =  cos  0,  and  —  =  sm  B ; 

and  therefore, 

—^  +~  =  (cosOy  +  (miey  =  cos^e  +  sin^e; 

but       AD^  +  DC  ^  AC; 
and  therefore, 

AD"      DC 
AC  ■*■  AC  "     ' 


W9 

ruusequently, 

COS'  Q  +  sin-  (J  =  ■ 

468,  The  three  properties  of  the  cosine  and  sine  of  an 
angle,  which  are  given  in  tlie  preceding  article,  are  tlic 
necessary  coDsequcnces  of  their  geometrical  definitioD 
expressed  by  means  of  symbolical  language:  if  they  are 
viewed  however  without  reference  to  that  definition,  they 
will  form,  when  taken  together,  the  algebraiud  or  aym-  |^ 
bolical  definition  of  the  expressions  designated  by  cos  6  d 
and  sJQ  Q :  thus  0  is  the  common  symbol,  whatever  be 
its  meaning  or  representation,  witli  which  the  symbolical 
quantities  cos0  and  sin  0  arc  connected:    the  et(uation 

cos''^  +  sin*0  =  1, 
expresses  the  common  condition  to  which   they  ore  sub- 
ject and  enables    us   to   express    one  of  them,  in   terms 
of  the  other :    whilst   the  equations 

kcos  6  =  cos  (-  6)  and  sin  0  =  -  sin  (  -  6), 
hich  are  independrait  of  each  other,  and  of  the  former 
equation,  distinguish  <nic  of  these  expressions  from  the 
other,  to  that  they  are  no  longer  convertible  at  pleasure, 
«•  they  would  be,  in  case  the  equation  cos*  6+  sin"  9  =  1, 
I  the  only  condition  by  which  lliey  were  limited. 

When  viewed  in  connection  however  with  the  geome- 
trical definition,  wc  may  either  consider  those  equations  as 
U»e  necessary  symbolical  consequences  of  it,  or  we  may 
consider  that  definition  as  the  geometrical  interpretation  of 
the  symbolical  wiuations :  in  this  case  6  and  —  9  become 
the  representation  of  two  equal  angles  on  different  sides 
of  the  primitive  radios  of  the  circle:  cosd  and  sind  are 
the  symbolical  expressions  nf  the  ratios  borne  by  the 
hypotbenuse  (o  each  of  the  sides  of  the  right-angled  tri- 
angle: cos0=cos(  — 0)  or  ncos0  =  ocoB(— 0),  indicates 
that  the  two  right-angleil  triangles  corresponding  to  the 
angles  $  and    —  0,   liavc   a   common   side:  whilst 


MTicn 


M-9). 


110  =    . 


ii(-e), 
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shews   that    the    second  sides  of   tliose    right-angled  tri-   ' 
angles    are    equal,   hot   are    drawn    in   directions    which    ' 
are  opposite  to  each  other. 
We  nuj  i69-     Having  thus  established  the  principles  of  inter-  1 

rentlj  die'  pretation,  which  connect  the  symbolical  definition  with  the 
gMinieiriMi  correspondine  seometrjcal  quantities,  and  having  shewn  that 
m.»mboli.  ,,  *^,    ..^°  .  >■  u        ■   L.    1  -J       J 

raldcfini.     'n^  symbolical  equations    which   might    be   considered   as 

''™*^*''>*  constituting  the  symbolical  definition  of  cos  0  and  sin  0, 
are  necessary  consequences  of  the  geometrical  definition,  we 
shall  afterwards  be  at  liberty  to  make  use  of  one  or  the 
other  indifferently  as  may  best  suit  our  purpose:  if  we 
make  use  of  the  geometrical  definition  as  our  point  of 
departure,  we  must  deduce  our  consequences  from  it 
geometrically,  merely  clothing  them  in  the  corresponding 
symbolical  language :  but  if  we  wish  to  make  use  of 
those  symbolical  equations  as  our  point  of  departure,  we 
must  seek  for  other  symbolical  exprcssions  which  are 
equivalent  to  cos  6  and  sin  0,  and  which  are  within  the 
operation  of  the  ordinary  rules  and  lawa  of  Algebra; 
for  unless  we  can  discover  such  equivalent  expressions 
for  cos  0  and  sin  6,  we  must  leave  the  results  of  their 
difTerent  combinations  in  a  fonn  no  further  reduced, 
than  if  we  had  replaced  cos  0  and  sin  0  by  dniple 
symbols  x  and  y,  connected  by  the  equation  j7"+y'^l, 
and  with  the  further  condition  that  t/  and  not  x  would 
change  its  sign  from  +  to  —  ,  upon  the  substitution  of 
—  0  in  the  place  of  d. 

.        f        470.     For  this  purpose,  let  us  examine  the  composition 
r^ebraica]   °^  ^he  fundamental  equation 
l*^"""^  cos'0  +  Bm^9  =  l, 

and  endeavour  to  discover  from  its  factors  or  otherwise, 
equivalent  expressions  for  cos  0  and  sin  d,  which  are  essen- 
tially algebriucal. 
In  the  first  place, 

cos'fl  +  ain'e  =  (cose  +  ^  —  1  sin 0)  X 
(cos0  —  ^  —  1  sinO)  =  1, 


I 
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L'  md    consequently    the  factors 

cos  d  +  n/~  1  sin  &  and  cos  B  —  ^J  —  1  sin  0, 
possess  the  same  inverse  relation  to  each  other,  which  is 
posaessed  by  t^  nnd  e~^  tlie  signs  of  affectioo  of  lilies 
making  angles  6  and  ~6  with  the  primitive  line:  agdn^ 
the  factor  cos Q  +  tj  —\  sin  Q  becomes  cos 9—  ^/  —  1  sin 6, 
upon  the  substitution  of  —  0  for  0,  and  conversely,  another 
property  possessed  in  common  with  the  same  quantities 
('  and  c"*:  let  us  assume  therefore,  in  the  first  instance 
as  an  hypothesis, 

eosd  +  ^  —  1  sin  9  5=  c*, 
and     cos  9  —  ^  —  1  sin  0  =  «  ~ ', 
from  which  vc  shall  gel,  by  additon  and  subtraction, 
2co90  =  e'  +  C-*  and  2^~^sm6  =  e'  —  e"*, 
aod  consequently, 

I,                               «'  +  e-'                            €*-*-• 
I  COB  9  = and   sin  0  =  , . 

r  2  2^-1 

The  process  followed  in  the  deduction  of  these  assumed 
equivalent  expressions  for  cos  d  and  sin  9  would  shew  that 
ihej  would  satisfy  the  three  fundamental  equations 
cos*0+sin'0  =  l,  cose  =  cos{  — 0)  and  8io0  =  sin  (  — 6) : 
but,  if  we  should  consider  that  process  merely  as  a 
gukle  to  the  assumptions  to  be  made  of  algebraical  ex- 
pressions which  might  be  equivalent  to  cos9  and  sin0, 
it  would  readily   follow   that 


»^+. 


[  readily 


"Vs^rr; 


ftwould  remain  unaltered,  u))on  the  substitution  of  —  f^  for  $. 
whilst  the  corrcspondinfi  expression  for  sin  0  would  become 


under   the 
that   the 


circumstanceG :    it   would  hence   appear 
expreBsions 


.satisfy  the  three  fundamental  equations ;  and  are  therefore, 
in  every   respect   equivalent  to   cos  9   and  sin  0. 

[  to^?S^'  *7^'      '^'>^sc  expressions  will  be  found  to  lead  to  the 

most  important  consequences,  not  merely  with  reference  to 
tile  symbolical  determination  of  all  the  values  of  (l)' 
and  the  completion  of  their  theory,  hut  likewise  with 
reference  to  the  exhibition  of  the  relations  of  the  sines 
and  cosines  of  different  angles,  which  form  a  series  of 
propositions  constituting  the  science  of  Goniometry,  to 
wliich  the  name  of  Trigonometry  is  more  generally  given : 
as  it  is  by  means  of  the  propositions  of  this  science,  that 
we  are  enabled  to  bring  Geometry  within  the  operation 
of  the  laws  of  Algebra,  we  shall  commence  by  illus- 
trating the  use  of  these  formula  in  the  investigation  of 
such  of  the  propositions  in  this  science  as  may  be  con- 
sidered the  most  fundamental  and  important. 

\  Tht  values        4^3.     Psop.     Tile  cosine  of  an  angle   equal  to  zero 
is  1,  and  its  sine  is  zero. 

For  „       e'  +  e-^ 


and   therefore,  cos  0  j=  — 

and  sin  tf  = 

and  therefore,     sin  0  =  - 


I 

I 


473.     ¥a.ot.     The  cosine  of  an  angle  equal  to  180°  The  .>Ju« 
;  X  is    —1  and   its  sine  is   zero.  - 


■  1   :  for  e""  =  1, 


(Art.  464.)  and  therefore,  «»  =  (1)*  =  1    or    —  1 ;   and 
since  €"  cannot  be  1,  it  must  therefore  be  —  1 ; 

also,       smx=  = 5 =  0. 


474.     Prop.     Inasmuch  as 

«'  =  -  1,  e^  =  1,  6*"  =  (-  1)*  =  -  1, 

c"  =  1,    €*'  =    -  1, 

and  so  on,  it  will  follow  immediately  that 

cos  3  «-  =  1  and     sin  2  r-  =  0, 

cos  3  w  =  —  1  and     nn  3  n-  =  0, 

COB  4  x  =  1  and      sin  4  ir  =  0, 

cos  5  TT  =  —  1  and     sin  5  ir  =  0, 

^L  cos  6  fl-  =  1  and      sin  6  ir  =  0, 


H.  cos3«ir  =  I  and      anS»T^O, 

cos(3n  +  1)  T  =  —  1        and     sin  (2»  +  1)  w  =  0. 

In  other  words,  the  cosines  of  all  even  multiples  of 
T  or  180°  are  equal  to  1,  the  cosines  of  all  odd  mul- 
tiples of  n-  are  equal  to  —  1,  and  the  sines  of  all 
multiples   of  jT  whether  odd  or  even  are  equal  to  zero. 

47s.     Paop.     The  cosiae  of  an  angle  equal  to  90°  is  The  vOatt ' 
,  and   its  sine  is  equal   to   1. 
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i  V^- 


also,  sin  —  =  -r — r. =  ;; — p= =  1 

5V^"*        476.     Inasmuch  as 

or  the  CO-  ' 

■bm  and  ll  ^ 

moItipU*  e      -  VV       *;  V       *» 

and  so  on,  it  will  follow  that 

cos —  =  0  and    sin— —  =— 1, 

cos  -:r-  =  0  and     sin  -—  =1, 

2  2         ' 


cos  -^^ ^  0     and     sin  ^ ^     =  —  1, 

(4.n  +  l)ir      ^         .      .    (4n  +  l)-r       , 
cos-^ ^     =  0    and    sin^ =  1. 

In  other  words,  the  cosines  of  all  odd  multiplies  of 
90°,  or  of  a  quadrant  are  equal  to  sisero^  whilst  the 
corresponding  sines  are  alternately  1  and  —  1,  according 
as  the  multiple  of  the  quadrant  diminished  by  I,  is 
divisible  by  4»  or  by  2  only,  or  is  pariter,  or  impariter  par. 

The  oonne         477.    Peop.     The  cosine  of  (  -  —  0  \  is  equal  to  the 

of  an  angle  "  \2  /  ^ 

thTiine  of  ^^°®  ^^  ^>  *^^  conversely. 

itent  and                                   .tt       ^\         €^«      ^  +  e    ^^       ^ 
oonyenely.  Jb  or        cos  (  ^  *"  ^  I  = o 


ir  ^ 


e'».e-» 


2  2 

=  sinU- 


2j^ri 
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Maoy      sml-r— diss ;-»= 

V2        >/  2^'-! 

el .  e-»  -  6"?  .  e»  _  ^31 .  (<-»  +  e») 

2^31  2^^n 


6»  +  e-» 
2 


=  CdB0. 


In  other  words,  the  cosine  of  an  angle  is  equal  to 
the  sine  of  its  complement  and  conversely. 

» 

478.  Prop.  The  coane  of  (ir  —  0)  is  equal  to  the  8in(r-0) 
cosine  of  0,  affected  with  the  sign  — ;  whilst  the  sine  of  ^fr^JS) 
(ir— d)  is  equal  to  the  sine  of  0.  =— cosO. 

COS  (t  -  d)  =  ^^ = 


=  —  COS0:  for  e*  =  e~'  =^  —  1. 


Also, 

3i„(,_e)   =  __=-. 

=  sm0. 


€' 


In  other  words,  the  sine  of  an  arc  is  equal  to  the 
sme  of  its  supplement^  but  the  cosine  of  an  arc  is 
equal  to  the  cosine  of  its  supplement  affected  with  the 
sign   — . 

479.     There  are  many  other  propositions,  such  as       ^S^' 

admitting 

COS  ( ^  +  0^  =  —  sin 6  and  sin  (^  +  ^)  =  c^*^»        ^?^ 
«n  (x  -f  0)  =  —  sin  0  and  cos  (ir  +  d)  =  —  cos  0, 


lions  for 
the  coidnm 


and  others  of  a  similar  kind,  which  are  very  eosilj^ 
deducible  in  a  manner  similar  to  those  above  ^ven; 
but  they  likewise  follow  more  readily  and  perhaps  moT& 
uniformly  from  the  following  general  propositions,  which 
are  fundamental  in  the  Arithmetic  of  sines. 

480.     Pnop.     To   express   the   cosines   and   sines   of 

(9  +  ff)  and  (6  -  ff) 


ia  in  Inasmuch  as 

tenni  of  the  , 

»int»«nd  c'  =  cos9  +  sf—  1  sin0 

OMiUCTof 

the  •impie   for  all  valucs  of  e,  it  will  follow  that 

e''  =  cos0'  +  J~^\.iia&, 
and  also  that 

eW+  »■)  =  cos  {Q-¥ff)  +  J^-l   sin  (fl  +  &)  : 
but 


»/^  sine)  (cosff  +  v^-lsinfl') 
Hv'^  jsinecose'  +  coseBiiiffj: 


=  cosf  cosff  —  sin  e  sind 
consequently, 

cos  (9  +  ff)  +  y^  .  sin  (9  +  ff) 

=  cose<!OB0'  —  sin  0  81  _ 

V'^n  Sfiin9cose'  -t-cosesin^; (a). 

In  a  similar  manner,  if  we  commence  with 
c-«  =  cose-y3l.8i 
and  6"' 

ve  shall  find, 

-(i+f)  =  cos  (9  +  6-)  -  V  - 1  ■  sin  (9  +  9') 

=  cos  9  cos  ^  —  sin  9  sin  0"  — 
'^l  }sin9cose'  +  coe0sin0'}  (/3). 
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If  we  add  (algebraically)   the  equations  (a)   and  {fi) 
together  and  divide  by  2,  we  shall  get 

cob{0  +  ff)  =s  cosdcosd'  —  sinOsinff (jy): 

and  if  we  subtract  (algebraically),  the  equation  (/3)  from 
(o)  and  divide  the  result  by  2.1^/  —  1,  we  shall  get 

sin(0  -f  0')  =  sindcosd'  +  sinOcosff (5). 

If  in   equations    (y)  and    (5),    we  put    —  0'   in   the 
place  of  fff  we  shall  get 

oos(9—ff)  =  cosdcosd'  +  sindsin^ (c), 

8in(0  — ^)  =  sin  0  cos  d'  —  cos  0  sin  d' (i;). 

481.  We  will  exemplify  the  use  of  these  formulae,  Thepreeed. 
by  their  application  to, the  determination  of  some  equi- ^J'^^; 
valent  forms.  pUfied. 

(1)  Cos  (ir  +  0)= cos  IT  .  cos  0  —  sin  ^ .  ain  0  =  —  cos  0 : 
for  cos  IT  =  —  1  and  sin  it  =  0  (Art.  473.)  : 

this  results  from  the  formula  (7). 

(2)  Sin  (ir  +  d)  =  sin  tt  .  cos  0  +  cos  tt  .  sin  0  =  —  sin  0 : 

for  sin  TT  =  0  and  cos  7r  =  —  1 : 
this  results  from  the  formula  (j). 

-^  —  0  j  =  cos  —  .  COS  d  4-  sin  — .  sin  0 
=  —  sin  0  :  for  cos  —  =  0  and  sin—  =  —  1  (Art.  476.) ; 

^  si 

this  results  from  the  formula  (e). 

(4)     Sin/— — 0  j  =  sin  — cosd— cos  — sind 

=  —  COS  0  :  for  sin  —  =  —  1  and  cos  —  =  0 ; 
this  results  from  the  formula  (17). 
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(6)     cos2fl  =  co8(d  +  fl)  =  cos*6  -  sin*fl; 
this  results  from  making  0'  =  0,  in  the  formula  (7)- 
TTttTiluc  482.     Inasmuch  as 

of  cos  90 

cnabksus  008*0  +  sin^d^l^  and  cos^d— sin^d  s=  cos20, 

toedenkte 

*^'^'***    it  follows,  (by  adding  and  subtracting),  that 
«n«.  2co8«0  =  1  +  co82e 

28in20=:  1  -CO820. 

These   are  two  important   subordinate  formulae^   and 
enable  us  to  calculate  the  arithmetical   values  of 

COS0  and  sind, 
from  the  known  arithmetical  value  of  cos  2  0. 

Thus,  if 

cos20  =  O,  or  20s=9O*  =  ^, 

then,  cos*0  =  -^ 

1 
and  cos 0  =  cos  45"*  =  cos-  =  —7-  =  sin—  . 

The  taleu.  483.  If  we  should  suppose  cos  2  0  s  -^^ ,  a  value  of 
si^^'a^  CO.  ^^^  cosine  which  geometrical  considerations  would  at  once 
sine  of  1'.     shew  to  correspond  to  an  angle  of  60°*,  we  should  find 


*  Ortbas:  if  we  suppose  cos9  6=-^,  and  therefore, 

then  we  have 

co84e  =  cos«2e-8ina2e  =  ^— 1=-^ 
and  the  oonrespoDdiog  valiie  of  the  sine,  or. 


iio4e=lli=i 


•iQ4e=:^=::8in2e=:sin(ir— 29): 
itfoUowB  therefore,  that  49  =  ir— 2d,  and  consequently, 

6d  =  »r,  or  2d=|  =  60»; 
thb  gives  the  lea$t  value  of  29,  which  answers  the  required  conditions. 
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2C08*30  si    +CO860sl    +i, 

and     CO830  =  a  /  f  1^^  «  J^  »  c 


n/C4^) 


1  • 


In  a  nmilar  manner 


«.-  .  .0.3. .  «■  .  ^(4--) 


^4» 


and  so  on,  by  continued  bisections  of  the  angles,  until 
we  come  to 

co6^  =rcos .  62" .  **'"-^=  \/(^^0  "  -s^swwe;*, 

and  the  corresponding  value  of  the  sine, 

qao 
or,  sin^  =.  1/(1  ^  c,,^  «  .00026568«. 

But 

30^      30x60'      225 

2^^  ""   2*x2"   "  256  ^      ' 

and  inasmuch  as  the  sines  of  very  small  angles  may  be 
considered  as  bearing  to  each  other  very  nearly  the  same 
ratio  with  the  angles  themselves*,  we  may  suppose 
without  sensible  error  that 


*  The  proposition  whose  tnitli  is  here  assumed,  is  a  very  simple  conse- 
yencc  of  the  series  which  will  be  foond  hereafter  to  express  the  sine 
tf  $,  iD  terms  of  9  and  its  powers;  in  the  absence  bowerer  of  this  mode 
of  verification,  it  will  be  sufficient  for  practical  porpotes,  to  obterre  that 

sin^=.0010aS4O6O, 
5in?^=  .0005112182, 


SO" 
sin^=  .000S5ad26|. 


and 
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''°2^      226 


sinl'        266' 


and  therefore, 


.   ,,      266     .   30^      266        ^^^or^n^ 
^^^^=  225 -^"^2^  =  226^-^2^^^^^ 

=  .0002908882; 

and  therefore, 

cos  1'  =  .9999999577. 

Prooeu  and  484.  The  knowledge  of  the  sine  and  cosine  of  1'  of 
SSSteftT'  *  degree,  will  form  the  basis  of  our  calculation  of  the 
calculating  sines  and  cosines  of  all  the  angles  differing  from  each 
radoodnes  ^^^  ^J  ^'y  between  an  angle  of  1'  and  an  angle  of  90^. 

of  all  angles 

upto90<».  p^j,   ^jjjg   purpose   we   shall  require   the   aid  of  the 

formula^ 

sin  (n  +  l)0  =  2cos0sinn0  —  sin  (w  — 1)0 (a), 

co8(n  +  l)0  =  2cos0cosn0  —  cos(w  — 1)0 ()3), 

which  may  be  investigated  as  follows. 

sin  (ff  +  6)  =  sin  ff  cos  0  +  cos  ff  sin  0, 
sin  (ff  —  6)  =  sin  ff  cos  0  —  cos  d'  sin  0 ; 
consequently,   by   addition  we  get, 

sin(0'  +  0)  +  sin(0'-0)  =2cos08in0'; 
and  therefore, 

sin  (ff  +  0).=  2  cos  0  sin  e'  ~  sin  (ff  -  0)  ; 
if  we  now  replace  ff  hy  n0,   we  get, 

sin  (n  +  1)  0  =  2  cos  0  sin  n0  —  sin  (w  —  1)  0. 


and  the  ratio  of  the  first  sine  to  the  second  and  of  tlie  second  to  the  third, 
is  very  nearly  that  of  2  to  1,  whidi  is  the  ratio  of  the  first  angle  to  the 
second,  and  of  the  second  to  the  third. 


w 

Tn  a  similar  manner, 

cos  (ff  +  6)  =  cos  9'  cos  e  —  sin  ff  sin  B, 
coB(fi^-0)  =  cose'cosfl  +  sine'sinS; 
I  therefore, 

c(>B(^  +  e)  =  3co80cose'  -  cosiff—e), 

I  which  gives,  replacing  ff  hy  nO, 

cos(n  +  l)0  =  2  con  9  cos  n9  —  ios(«-l)0. 

If  we  now   consider  $  =  1',    and    substitute    succes- 
k  lively  the  natural  numbers  1, 2, 3,  i,  kc.  for  n,  we  shall  get 

ions'  =  Scosl'sinl' =.0005817764, 

sin  3*  =  2  cos  1'  sin  2"  -  sin  1'  =  .000872664^, 
sin  4'  =  2  cos  1'  sin  3'  -  sin  2*  =  .0011635526, 
sin  5'  =  2  cos  1'  sin  4'  -  sinS"  =  .0014644406, 


cos  2"  =  2  cos  1'  cos  1'  -  cos  0  =  .9999998308, 
co63'  =  2cosl'cos2'  -  cos  1' =  .9999996192, 
cos  4'  =  2  COB  1' cos  3'  -  cos  2*  =.9999993231, 
COB  5'  =  2  cos  1  cos  4'  -  cos  3*  =  .9999989423. 

485.  In  this  manner  we  might  proceed  as  far  as  tlie  It 
sine  and  cosine  of  45°,  after  which  the  same  values  will  " 
reappear,  which  have  been  previously  determined :  for  th 
sin  (45"+J)=co8  (45-^)  and  cos  (45"+^)  =  sin  (45°-^).  ^ 

Inasmuch  as  the  angles  45"  +  A  and  45"  —  J  are  cum-  *>* 
plemental  to  each  other :  the  sines  therefore  of  the  an- 
gles in  the  series  ascending  from  45"  will  be  equal 
■erendly  to  the  cosines  of  the  complemental  angles  in 
the  descending  series  which  have  already  been  deter- 
mined ;  and  similarly  the  cosines  of  the  angles  in  the 
series  ascending  from  45**  will  be  equal  to  the  sines  of 
the  romplejnenfat  angles  in  the  descending  series,  which 
have  already  been  determined :  it  thus  becomes  neccs- 
»ry  to  construct  the  canon  or  talile  of  the  sines  and 
cosincB  an  far   as   45"   and   no   further. 


s» 

♦86.  The  preceding  process  enables  us  to  calculate  the 
actual  arithmetical  values  of  the  sines  and  cosines  of 
all  angles  (differing  by  1'  only)  as  far  as  90",  beyond 
which  their  values  recur  in  an  inverse  order:"  it  is  the 
practicability  of  effecting  such  determinations  which  is 
important  for  our  theory,  as  it  will  enable    us  to  assign 

absolutely  the  different  symbolical  values  of  (1)":  before 
we  resume  the  consideration  of  this  subject,  however,  we 
shall  notice  some  other  propositions  which  are  of  con- 
siderable importance  in  the  science  of  Goniometry,  which 
has  been  the  chief  object  of  our  investigations  in  the 
immediately  preceding    Articles. 


*  W*s  have  not  atteinpled,  in  Iht  preceding  caililmctioii  of  Ihe  cunmi 
at  lines  and  cosinei,  lo  point  out  various  artificea  by  which  Ihe  calcuU- 
tions  may  be  shortened  and  their  accuracy  Terified:  one  of  tlie  moat  im- 
portant o[  tbeae  it  sapplied  by  the  formula 

ain  (30  +  »J  =  cos  e  -  tin  (30  —  6), 
by  whicb  the  sinei  of  the  angles  from  30°  lo  60°,  may  be  calculated  by 
the  mere  sabtractiou  of  the  noes  of  (30°  — 6)  where  S  may  have  every 
value  from  1'  lo  30°,  from  the  cosine  of  t:  and  Eiace 

ain(Sff>  +  9)  =  Eos{eo  — S). 
the  detenDiDatioD  of  the  acKeii  of  linea  of  the  angles  from  tO°  lo  00°,  ttili 
eivc  ns  the  corresponding  aeries  of  cosines  in  an  Inverse  order. 

In  Ihe  formula,  which  we  have  given,  the  sines  and  coainei  of  all 
anglea  from  1'  upwarda,  are  cslculated  iodependenlly  of  each  olher,  from 
ascertained  values  of  the  sine  and  cosine  of  1',  and  conseqiienlly  Ihe  cal- 
culated values  of  the  tine  and  cosine  of  any  anj;le  i  may  serve  to  verity 
not  only  the  correctness  of  Iheir  values,  but  hkewiae  of  the  values  of  the 
sines  and  cosines  ot  all  other  anglea  upon  wliich  they  are  dependenl : 
for   the  equation 

innit  be  satisfied  by  the  calculated  values  of  coaS  and  ajnt.  olherwiie 
Ihey  are  not  correct:  thus  if  we  take  the  valnes  of  the  line  ind  cmIm 
of  6',  which  are  pven  in  ArL  484,  we  shall  find  ^^^ 

cos'  &'  =  .»B»»BT8&le01 11 873929,  ^^^H 

sin's*  =  .OOOOOai  1539745892836,  j^^H 

and   COS*  5  +  Bin'  fi  =  .099B99909998S7705765 ;  ^H^ 

a  quantity  which  differs  from  1  by  a  quantity  less  than  .OOOOOOOOOOU,  a 
diMrepancy  which  arises  from  the  influence  of  termK  lu  Ihe  calculated 
valnes  of  cos  5'  and  sinO',  which  are  necessarily  omitted,  as  being  beyond 
Die  10th  place  of  decimal). 
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487-     Inasmuch  as  0  and  ff  are  equal  respectively  Sum  and 
to  the  sum  and  difference  of  ^^^m 

OOHDCS  Ob 

9  +  u  ^    0  '^  ff  twoanglM. 

— - —  and  — - — , 


it  follows  that 


sm  d  s=  sm  Y — 5 — ^  +  ^ 

=  «n  (-^)  COS  (-^)  +  C08  (-^  )  am  (^ 

«ndsind'  =  cos|(^-(£^| 

= -I.  (-_)  cos  (^  -  008  (— )  sm  (-^)  : 
consequently,  by  adding  and  subtracting,  we  get 
smd  -f  smd^  =  28ml  jcosi  i; 

smO  -  8md^  =  2co8l— —  jsml  — —  1. 

• 

In  a  similar  manner,   it  would   appear  that 
cosO  +  cos0^  =  2cosl  — ^ — jcosI— — j, 

cosO  —  cosO^  =  —  28m f — -—  I  smi  ■  1. 

These  are  very  important  formulas,  inasmuch  as  they 
enable  us  to  pass  from  the  sum  of  the  sines  of  two  arcs 
or  the  sum  of  the  cosines  of  two  arcs,  connected  by  the 
■gns  +  or  — ,  to  equivalent  products  of  cosines  or  sines 
of  their  sum   or  difference:  a  species  of  transformation 
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which  is  very  frequently  required  in 'the  adaptation  of 
formulse  to  the  purposes  of  calculation. 

J^»*nW«»  488.     The  ratio  of  the  sine  of  9  to  its  cosine  is  deno- 

of  the  tan-  .    ^ 

5^1,°  "    minated  the  tangent  of  0,  or  tan  0  =  — -  :  in  Geometry, 

the  tangent  of  the  angle  BAC  would  denote  the  ratio  of 
DC  to  AD,  or  of  the  perpendicular  to  the  base  of  the 
right-angled  triangle  DAC:  it  would  follow  therefore  that 

DC  =^ADtmBAC  =^  ADiaxiO: 

and  if  we  should  suppose    AB  =  I9    or    the  radius    of 

the  circle  to  be  1,   and  if  we 

should   draw   the  tangent   BT 

to    the    circle    at    B,    meeting  q 

Ac  produced  in  Tj    then    we 

,     ,j  ,         BT      DC 
should  have  -7—  =  —---;  and  if 

AB      AD 

AB^^l,  then  also  it  would  fol- 

DC 
low  that  BT  =  j=r,    or    the     a 

geometrical  tangent  BT  would  become  the  measure  and 
representative  of  the  value  of  that  ratio,  and  consequently 
under  such  circiunstances,  would  be  equivalent  to  tand. 

_-  -       sind        . 

If         tan  0  = ,     then  also, 

COS0 


\2        /       cos9 


sm 

\2 /  _ 

sind 


--0j  = :^ i  =  .^-^  =  cot0: 


and  of  ^    that  is,   under   such  circumstances,  the  sine  becomes  the 

cotangen      cosine  of  0,  and  conversely,  and  we  complete  the  analogy 

of  nomenclature  and  representation,  by   denominating   the 

tangent  of  the  complement  of  0  the  cotangent  of  0  and 

denoting  it  by  cotfl. 
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489-     Affain,  EzpreMioo 

^  for  the  tan. 

ia     a\       sin  (^4-0')       sin  0  cogs'  -f  cosSsin^        gent  of  the 
cos(0+0^)      coftO'cesd^  —  fiindsmd^       difeenoBof 

twoanglet. 

sin  0       sin  O' 

COS0  COS0' 


an  Scobs'  ' 


COS  Q  cos  S' 
by  dividing  the  numerator  and  denominator  by  cos  Q  cos  9 : 

if  we  now  replaee  — -  and ^^j  l>y  tanS  and  tanS^, 

^        cosS         cosS^ 

we  shall  get 

tanC^+d*)  =  = ;; t:. 

^  '       1  — tanStanS' 

In  a  similar  manner,   we  shall    find,    putting    —  fl 
in  Ae  place  of  Q 

r^      ^x        ^^^  -  tans' 
^  ^       1  -f  tan  Stan  S^ 

490.     By  the  «d  of  these  formulae  and  the  assumed  Ftttienlii 
▼alue  of  the  tangent,   we  shall  easily  deduce  or  verify  the'tSiMit. 
the  following  results; 

tanOsO,  tan-r    or  tan 4i6°  =  1, 

4 

tu^   or   tanSOas-^,    taa-^  or  tamOOa  t/a; 

tan-=oo,  tan2ir  =  0, 

^ 3^ 

t«i-^=—  CO,  tan4ir=s=0, 

tto(|  +  d^  =  -cotS,       tan(ir-S)  s£-taaS, 

SE 
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tan  (ir-f  0)  =  tan0,  tan  (-^  -  0^  =  cotft 

tan(27r  — 0)  =  -tand,     tan(27r4-0)  =  tand, 

tan (2nir  +  0)=  tand,       tan  {(2n  +  1) tt  +  0}  =  tan 0. 

The  secant  491.     The  reciprocal  of  the  ratio  expressed   by  the 

amt  of  aD   codne  of  0  is  called  the  secant  o{  0:  or  the  secant  of  0 

•ngle-  1  ^ 

or    sec  d  =  — -zi  if  we  now  replace  0  by  t:  —  0>  we  get 
COS0  2 


sec 


G-") = 


sin0' 
cos " 


which  is  denominated  the  cosecant  of  0  or  the  secant 
of  the  complement  of  0,  and  is  written  thus,  (cosecfl). 
In  Geometry,  the  secant  of  BAC  (Fig.  in  Art.  488.)  would 

express   the   ratio    —— ,  a   ratio   which  is  equal  to   : 

and  if  AB  or  the  radius  of  the  circle  be  1,  then  AT 
will  represent  the  ratio  which  is  denominated  the  secant. 

The  versed         492.     The  versed  sine  of  0,  written  vers.  0,  is  used 
angle.         to  express  1  —  cos  0 :  it  is  the  algebraical  difference  of  1 

and    the    ratio    ~— ,  or  of  — -    and  -—-;    and  is  equal 

AC  AC  AC 

BD 

therefore  to  -—  :    if  AB  or  J C  be  1,  it   is  clearly   re- 

AC 

presented  by  BD. 

The  tetms         493.    The  terms  tangent  and  cotangent,  secant  and  cose- 
*J|?^^      cant,  and  versed  sine,  have  not  only  a  geometrical  origin, 
secttit,oo-    but  their  introduction  is  properly  due  to  a  view  of  the 
tSed'^  primary  objects  of  this  science,  which  is  essentially  geo- 
have  a  geo-  metrical,  as  representing  or  determining  the  relations  of 
JJLjj^         lines   described   in    or   about   a   circle:    under    such    cir- 
cumstances, the  investigation  of  theorems  connected  with 
the   relations  of  those   lines,   the   changes   of  their  alge- 
braical   signs    when    represented    symbolically,    md    the 
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determination  of  their  values  corresponding  to  arcs  which 
are  sub-multiples  of  a  circumference  as  well  as  of  the 
sums  or  multiples  of  other  arcs,  would  or  rather  might 
be  independent  of  the  sines  or  cosines  of  such  arcs  or  of 
their  relations  to  each  other:  but  in  an  algebraical 
▼iew  of  this  science,  such  as  we  have  given,  the  tan- 
gent and  cotangent,  the  secant  and  cosecant,  and  the 
versed  sine,  can  only  be  considered  as  furnishing  the 
means  of  expressing  under  a  v^ed  or  abbreviated  form, 
results  which  are  otherwise  expressed  by  means  of  cosines 
and  sines,  and  whose  algebraical  signs  and  arithmetical 
values  are  entirely  dependent  upon  them :  in  other  words, 
the  use  of  such  terms  and  the  substitution  of  such  equi* 
valent  modes  of  expression  for  quantities  otherwise  ex- 
pressed by  means  of  sines  and  cosines,  is  in  no  respect 
essential  to  the  science  of  Goniometry,  or  to  any  of  it& 
applications. 

494.     We  shall  now  resume  the  consideration  of  the  Demoivre*s 

.1  formula. 

,  values  of  (!)■,  with  a  view  to  their  symbolical  deter- 
mination, and  for  this  purpose,  we  shall  commence  with 
the  following  most  important  proposition. 

Since  e^  =  cosO  •\-  ^  — 1  sin  0, 

if  we  replace  0  hy  nOy  we   shall  get 

€"^  =  cosnG  +  ^/^^  .  sinnO; 

but       e-«  =  (eO"  =  (cos  0  -f-  ^/^  .  sin  0)" : 
coDsequently, 

ooend  -f  ^  —  lsin«0  =  (cosO  -f  Ay^l9indy...(a). 

Also,  since 

€'^  =  cosO  —  ^  — 1  sind; 
it  also  follows,  in  a  similar  manner,  that 

cosne  -  y/'^ainne  =  (cos^  -  ^A"^  8in0)"...O3). 


i«4 


fjftffHf, 


Then  tie  n  4&5.  If  in  th^se  ciqviatious  (a)  and  (jS)?  the  value  of 
yS^of$  ^^  absolutely  assigned,  they  will  admit  of  no  variation 
when  the     of  form,  and  it  will  be  merely  necessary  that  the  value 

is  inferred    pf   the   angle   $   OH    one    side    should    be  --th   part    at 

▼alue  of  its  ^  value  of  the  angle  (nO)  on  the  other.  But  if  the 
■^  «  value  of  the  angle  nO  is  to  be  inferred  from  the  known 
value  of  its  cotine  or  sine,  then  it  will  be  found  that 
there  are  n  di£Perent  values  of  d  on  the  second  side 
of  these  equations,  which  equally  answer  the  required 
oonditions. 

For 

cos9ir0  ss  coB^Sx  +  nO)  as  oo8(47r  +  n9) 

=  cos  {2nir  +  «&), 

«Dd       rmtnO  1^  sin  (air  +.»0)  «=  ain(47r  .+  nd) 

=  sin(2n7r  -f  nO); 

consequently,  as  the  value  of  the  angle  on  the  second 
side  of  these   several  equations,  would,  in  ^very  case>  be 

-th  part  of  its  value  on  the   first,   we  shall  get 


co8n04-  >/ —  1  sinw0  =  (cos0  +  i^-  1  .  sind)*, 

cos  (27r  -f  n6)  4-  s/^ 
2 


|cos(^+0)+V^Tr] 


=  <  cos 


co8(47rH-«d)  +V^ 
eo8|(2n-2)^+»d}  +\/^ 


ain  (2ir  +  n9) 

2ir 


sin  (47r  +nO) 


sin{(2n  — 2)7r  +  ne} 
cos  (2nir  +  nff)  +  <^— 1  ain  (2n»  +.i»^ 
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and  so  on,  the  series  of  such  equations  being  continued, 
as  far  as  we  choose. 

496.     Now,  the  cosines  and  sines  of  the  several  angles  Onlyii  dlf. 
differing  from  each  other  by  2ir,  or  by  mu}tip}^  of  27r  or  J^^T" 
four  right  angles,  are  all  identical  with  each  other ;  and  which  pro- 
inasmnch  as  the  .  values  of  these  angles  are  to  be   in-  ^^^^ 
ferred   from    the    values   of  their  sines  and   cosines,    it  of  the  liiie 
f(dlows   that    as    they  all   of  them   equally  answer  the       ®°*"**' 
required  conditions,   there  is  no  reason  for  the  selection 
of  one   of   them  in    preference   to    any    other:   but   the 
corresponding  angles   on   the  second  side  of  the  several 

equations,  being  -th   part  only  of  those  on  the  first,  will 

differ  from  each  other,  when   taken  in   the  order  of  the 

series,  by  —  only,  forming  the  series 

e,  ?5  +  0. '*r  +  ,, ^?=r^4.^, 

n  n  n 

n  n 

and  flo  on;  the  cosines  and  sines,  one  or  both  of  them,  of 
the  n  first  of  which  differ  or  may  differ  from  each  other, 
inasmuch  as  they  form  a  series  of  angles  which  are  or  may 
hb  less  than  3«-:  but  the  (n  +  l)^,  (n-f  ^%  (w  +  r)*" 
terms  of  the   series,   being   equal   to 

.,air  +0,    aw  +  ~  .f.  e,....j.8ir  +  ^^''""V'^  -h  0, 

n  '  n 
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will  have  the  same  cosines  and   sines  with  the  angles 

0,    —  +  0, -^^ —  +  0, 

n  n 

or  with  the  first  n  terms  of  the  original  series:  it  fol- 
lows therefore,  that  there  are  only  n  values  of  the  angles 
on  the  second  side  of  the  equations,  whose  cosines  and  sines 
are  or  may  be  different  from  each  other. 

It   appears,    therefore,    that    whilst    the   first    side  of 
the  equation 

cos  (2r7r  +  n0)  +  ^  — 1  sin  (2rir  -f  n0) 


admits  but  of  one  value,    when   r   is    any   one   of   the 
terms  of  the  series 

0,  1,  2,  3,  4, f, 

that   there   are   n   and  no  more  different  values,  corres- 
ponding to  the  n  first  terms  of  the  same  series,  of 

2rir      ^\  i 1     .     /2r 


cos 


(fri..),V^,..(fr-%,). 


by  which  the  conditions  of  the  equation  are  satisfied; 
it  follows,  therefore,  that  any  one  of  these  values  may 
be   considered   as    one  of  the  n  symbolical   roots  of 

cosnd  +  ^/  — 1  sinnd, 

or  of  the  equivalent  quantity 

cos(2r7r  +  n0)  +  >^— 1  sin(2r7r  +  n0). 


(2n  — 2)7r  27r 

The  angle —  -f  0  is  the  supplement  of 0 

n  ^^  n 

to   27r   or   four   right   angles,    and    it   may   be   replaced 
therefore  by    —  ( d  j  :  in  a  similar  manner,  the  angle 


407 


'- — h  0  may  be  replaced  by  —  ( 9)  and  so  on, 

n  \  n        / 

if  n  be  an   even   number,   as  far  as 

(2n  —  n)  TT 


n 


•\-  e  or  TT  -}■  0y 


which  may  be  replaced  by  —  (tt—  0)  :  but  if  n  be  an  odd 
number,  then  the  last  of  these  angles  which  is  greater 
than  TT,  is 

TT  4-0    or    TT  -{-—•  +  Oy 

n  2n 

which  may   be  replaced  by   —  (  tt  — 0  j#  by  such 

substitutions   our  attention  will  be  confined  to  the  sines 
and  cosines   of  angles  which   are   less  than   180°. 

497-     I^  we  suppose  n  0  equal  to  0,  or  to  27r,  or  to  The » iym. 
4  IT,  or  to  2n7r,  then  in   all   such  cases,   we   shall  have  r 

cos nO  =  1  and   sin n 0  =  0 ; 
and  therefore,   cos  n  0  +  >,y  —  1  .  n  0  =  1: 
under  such  circumstances,  the  n   difierent   values   of 

(cosnd  -f  ^  —  Isinnd)"  or  of  (1)" 
become 

h  V  —  1  sm  - 

n        ^  n 


. 27r  M 2ir 

cobO  +  ^  —  1  sinO,  cos h  v  —  1  sin  — , 


47r  f =    .    47r 

cos h  ^y — Ism  —  5... 

n  n 

_(an-2)7r   .      yr—      .    (2n«2)ir 

COB h  >^./  —  1 .  sm  ■ 


n  ^  n 


beyond  which  values,   the   same  series  of  value*  recurs 

in  the  same  order:  these  are  the  n  symbolical  roots  of 

1 

1^  or   values  of  (1)",    the.  determination    of   which    has 
been    the  primary  object  of  the  preceding  investigations. 


When  wis        If  n  be  an  even  number,  we  may  replace 

(2n  — 2)7r  ,  2ir       (2n  — 4)7r  ^  4^ 

L^  by ,     '—  by , 

n  n  n  n 

(2fi  — w)7r 
proceeding  in  this   manner   as  far   as   or   ir, 

whose  cosine  and  sine  is  identical  with  that  of  ^  ir: 
under  such  circumstances,  the  n  roots  of  1,  will  be 
represented   by 

-  2ir  / ;     .     27r       ,         Qw  t — r   .    2ir 

1,  cos —  +  x/  —  1  sm  —  and  cos w  —  1  sm  — , 

n        ^  n  n        ^  n 

47r  / .    4^       J         4i7r  / — -    .    47r 

cos h  ^  —  1  sm  —  and  cos ^Z  —  ^  sm  — - , 

n        ^  n  n        ^  n 

(n  — 2)7r   ,      / — r   .    (n-2)7r 

cos  ^ 1-  x/  ""  ^  ®^^ ^— 

n  n 

J        (n-2)ir  / — ;    .    (n-2)7r 

and  cos-^ w  —  1  sm ^— , 

n  ^  n 

and  lastly  cosx  or  —  1. 

WhokniB  But  if  n  be  an  odd   number,  the  series  of  symbo- 

lical  roots   of  1,  will   terminate   with 

(n-2)7r   .       / — -      .    («  — 2)7r 

cos ' h  ^  —  1  .  sm  — ^— 

n  ^  n 

(n-2)7r  s — -    .    (n^2)7r 

and  cos ^  —1  sm  -^ ~ — , 

n  ^  n 

there  being  no   root  equal  to  cos  tt  or    —  1. 

Eximplet.         498.     Thus,  let  it  be  required  to  assign  the  cube  roots 
of  1.       They   are   symbolically  represented  by 

27r  i — -    .    27r 

1,  cos  -r-  +  ^  —  1  sm— — 
3        ^  3 

-        27r         / — -     •    27r    -  Qw  tt  , 

ansoos— «  —  v  "* -^  -^^^  •  ^ut  cos—  =:  —  cos--=r  — * 
o  o  3  3 

,    .   27r        .IT        V3 
and  sm-— -  =s  sm—  =  ----  : 
3  3         2 


409 
the  roots  required,  therefore,  are 

2  2 

Again,  let  it  be  retjuired  ta  assign  the  four  roots  Tbe  four 
<xf  1,  or  the  values  pf  (I)**  i 

They  are  83nnbolicaIly  represented  by 

27r  /— —  Sv 

,  cos—-  +  ^  —  1  gin  —-  ^ 

4  4 

27r  i 2'jr 

cos— ^  —Ism---   and  —  1: 

4  4 

,.         27r  ^Aj*2^        -^i 

but  cos-r-  =  cos—  =  0  and  am—-  ss  sinrr  s  1 : 

4  2  4  2 

the  roots,  therefore,  are 

coinciding  with  those  which  have  already  been:  otherwise 
determined.     (Art.  452.) 

Let  it  be  required  to  assign  the  five  roots:  of  1,  or  The  five 

.  Tilaee  of 

the  values  of  (I)*- 


(»>• 


They  are  symbolically  represented  by 

2w          f—T   .    2ir          2ir  /— =    .    2^ 

1,  cos---  -f  ^  -  Ism  — ,  cos-- ^— Ism---, 

O  O  o  o 

co8-=-  +  /^  — 1  Sin  —  and  cos •-•  —  ^— 1  sin— . 
o  o  o  5 

Now,   by   reference  to  a  table  of  natural  sines  and 
cosines,  we  shall  find 

cos^  =  cos  36^  =  .8090170,    sin  36*  =r  .5877863, 
C08  -^  =  cos72"  =  .3090170,   sin  72"  =  .9510565 : 

5 

3F 


amongst 


the  five  roots  of  1   required,  therefore,  are 
1,  .309017 +.9510565,^^1,  .309017—9510563  y^, 
.809017  +  .6877853  ./^l,  .809017—5877853  ^^■ 

TduM  499.  The  roots  of  —  1,  or  the  values  of  ( —  1)-  are 
included  amongst  the  2»i  roots  of  1,  or  amongst  the  values 
of  (1)'"-:  for  ,r*"-  1  =  (^  -  1)  (j"  +  1);  and,  therefore,  the 
values  which  satisfy  the  equation  ic''  +  l=0  or  3;'=— 1, 
must  satisfy  likewise  the  equation  ,b*"  — 1  =  0  or  a^"  =  l; 
or,  in  other  words,  the  values  of  (  — l)'are  likewise 
values    of  (1)»-. 

The    same    conclusion    may  be    made    to    follow   from 
the  equation 

1  sinnS  =  (cos  6  +  ,^  —  1  sin  0)* : 


cosng  +  ^ 

—  1  sin  7 

for 

if  we  make 

ne  =  ir, 

or  3fl-, 

thsiif     c. 

js«0  = 

and 

therefore, 

-  1 

=  (cos 

where 

0  =  J 

„    ..    (2»- 

*). 

:«-,  or  5v,  or  (2n  +  l)7r, 
1  and  sinnd  =  0  ; 


n9)-, 


after    whicii    the 


m 


values 


of(t/^)= 


ihoseof 


recur  in   the   same  order;    and  it   is  obvious  that  those 
values    are    identical    with    the    alternate   values    of    0, 
beginning  with   the    second,   which  satisfy    the   equation 
cos2ne+^/^^sin2ne=l  =  (cose+  :.y^l  sin 9)*", 
which   are 

Stt     4fl-    6fl-    8^  (4«-2)y 

2m'  2^'   2n'   2»' 3«       ' 

500.     In   a   similar   manner,  if  we  supposed 
cos4ne  +  ^/^  sin4ne  =  ^^ 
=  (coafl  +  ^/^  sing)*"; 


0, 


id,  consequently, 
inB  =  Z>  or  5. 


'.— ,  as  far  as  {in  —  3)- 


I  the  values  of  (^  —  1)=  would  be 
g   with   the   second,   of   the 


fourth  t. 
successive  value 


(I)",   which  are 

2fl-    4^    6fl-    Stt    IOtt 
_^  in'  4»'  4»'  4m'    4n  ' 

Kin  other  wcrd«,  the  n  roots  of  ^  — 1    or   the   value 
(^  — !)•,  are  included  amongst  those  of  (l)*". 

In  the  same  manner,  the  values  of  (  —  /s/  —  l)" 
ooincide   with  every  fourth   of   the   values   of  (1)** 


ginning  with  the  fourth :  and  generally  the  values  of 
the  »'*  root  of  any  one  of  the  m  roots  of  1,  differ- 
ent from  1,  will  he  found  amongst  the  series  of  those 
forming   the   values  of  (1)^-. 

501.    It  thus  appears  that  the  n  roots  of  1  or  the  values 
of  (1)=   are  included  in   the  formula 


KIUIU  of 

the  preo.^. 

Ing  theoij. 


where  r  may  have  any  value  in  the  series  0,  1,  2,  3 r: 

it  likewise  appears  that  there  are  only  n  such  values 
which  are  different  from  each  other,  corresponding  to  the 
n  first  terms  of  this  scries,  the  succeeding  terras  of  the 
series  reproducing  the  same  succession  of  values  in  the 
same  order:    and,   lastly,  that  the  arithmetical  values  of 

2rir         .      .    2r«- 

cos and   sm , 

»  n  I 

which  enter  into  the  symholical  expressions  of  these  roots, 
admit  of  accurate   or   of  approximate  calculation. 

Id  a  similar  manner,  it  appi-ars  tliat  the  n  roots  of 
—  1,  (if  it  is  wished  to  consider  them  apart  from  the 
Sti    rooU   of  1)   are  ineUidL-d   in   the   forniulii 


■ 

^^^^^H         us 

■ 

r 

79 

1 

to  -which   the   same   remarks   are   applicable   which   were      1 
mudo   in    tht^    last  Article:    it   is    not  necessary    to    adapt 
a  fonmJa  for   the  expression  of  the    n  roots  of  ^  — 1 
or    —,y^—i,   or    of  any   other    roots   of  1,   which   are 
of  less  frequent  occurrence   than  those  of  1  or   —1. 

AUthe 

Rdudbleu 
thefonu 

502.    All  the  roots  of  1,  and  therefore  tlie 
1  representations   of   the    affections    which    they 
are  reducible  to  tlie  form 

symbolical 
designate. 

where  a'  +  ^  =  1,    and    where  a  and  /j  are 
the  values 

limited   to 

1 

2r,r       ^      .    3r,r 

cos and   sin : 

n                     H 

and  inasmuch   as  (o")^  =  o{l):,  where    a   is    the   arith- 
metical  root   of  a",   it    follows   that   the  n  roots   of   o" 
are   expressed  by   the   formula 

„(co.?^.V^.i„?^'), 

which  is  reducible  to  the  form 

«.(a  +  0V~l). 

or  a'  +  ZJ-y^, 

if  a  =aa  and  ^  =  a^. 

^H 

Equinloil 

503.     If  we   commence   with   the  form 

V 

'      ♦fil/=I 

a  +  6V^. 

1 

we   shall    easily    reduce    it    to    another    form 
cijuivaleiit  to  it,  namely. 

which    is 

L 

rrnf  \    '     +  '-/^'j. 

■^     *        l^a'^H'^  Ja'  +  b-y 

■ 

^^^^      ^        i.    Jl 

413 


and  if  we   now  make 


OO80  = 


I  and,  therefore,  sin  ^  = 


>yi?+^' 


(whidt  we  are  at  liberty  to  do,  inasmuch  as 

then  we  shall  get 

a  +  b,J^\  =  •(a«  +  6^{co80  +  >y^sin0} 

or    =  l/(a«  +  fc')6*: 

for  6*  and  cosd  +  ^y/  —  1  sin  fl,  have  been  shewn  to  be 
equivalent  symbolical  expressions,  whether  used  as  signs, 
or  otherwise. 

Conversely,  V{a^  +  V)  e\ 

or    V^(a*  4-  6*)  (cos  fl  +  ^  —  1  sin  6),  is  equivalent  to 

if  a=^(o«  +  6*)cos0  and  6  =  ^(a^  +  6«)8in0: 
in  (me  case,  therefore,  a  and  6  are  given,  to  determine 

j^a*  +  b\  cosd  and,  therefore,  sin0: 
in  the  other  case, 

^a*  +  6%  COS0  and,  therefore,  sinO: 
are  given,  to  determine  a  and  b. 


504.     If  with  a  radius 

AB  =  l/(a«  +  6*), 

we  describe  an  arc  of  a  circle, 
and  make  the  angle  [BAC  =  0, 

a 


(whose  cosine  =  — . 

b       \ 
sme  =     .  1, 


and 


Tbegeome. 
tried  ligiii. 
ficatioo  of 
aand  6  in 
the  fimnub 


t  +6^ 


-1, 


will  express  the  sides  AD  and  CD  of  the  right^ngled 
triangle,  whose  hypothenuse  AC  =  >/  (n'  +  6'),  considering 
AC  aa    the  arithmetical    root  of  a*  +  ft*. 

Again,  ^o'  +  6* .  e*  expresses  the  line  which  is  anth- 
metically    equal   to   AC  =  y/  a-  +  b°,   and  which   makes 
an   angle  9  with  the  primitive  line:  and  inasmuch  as 
V'(a'  +  6-)e«=   V'(«^+fc=)  (cose  +  V^sint)) 
=  «  +  ftN/^3, 

it  follows  that  a  + 1> ^  —J,  where  a  and  6  express  the 
actual    arithmetical    or    geometrical    values    of    the    sides  | 
AD  and  DC  of  the   right-angled  triangle,   will   express 
its    hypothenuse    AC  =  v'Ca*  +  ft"),    making    an    angle 
0  with  the  hase  AD   or  with  the  primitive  line. 

In   a  similar   manner,   we   should    find,   if  we  make 
the  angle  BAc-=  —9,   that 

'•^c  =  t/(ffl=  +  ft=)e-*=  •(-»"  +  6')(cos0-  .y^sin0) 

and,  therefore,  a  —  h  ^  — 1  woold  denote  the  hypothe- 
nuse Af.  =  ^a'  +  A*   of  a   right-angled    triangle   ADc, 


making  an  i 


whose  o 


\  with 


its  base  AD  or  with   the  primitive  line. 

S05.  We  thus  arrive  at  the  very  important  interpreta- 
tion of  the  meaning  of  the  signs  -h  and  — ,  when  connect- 
ing symbols  designating  lines,  when  one  of  them  is 
n«ciiBsdi'«  affected  with  the  sign  ^  —  \:  their  sum.  or  difference, 
iymbds  n  in  the  sense  which  is  symlxilized  by  the  signs  +  and 
'T^h  ~'   when   thus  used,    would   designate  the   hypothenuse 

f  dnignatc     of  the    right-angled    triangle,    whose    sides   in    one    case 
re  a  and  ft  ,s/~— 1)  and   in  the  other  u  and  —  ft^  —  1, 


iere   ft v~l   ^■"^ 


-1    would   designate    lines 


tuwn    in  opposite  directions   to    each   other. 

506.     By    such    means,   lines   are    designatetl   in    all  Thaj 
Btions  with  respect  to  the  primitive  line :   it  they  arc  „ 
length    (a),   and  make    a  given   angle   6   with  ^ 
primitive   line    or  axis,    whatever   it   may   be,   then  ^ 
are   designated   by  " 

a.e*  or  a(cos0  +  ^/^  sin0), 
where  e'  and  cos  6  +  „J--\  and, 
the  equivalent  algebraical  signs  of  their  position ; 
if  they  are  given,  by  means  of  the  sides  of  right- 
angled  triangles,  of  which  the  lines  form  the  hypotho- 
nuses,  and  whose  bases  coincide  with  the  primitive  line 
or  axis,   dien   they  are  expressed  by  the   form 


The  transition  from 

one  form  to  the  other  is 

immc- 

diate,   by   making   m   one  case 

a  =  n  cos  0 

and  h 

=  o«m9; 

ud  in   the  other. 

« 

„                ' 

'""    i/(,>+ 

W  "" 

•(.'+!.-■) 

and   <■ 

=   V(a' 

'  +  *•). 

507.     The   formula 

where  a  and  b  designate  lines,  and  therefore  a  and  b  ^ 

designate  lines  at  right  angles  to  each  other,  will  admit  of 

other  interpretations  wliich  are  different  in  form  dioi^h  sub- 

Kbmtially   equivalent  to    each 

other:    thus,   if  JD  ==  a,  be 

taken   on   the   primitive  axis 

and   DC  =  ft  at  right  angles 

to  it,   then  AD  and  DC  are 

called   the  co-ordinates  of  the 

prfnt  C:  under  luch  circum-     * 


r«ied  but 

intErpnla- 


stances  we  may  consider  a  +  1^/  ~i  as  ilosigtiating  the 
line  AC  which  passes  through  the  origin  A  of  Die  co- 
ordinates and  also  through  the  jKiint  C,  whose  co-ordinates 
are  a  and  b:  or  it  may  denote  the  distance  from  the 
origin  of  the  point  whose  co-ordinates  are  a  and  6,  the 
cn-ordinatwn  of  a  and  b  designating  their  position  with 
respect   to   each  other. 

Again,  the  line  designated  by 

is  one  whose  projection  (by  perpendiculars  from  its  ex. 
infinities)  upon  the  primitive  axis  is  a,  and  upon  on 
axis  at  right  angles  to 
it  is  b:  thus,  if  the  pri- 
mitive axis  be  A'ff  (pa- 
rallel  to  AB),  A'b  the 
axis  at  right  angles  to 
it;  and  if  AC  be  the  line 
represented  by 

a  +  bj':ri, 

where  a=AD  and  b=DC, 
tlien  ad  is  equal  and  parallel  to  AD,  and,  therefore, 
expressed  by  the  same  symbol  a,  and  a'c  is  equal  and 
parallel  to  DC,  and  therefore  expressed  by  the  same 
symbol  b. 

In   a  similar  manner,   the   line   expressed   by 
a  +  by/'^, 
may  be  said  to  admit  of  resolution  into  the  lines  a  and 
b,   upon  the  primitive  axis  and  the  axis  at  right  angles 
to   it:    for   such    resolved    lines    are    identical    with    the 
projections   which   have  just  been  considered. 

Again,  the  line  expressed  by 

n  +  bj^^l, 
may   be    said    l<>   be    e<fttivalent    to    the  line    a    u)Mn    the 


p C 

^ aX  d a 

X 3 i » 


m 

primitive  axk,  and  to  tlic  line  b  upon  the  axis  at  right 
angles  to  it:  or  it  may  be  eoiij'  to  include  within  itaelf, 
the  expression  of  these  two  lines. 

All   these  varied   forms  of  expressing,   or   exhibiting 
interpretation  of 


^ 

^^1 


can  only  be  satisfied  by 
under  oil   circumstances  a  +  b 


6')    e* 
cannot 


pugh  equivalent  to  each  other,  are  more  or  less  adapted 
to  the  varied  nature  of  the  quantities  which  the  line  in 
such  a  position  may  represent,  or  to  the  particular  object 
or  objects  which  the  proposed  investigation  may  be  re- 
quired to  effect. 

508.     The  equation  ' 

a  +  b.J^^  =  0,  I 

laking  «  =  0,  and  ft  =  0 :  for  * 

—  =  A> 

(where  cos  0  =  — -^1 — r;r  | :  and  inasmuch  a 
Via'  +  b')/ 

be  equal  to  0,  whilst  n  and  b  have  any  arithmetical  values, 
«ero  included,  it  follows  that  if  n  +  b^  —  \  =  0.  then 
b1m>    t/(a*  +  b')  =  0,   which  can    only    take    place    when 
ft  K  0  and  fr  =  0. 
n    509.     Again,  tbe  equation 

a  +  b  ,/zri  =  c  +  d  j^n., 

can  only  be  satisfied  by  making  «  =  c  and  h  =  d:  for 
under  such  circumstances,  by  subtracting  r  -{•  d^  —  1 
from  both  aides,  we  get 

o  -  c  +  (ft  -  rf)  .J~^  =  0, 
and,  therefore,  by   the  last  case,  «  — c  =  0  and  6  — d=0, 
or  a  =  r  and  b  =  d. 


:0. 

I 


.  +  «/=! 


510-  The  conclusion  deduced  in  b<>th  these  cases  is 
perfectly  consistent  with  the  interpretation  which  we  have 
pveii  of  «  +  A  ^  —  ] ,  considering  it  as  representing  the 


Th*  pre, 
ceding  eon- 
cIdsIoiu 

quence) 
Hon  of 


«• 


right-angled  trianglt,  whose  base  and  p 


hypothcDusc  o 

{K'Ddicular  arc  o  and  h  n*spectivcly :  for  if  the  liypother 
l)c  e<iual  to  zero,  its  sides  must  be  equal  to  zero  like- 
wise. Again,  the  formuW  a  +  b  ^  —  1  and  c  +d  ^  —  1 
express  two  lines  arithmetically  equal  to  v'(a°  + 1")  and 
•  ic^  +  (P)  respectively :  if  a  +  ^  -/^^l  =c  +  d  J  -  \, 
the  lines  corresponding  must  not  only  be  equal  in  length, 
but  also  algebraically  parallel  to  each  other ;  for  otherwise 
they  would  be  affected  with  different  signs,  and  therefore 
not  algebraically  equal  or  equivalent  to  each  other :  it 
will  readily  follow  from  thence  that  a  =■  c  and  b  =  d. 
511.      If    the 

"  line     AC    be     ex- 

'  pressed  by 

where  a  =  AD  and 

b  =  DC,  then  the 

line   Ac    equal    to 

AC,  and  making  the  angle  DAc  equal  the  angle  DAC,  is 

expressed  by 


therefore,  their  algebraical  sum  is  2a,  and  their  alge- 
braical difference  2b  ^  —\ :  now  if  we  complete  the 
rhombus  ACac,  the  diagonal  Aa  coinciding  with  the  pri- 
mitive axis  or  parallel  to  it,  is  equal  to  2 AD  or  2a:  and 
the  other  diagonal  CDc  at  right  angles  to  the  primitive 
axis  is  equal  to  2CD  or  2i  ^  —  1 :  it  follows,  therefore, 
that  the  algebraical  sum  of  the  equal  lines  AC  and  Ac 
when  symbolically  represented,  is  equal  to  that  diagonal 
of  the  rhombus  formed  upon  them,  which  they  include : 
and  that  their  algebraical  difference  under  the  same  cir- 
cumstances, is  equal  to  the  second  diagoAal,  which  is  at 
right  angles  to  the  first. 

It  is  obvious,  that  if  we  represented  the  angle  DAC 
hyp,  DAc  by  — 6,  and,  therefore, 

AC  by  ^a'  +  6«  (cos  9  +  ^^^  «"  ^tf 
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}  -  J-\^x,e), 


and 

Ac  by  ^a'  +  h-  (cc 
that  their  sum  would  be 

2  •(«'  +  60  cos  0, 
and  that  their  difference  would  be  2  t/(n''  +  6")  ^— 1  sin  0 ; 
expressions  whicli  are  respectively  equivalent  to  2fl  and 
96  V  — 1,  or  to  the  diagonals  ^a  and  Cc  respectively. 

612.  More  generally, 
let  AC  and  Ac  represent  two 
unequal  lines  in  the  positions 
represented  in  the  figure, 
and  let  the  parallelogram 
ACac  be  constructed  upon  j^ 
them:  draw  CD  and  cd 
perpendicular  to  the  dia- 
gonal Aa,  whicit  we  shall 
consider  as  the  primitive  line 
or  axis,  or  parallel  to  it : 
then  AC  is  denoted  by 

a  +  b  , 

where  AD  =  a  and  DC  =  b :  similarly  v*  c  is  denoted  by 


!  =  c  and  dc  =  d:  their  algebraical  mi. 

=  a  +  c  +  (fc-rf)  ^/^^, 

\  toA  their  algebraical  difference 

=  «  -  c  +  (/.  +  d)  y^T. 

It  is  obvious,  however,  since  Ac  «=  C«,  and  the  angle 
ajdis  equal   to  the  alternate  angle  CnD,  and  the  right 
Adc  to  the  right  angle  CDn,  that  Ad  =  aD  and 
=  CD  or  b  =  d:  it  follows,  therefore,  tliat 

t  +  c+  (b  -  d)  y/^\  =  a  +  c  =  AD  +  Da  =  Aa, 


or  to 
and  A I 


430 

the  diagonal  of  the  parallelogram  included  by  AC 


and  that 

c  +  (6  +  <0  -/"-^  =  a-€  +  ■2b  J~ 
repreaeated  hy  Cc:  tor 

n  -c  =  AD~  Ad  =  Dd  =  cd', 


^ 


•odditfer- 
ence  of  two 

the  dkgo- 
niJs  of  the 
pusllelo- 
gtsm  con- 
Klrucled 
II  poo  theni. 


if  erf"  be  drawn  equal  and  parallel  to  Dd:   and 

26  =  2CD  =  Cd\ 
inaBmiich  aa  Dtf  is  equal  and  parallel  to  erf:  therefore 
cC  is  expressed   by  a  —  f  +  2b  ^  —  1,   where  a  —  c  is 
equal  to  cd',  and  26  is  equal  to  Crf*- 

513.  We  tlius  are  enabled  to  conclude  generally,  that 
1  the  algebraical  strm  of  two  lines  making  any  angle  with 
each  other  or  with  a  primitive  line  or  axis,  is  equal  to 
tliat  diagonal  of  the  parnlleiogram  constructed  upon  thcra 
which  they  include,  and  that  their  algebrniral  difference 
is  equal  to  the  other  diagonal  of  the  parallelogram. 

5H.  The  second 
of  these  consequences 
may  be  deduced  in 
a  somewhat  different 
manner :  in  speaking 
of  the  sum  and  differ- 
ence of  the  lineK  AC 
and  Ac,  when  these 
terms  are  used  in  their 
algebraical  sense,  the 
effect  of  the  operation 
which  is  denoted  by 
the  word  difference, 
is  to  diange  the  sign 
of  the  second  of  these 
quantities  from  4-  to  —  or  conversely :  if  we  produce, 
therefore,  cA  to  c',  making  Ac  =Ac,  then  Ac  and  Ac\ 
however  otherwise  affected,  will  be  likewise  affected  by  the 
opposite  signs  +  and  —  ,  and  the  difference  of  AC  and  Ac 


4S1 


<riU  be  equivMeut  to  the  sum  of  AC  and  Je  ;  but  the 
*wi»  of  AC  and  Ac  is  Ad,  which  is  the  diagonal  of  the 
parallelc^r'am  ACdc  which  they  include  and  which  id 
equal  anii  parallel  to  the  second  diagonal  Ce  of  the  ori- 
ginal parallelogram  ACac:  it  follows,  tlierefort',  that  if 
the  sum  of  AC  and  Ache  represented  by  Aa,  their  differ- 
ence must  be  represented  by  Cc. 

515.  The  relations  be-  ■ 
tweeo  the  sides  and  angles 
of  triangles,  as  determined 
by  means  of  their  cosines 
or  sines,  is  an  immediate 
consequence  of  the  pre- 
ceding theory:  for  if  we 
designate  the  magniittdes 
of  the  three  sides  BC,  CA,  AB  of  the  triangle  ABC  by 
«,  it,  c  the  opposite  angles  being  severally  denoted  by 
A,  B,  C,  then  the  sum  of  the  sides  AC  and  CB  or 
AC  and  Ad  (if  ^rf  he  equal  and  parallel  to  CB),  is 
equal  to  the  third  side  AB,  which  is  the  diagonal  of  the 
parallelogram  ACBd  constructed  upon  AC  and  Ad: 
but  AC  makes  an  angle  A  with  the  primitive  line  AB, 
and  is,  therefore,  denoted  by  fee^:  whilst  CB  or  AH 
makes  an  angle  BAd=  B  on  the  opposite  side  of  AB, 
and  is,  therefore,  denotwl  by  «e~^:  consequently 


or  if  we  replace  e"^  by  cos  .^  +  ^  —  1  sin  A,  and  e"*  by 
ros  J?  —  :^/  — 1  sin  B,  this  equation  becomes 

6  (cos  ^  -t-  v/^  tin  A)  +  a  (cos  B  -  ^/^  sin  B)  =  c, 


fccos^-)-«cosB-c  +  y^  (b  na  A~n  an  B)=0  ....{\) 
vfaicfa  is  equivalent  to  the  two  equations  (Art.  608.) 

6co8.i*-focosB  —  c  =  0 (a) 

biiii  A  —  fflsin  B  =0 0). 


■ideaofl 


516.    It  appears  from  the  preceding  investigation,  that 
the  sum  of  the  two  sides  AC  and  CB  of  the  triangle  ABC 
is  equal  or  equivalent  to  AB,  and  consequentiy  that  the 
8ttm  of  the  three  aides  AC,  CB  and  BA  of  the  triangle, 
taken  in  that  order,  is  equal  to  zero;  for  BA  and  AB 
express  the  same  line  reckoned  in  opposite  directions,  and,  , 
therefore,  are  expressed  algebraically  by  the  same  symbol  j 
affected  with  the  opposite  signs  +  and  —  :  it  is  this  result  I 
which  is  algebraically  expressed  by  the  general  equation  (1). 

617'     The  same  result  otherwise  expressed,  would  lead 
to  a  third  equation 

A  +  B  +  C  =  -,r (7), 

■  Iwtween  the  angles  of  the  triangle;  for  if  we  consider 
AB  or  c  as  the  primitive  line  or  axis,  and  reckon  the  1 
lines  in  the  order  AB,  BC  and  CA,  then  BC  will  be  ex- 
pressed by  a  j  cos  {tt  —  5)  +  ^  —  1  sin  (tt  —  B)  j ,  inas- 
much as  BC  makes  an  angle  ir  ~  B  with  AB  produced  : 
also  CA  will  be  expressed  by 

b  {cos  {2-n-  -  B-  C)  +  ^  -  1  sin  (2ir  -  fi  -  C)j, 

inasmuch  as  CA  makes  an  angle  equal  to  tt  —  B  +  w  —  C, 
or  2ir  —  B  —  C  with  the  line  AB  -.  but  as  we  have  already 
seen  that  the  sum  of  the  three  sides  AB,  BC,  CA  whea' 
taken  in  that  order  is  equal  to  zero,  it  will  follow  that 

c-f-ocos  (tt-  B)+h  COS  (2w-  B-C)  =  0, 

if  we  omit  the  expressions  affected  with  the  sign  ^  —  1, 
which  form  a  distinct  equation :  this  equation  is  identical 
with  the  equation  (a)   (Art.  515.) 

c  —  a  cos  B  ~  h  cos  A  =  Q: 

and,  therefore,  cos  (tt  —  E)  =  —  cos  B,  as  has  been  other- 
wise shewn  (Art.  4'78) ;  and  also 

cos  (2t  -  S  -  C)  =  -  COB  A, 


cos  (B  +  C)  =  -  t 


s  (t 


,  therefore,  B  +  C  =^  tr  - 
or  J  +  B  +  C  = 


..(7)- 


liuial  10  UK 
Bines  of  the 


518.  This  equation,  combined  witli  equations  (o)  and  ThcrcU- 
)  will  enable  us,  not  merelj?  to  deduee  those  properties  of  ,1^^.  and 

triangles,   whicli  depend  upon  l)n;  relations  of  their  sides  anRlMof 
and  angles  to  each  other,  but  likewise  the  conditions  by  dcicrmined 
which  triangles  are  determined,  and  the  formulic  which  in-  ^i^^^' 
volve   the  rules  for  the  calculation  of  the  sides  and  angles  equaiioin. 
of  such  triangles  from  the  requisite  data:  it  will  be  neces- 
sary,  however,   to   modify  the   forms  of  these  equations, 
or  to   deduce   such   other  equations   from  them,   as  may 
express  explicitly  the  angles  in  terms  of  the  sides,  or  the 
ratios  of  the  sides  in  terms  of  the  angles. 

519,  In  the  first  place,  the  second  equation  (^),  is  at  Tbcikln 
once  reducible  to  the  form  "^  "^^' 

a        sin  A 

b        sin  B ' 

angles. 
which  expresses  the  following  very  important  proposition  : 
*J  That  the  ratio  of  any  two  sidea  of  a  triangle  is  the  same 
I  the  ratio  of  the  sines  of  the  angles  opposite  to  them." 

530.     If  we  combine   this  proposition  with   that   ex-  The  grca 
I  by  the  equation  "riuiric' 

A  +  B  +  C  =  » (7),  rif^' 

we  shall  be  enabled  to  determine  all  the  relations  which  can  ^'^ 
exnt  between  the  sides  and  opposite  angles  of  a  triangle : 
in  this  manner  it  may  be  shewn  tliat  "  the  greater  side  of 
e»ery  triangle  is  opposite  to  the  greater  angle,  and  con- 
Tersely  :"  for  if  a  be  greater  than  h,  then  sin  A  is  greater 
thnti  sin  B :  but  inasmuch  as  the  angles  are  to  he  inferred 
firom  tbcir  sines,  there  is  no  reason,  as  far  as  the  propo- 
ritton  in  the  last  Article  is  concerned,  why  any  angles  may 
not  be  taken  in  the  place  of  A  and  fl,  whose  sines  are  in  the 

•  -co>  .4  =  cuj  (T-.4)  =  cos(3-r  — J).  Sic:  bill  m-A  ia  Ihc  only 
M{[1«  in  wliicli  B+C  call  bv  iiiuol,  inuiimvll  ■■  the  smu  u(  »U  ibc  uitniur 
ud  cxU'iior  angle*  logethccol  the  triaiiRlcticqii*]  loSir. 
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ratio  of  a  and  b:  it  appeiUH,  however,  from  the  equstioa 
(■y),  that  the  sum  of  the  two  angles  A  and  B  must  be  less 

than  IT ;  therefore  if  they  are  both  of  them  less  than  - , 

then  A  must  be  greater  than  B,  since  sin  A  is  greater  than 
sin  B,  and  the  sines  increase  with  the  angles,  until  they 
reach  90°:  if  A  t>e  greater  than  90°,  then  B  is  less  than 
90°,  or  A  is  greater  than  B :  but  if  A  be  less  than  90", 
3  must  he  less  than  90",  and,  therefore,  less  than  A :  for 
if  B  be  greater  than  90°,  its  supplement  v  —  B  inust  be 
less  than  90° :  and  since  sin  (it  —  B)  =  sin  B,  and  since 
sin  B  is  less  than  sin  Ay  it  will  follow  also  that  sin  {tt  —  B) 
IB  less  than  sin  A,  and,  therefore,  under  the  circumstances 
which  we  have  supposed,  ir  —  B  must  be  less  than  A,  or 
IT  less  than  A  +  B,  which  is  impossible:  it  follows,  there- 
fore,  that  S  must  in  every  case  be  less  than  A. 

w.  _  521.    The  converse  of  the  last  proposition  would  assert, 

\^}li    that  the  greater  angle  of  every  triangle  is  opposite  to  the 

greater  side,  and  its  truth  is  included  in  the  demonstration 

just  given,  or  is  an  immediate  inference  from  it :  for  if  A 

and  B  be  both  of  them  less  than  — ,  and  A  greater  than  B, 

then  sin  A  is   greater   than  sin  B,  and,   therefore,  a   is 

greater  than  6 ;  if  ^  be  greater  than  — ,  then  tt  —  A  is  also 

greater  then  B,  and  therefore  sin  ^  or  sin  (ir  —  A)  is 
greater  than  sin  B ;  and,  therefore,  also  it  is  greater  than  b. 

b"'!.™  522.     If  a  =  b,  anil  therefore  sin  A  =  sin  B,  it  neces- 

sarily follows  that  A  =  B:  for  if  A  lie    not  equal  to  B, 
it  must    equal    it  —  B,    which    is  impossible :    it  follows, 
therefore,    that    the    angles    at    the    liase    of  an    isosceles 
Two  lid  ■    ^'''"S'^  '"'^  equal  to  each  other  and  cooverBely. 

IHld  ibc  Ml- 

gleoppoaite        523.     If  a  and  fi   are  given,  and   also  the   angle  A 
Sraiirof     wluch  is  opposite  to  a,  then  when  a  is  greater  than  ft,  since 


»  Two  ill 
•Ddlbc 
Blroppi 


I 


the  angle  B  maj  be  calculated  and  determined,  nnce  B 
is  necessarily  less  than  -  :  in  other  words,  the  data  above- 
mentioned,  under  such  circumstances,  determine  the  tri- 
xngle. 

624.     But  if  a  and  6,  and  the  angle  B  be  given,  then  '^^** 
the  value  of  sin  A  is  given,  since  sin  J  =  -  sin  B :    there  »iu.  m  §«! 

"  leu  of  (hem 

arc,  however,  two  values  of  the  angle  A  corresponding  to  ''"  "f*  ^- 
the  single  value  of  sin  A,  calculated  from   this  equation,  trii^le. 
which  are  equally  consistent  with  the  data:  one  i>f  these 

is  less  than  -  ,  and  the  other   is  its   supplement,   which 

are  both  of  them  greater  than  B,  and  both  of  them 
equally  ful61,  therefore,  the  conditions  which  the  data 
impose :  in  other  words,  there  are  two  different  triangles  to 
which  these  data  will  equally  correspond. 

Thus,  in  the  two  tri- 
angles CBA  and  CBA', 
the  greater  side  CB,  and 
the  angle  B  are  common 
to  both,  and  the  side  CA 
in  one  triangle  is   equal 
to   the   side  CA'   in   the 
P  other:  these  two  triangles,  therefore,  have  the  same  data, 
»1mt  the  angle  A'  which  is  opposite  to  the  greater  side  CB 
I  in  one  triangle,  is  the  supplement  of  the  angle  A,  which 
»  U  opposite  to  the  same  side  in  the  other.      But  if  the  side 
CB,  which  is  opposite  to  the  angle  to  be  determined,  be  not 
tfae  greater  of  the  two  CB  and  CA,  then  the  angle  opposite 

to  it  cannot  exceed  ~\   and,  consequently,  there  is  only 

Me  triangle  which  can  satisfy  the  required  condition) 


525.     The  next  case  which  we  shall  have  to  consider, 
is  that  in  which  two  sides  and  the  included  angle  are  given, 
__IB<1  it  is  required  to  ascertain  whether  the  remaining  side 


Two  ddo 
uigle  vbich 
elude  dr- 
t  crUoglc- 
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and  angles  can  be  from  thence  determined:  in  this  case^ 
the  equation 

a       sin  A 

h      An  B 

involves  the  sines  of  two  unknown  angles  A  and  B :  but 
their  sum  -^  +  JB  is  known,  being  equal  to  tt—  C,  or  to  the 
supplement  of  the  angle  which  is  given :  and 

a       sin  A 
smce  -  =  -r-^, 
b       sm  B 

it  follows  that  (Art.  411). 

a  +  6       sin  ^  +  sin  ^ 
a  —  6  ""  sin  ^  —  sin  ^ 

2  sm 


^H-2-)  "^n~2-^) 


^  ^^"  (-2-) 

consequently, 

(A-Bx       (a-6)    ^      /^4-5\ 
tan  ( — ^r-  )  =  ;    ,  ^^  '  tan  (—--—). 

But  — - —  =  — - — ,  and,  therefore,  tan =  cot  — 

is  known  from  the  canon  of  tangents :  it  appears,  there- 

fore,  that  tan  — - —  can  be  calculated,  and,  consequently, 

^ g 

that    the   arc  — ~ —    corresponding  to   it   can   be   found 

from  the  same  canon :  it  follows,  therefore,  that  A  which 
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Kite  determined  from  the 


etennined  : 
equation 


and  the  tliird  side  i 


a       taa  J 

326.     If  two  angles  of  a  triangle  are  given,  the  third  is  i 

^ven  also,  and  the  equations  * 

a  ^  sin  A  a        sin  A  b  ^  sin  B  f 

b^  sinB'       «~8inC'       c  ~  sin  C '  8 

trill  detennine  the  ratios  of  the  sides,  but  not  their  magni- 
tudes :  but  if  any  one  of  the  sides  be  given,  the  same  equa- 
tions will  determine  not  merely  the  ratios  but  also  the 
magnitudes  of  the  remaining  sides :  in  other  words,  they 
will  determine  the  triangle. 

527.     If  the  three  sides  of  a  triangle  a,  b,  c  be  given,  1 
the  cosines  of  the  angles,  and  therefore  the  angles  them-  „ 
I  selves,  may  be  determined  in  the  following  manner :  if  the  * 
I  equation 


b  cos  A  +  a  cos  B~c  =  0 

Rile  put  under  the  form 

a  cos  B  =  c  —  b  cc 
1  both  its  sides  squared,  we  get 


..(a),  (Art.  615), 


'  B  =  c'' 

I  or   replacing   eos^  B    and 


-  26c  cos  A  +  b''  cos*  A  ; 


'A    by   1  —  sin*  B    and 


-  sin*  A  respectively,  we  get 

'  B  =  c'  —  26c  cos  A +  b'^  —  b'^  ain'  A : 
but  a-  sin^  B  =  A*  sin'  A,  by  equation  0)  (Art.  515); 
!*  =  (■"  —  26c  cos  A  +  h*  f 


Id  a  similar  manner,  we  tihoutd  find 

a-  +  r-h' 
coe  B  = , 


iponding 
pTOpoai. 


We  are  thus  enabled  to  calculate  the  cosines  of  J,  B  and  C 
by  means  of  the  tliree  sides  «,  b,  and  c:  or,  in  other  words, 
the  three  sides  determine  the  triangle. 

528.  The  results  which  are  given  in  the  four  last  Ar- 
ticles include,  or,  by  means  of  proper  interpretations,  may 
be  made  to  include,  those  propositions  in  Geometry,  in 
which  triangles  are  compared  to  each  other,  with  respect 
to  their  equalitv  or  similarity  :  thus  it  appears  that  two 
aides  and  an  included  angle,  or  three  sides,  or  one  side  and 
Wo  angles,  determine  a  triangle,  propositions  which  cor- 
respond to  the  4th,  7th  and  8th,  and  36th  Propositions 
in  the  first  Book  of  Euclid :  and  that  three  anglei^,  or  one 
angle  and  the  ratio  of  two  sides  including  it,  or  the  ratios 
of  three  sides,  determine  the  species  of  a  triangle,  but  not 
its  magnitude;  propositions  which  correspond  to  the  4th, 
Sth  and  6th,  Propositions  of  the  Sixth  Book  of  EucUd. 

529.  The  interpretations  which  are  required  to  effect 
the  transfer  of  the  conclusions  of  Algebra  to  Geometry,  in 
the  case  of  the  preceding  propositions,  arc  connected  with 
general  principles  which  it  is  important  to  examine  and 
establish,  in  order  to  ascertain  the  extent  and  nature  of  the 
dependence  of  one  science  upon  the  other :  for  this  purpose 
it  will  be  necessary  to  enquire  how  far  their  first  principles 
are  in  common,  when  the  objects  of  investigation  are  the 
same :  and  also  whether  there  are  any  propositions  in 
Geomctrj',  which  are  established  by  geometrical  processes, 
which  arc  incapable  of  algebraical  investigation,  or  which 
are  necessary  as  forming  a  connecting  link  between  the  two 
sciences. 
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530.  Such  an  enquiry  may  be  jmost  naturally  connected  Eiami™- 
with  the  examination  of  the  definitionR  of  those  quantities,  deanitknu 
whose  properties  and  relations  form  the  common  objects  of  ^  Oarme. 
Geometry  and  Algebra,   when  the   sjTnbols  of  Algebra  are 
employed  to  denote  them :  we  shall  therefore  go  through 

the  most  important  of  them  in  their  proper  order. 

531.  "  A  geometrical  point,  line  and  surface,  are  dis-  l^fiiiitlon 
tii^ished  from  a  physical  point,  line  or  surfaee,  by  the  trid^kii^ 
absence  of  physical  length,  breadth  and  thickness  in  thejj^'"""- 
first,  of  physical  breadth  and  thickness  in  the  second,  and 

of  physical  thickness  in  the  third." 

532.  '*  A  geometrical  straight  line  is  one  which  in  all  Definiiiua 
positions  coincides  with  any  other  straight  line  which  has  meiriad 
two  points  in  common  with  it,  however  far  they  may  be  j^ighi 
extended." 

It  will  follow  as  a  necessary  consequence  of  this  defi- 
nition, that   two  straight  lines  cannot  enclose  a  space :  for  ^H 
otherwise  two  straight  lines  would  have  two  common  points,          ^^1 
which  did  not  coincide  with  each  other :  it  is  also  a  neces-  lu  praf»- 
lary  consequence  of  the  same  definition,  that  two  striught  ''"■ 
lilies  cannot  have  a  common  segment :    for  if  they  have  b 
part   or   s^rmeiit    in   common,   they   have   two  points  la 
common  nnd,   therefore,   must  coincide   throughout   their 
'hole  extent :    these  two  properties  of  straight  lines  are 
oecessory   consequences   of  our   definition  of  it,   hut   are 
rtW  necessary  consequences  of  each  other. 

We  have  added  as  a  furtlier  condition,  that  straight 
lines  which  have  two  points  in  common,  must  coincide  in 
all  positions:  in  other  words,  that  they  must  continue  to 
coincide  with  each  other,  when  conceived  to  be  moved 
round  those  points  through  any  angle :  for  otherwise  two 
arcs  of  circles  which  are  described  from  the  same  centre, 
and  which  pass  through  two  common  points,  would  coincide 
thruughinit  tiieir  whole  extent,  and  would  thus  appear  to 
fulfil  thi'  conditions  imposed  by  the  definition  of  n  straight 
line  :  if  we  suppose  one  of  them,  however,  to  move  round 
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.tliose  points  as  an  axis,  they  will  be  found  to  coindde  in 
one  position  only,  when  they  are  in  the  same  plane,  with 
the  centre  of  the  circle  on  the  same  side  of  them. 

533.  It  is  no  definition  of  a  straight  line  to  say  that 
it  lies  evenly  between  its  extreme  points,  unless  the  term  ' 
evenly  admits  of  a  further  definition  which  would  assign  ' 
some  essential  property  of  a  straight  line,   which  bclongedi 
to  no  other  geometrical  line :  it  is  for  this  reason  tliat  Euclid 
has  subsequently  inserted  among  the  Axioms,  one  of  those 
essential  properties,  namely,  that  two  straight  lines  cannot 
enclose  a  space :  and  has  subsequently  assumed,  and  fram 
the  consequences  of  that  assumption,   afterwards  proved, 
that  two  straight  lines  cannot  have  a  common  segment. 

It  is  a  sufficient  definition  of  a  straight  line  to  consider  ' 
it  as  the  shortest  distance  between  two  points :  it  requires,  i 
however,  considerations  of  a  nature  somewhat  refined  and 
metaphysical,  to  infer  from  thence  that  there  is  only  one 
such  line,  and,  consequently,  that  all  straight  lines  passing 
through  two  common  points,  must  coincide  with  each 
other :  and  under  any  circumstances,  inasmuch  as  it  is 
necessary  to  refer  to  this  consequence  of  the  definition,  and 
not  to  the  definition  itself,  in  the  actual  processes  of  Geo- 
metry, it  is  certainly  more  convenient,  and  in  some  respects 
more  pliilosophical,  to  make  this  consequence  the  definition, 
and  to  leave  the  property  which  that  definition  assigns,  to 
be  determined  as  a  consequence  of  it,  if  such  a  determina- 
tion should  be  considered  important  for  any  of  the  appli- 
a  tions  of  Geometry. 

534.  "  A  plane  surface  is  one,  in  which  if  any  two 
points  whatsoever  be  taken,  any  ])oint  in  the  straight  line 
which  joins  them,  however  far  it  may  he  produced,  is  like- 
wise in  that  surface," 

The  properties  of  a  plane  surface  are  dependent,  there- 
fore, upon  the  properties  of  a  straight  line- 

535.  Two  points  determine  the  position  of  a  straight 
fioe,  and  three  points  will  determine  the  jiosition  of  a  plane 


surface;  for  all  plane  surfaces,  which  pass  through  ihrec  i 
coniinon  points,  are  coincident  with  each  other,  however  far  ^ 
they  may  be  extended :  for  let  E 
he  any  point  in  a  plane  surface 
passing  through  A,  B  and  C;  then 
any  or  every  point  in  the  straight 
line  BE  is  in  that  surface :  and 
any  and  every  jwint  of  the  straight 
line   JC   or   of  AC    produced,   is 

in  the  same  plane  surface:  consequently,  the  straight 
lines  BE  and  AC,  or  BE  and  JC  produced,  have  a  com- 
mon point  D  :  but  every  plane  surface  which  passes  through 
A,  B,  and  C,  passes  likewise  through  D,  and,  therefore, 
through  E,  which  is  in  the  same  straight  line  with  B  and 
D :  or,  in  other  words,  any  point  which  ix  any  one  plane 
surface  passing  through  three  points,  is  likewise  in  every 
plane  surfnee  which  passes  through  the  same  points ;  and, 
coruequently,  all  such  surfaces  are  coincident  with  each 
other. 

536.  "  A  geometrical  angle  diifers  from   a   physical  DefinldOT 
angle,  in  being  contained  by  geometrical  lines  which  have  ^lif^^ 
a   common   point,    and    those   lines    are   supposed    to   be 
straight  lines,   unless  it  is  otherwise  expressed.'" 

The  idea  conveyed  by  the  term  angle,  like  those  ex- 
pressed by  the  terms  piiml,  line,  surface,  is  so  simple  and 
dementary,  as  not  to  admit  of  resolution  into  others,  so 
that  nf>  description  can  express  it  more  clearly  than  the 
term  itself:  we  are  compelled,  therefore,  in  all  those  cases, 
to  conHne  ourselves  to  divesting  it  of  those  physical  quali- 
ties, which,  being  essentially  variable  and  indefinite,  are  not 
the  proper  objects  of  a  science  of  demonstration. 

537.  "  Geometrical  magnitudes,  whether  angles,  lines, 
or  surfaces,    are  defined  to  be  equal  to  each  other,  when  iJ,  ol^[n& 
they  wholly  coincide,  or   may  be  made  by  resolution  or  °7- 
otherwise,  to  coincide  with  each  other." 

This  test  of  equality  or  of  identity,  if  that  term  be  pre- 
fcned,    is  essentially  geometrical,   and   will   be   found  to 
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constitute  a  great  di&tinction  between  the  processes  of 
reasoning  followed  in  Geometry  and  Algebra :  it  is  on  this 
ac(x>UDt  that  we  shall  examine  its  consequences  somewhat 
in  detail. 

I  IB  mimtij        538.     The  primary  or  direct  applications  of  this  teat, 
'  -■  -  relate   to  the  just  apposition  to,   or   rather  super-position 

upon,  each  other,  of  lines,  angles,  and  bounded  areas  or 
figures,  with  a  view  to  ascertain  their  coincidence  with 
each  other:  and  lines,  angles  or  figures  are  said  to  be 
given,  when  they  coincide  respectively  with  au  aangned 
line,  angle,  or  figure. 

531).  It  is  obvious,  however,  that  such  practical  ap- 
c'  plications  of  lines,  angles  or  figures  to  each  other,  cannot 
take  place  unless  upon  certain  hypotheses  or  asvumptiong  - 
first  that  a  geometrical  point  can  be  determined :  secondly, 
that  a  geometrical  straight  line  can  be  drawn  from  one 
point  to  another,  and  produced  at  pleasure ;  and,  thirdly, 
that  geometrical  lines  or  figures  can  be  transferred,  like 
physical  or  material  lines  or  surfaces,  from  one  point  of 
space  to  another,  so  as  to  admit  of  super-position  upon 
each  other,  with  a  view  to  ascertain  their  coincidence,  or 
their  non-coincidence. 

a  540.      The  drawing  of  such  lines,  and  the  construction 

of  such  figures  as  are  considered  in  Geometry,  is  hypothe- 

-  tical  only,  depending  upon  certain  operations  which  are 
practically  impossible :  so  far,  therefore,  as  the  investi- 
gation of  the  properties  of  such  lines  and  figures  is  con- 
cerned, it  is  indifferent  whether  we  assume  thorn  as  actually 
existing,  or  regard  them  as  the  result  of  such  hypothetical 
construction :  in  the  latter  case,  it  becomes  necessary  to 
trace  their  connection  with  the  assumed  fundamental  ope- 
rations, in  the  same  manner  as  if  such  oj^rationg  were 
practically  possible. 

Practical  Geometry,  properly  so  called,  will  be 
founded  upon  the  hypothetical  construction  of  figures 
which  we  have  just  been  considering  and  will  be  sub- 
ject to  the  same   limitations.      It   is   true   that  no  phy- 
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ncal  line  can  approximate  in  its  essential  character  to 
t  geometrical  line,  and  no  physical  figure  to  the  cor- 
Ksponding  geometrical  figure:  but  the  properties  of  such 
physical  lines  and  figures  will  approximate  more  and  more 
to  the  properties  of  the  corresponding  geometrical  lines 
and  figures,  the  greater  the  accuracy  and  invariableneia 
of  the  ^ndamental  practical  operations  may  be. 

511.  Such  direct  applications  of  the  test  of  equality  1 
till  lead  to  conditions,  which  whenever  ascertained  or 
eBtcbliehed,  will  supersede  its  immediate  use:  it  will  thus 
be  found  that  all  "triangles  will  be  equal,  by  coincidence, 
which  have  two  sides  of  one  equal  to  two  sides  of  the 
other,  each  to  each,  and  the  included  angles  equal  :^ 
"all  angles  «-ill  be  equal,  which  are  included  between 
two  sides  which  are  respectively  equal  to  each  other,  and 
also  subtended  by  equal  lines  i^"*  when  these  propositions 
are  once  demonstrated,  the  equality  of  triangles  and  of 
angles  will  be  made  to  depend  upon  their  satisfying 
the  conditions  which  they  involve :  or,  in  other  words, 
the  reference  will  he  made  to  the  test  of  equality 
igh  the  medium  of  such  propositions. 
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It  is  a  necessary  consequence  of  our  definition  of 
equality,  "that  magnitudes  which  are  equal  to  the  same 
magnitude  are  equal  to  one  another:""  thus  two  lines, 
angles  or  figures  which  coincide  with  the  same  line, 
an^e  or  figure,  necessarily  coincide  with  each  other : 
again,  it  equally  follows  from  the  same  definition,  that 
"if  equals  be  added  to  equals  the  wholes  are  equal;" 
that  "  if  equals  be  taken  from  equals,  the  remainders 
are  equal:"  that  "magnitudes  which  are  the  doubles 
of  the  same  magnitude,  are  equal  to  one  another;" 
and  that  "  magnitudes  which  are  the  halves  of  the  same 
magnitude,  are  equal  to  one  another:"  and  it  is  through 
the  medium  of  these  propositions,  that  the  test  of  equality 
is  very  frequently  applied. 

549.     In  some  cases,  the  application  of  this  definition 
direct  and  partly  indirect,  when  a  portion  of  two 
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figures  can  be  made  to  coincide,  and  the  equality  of  tlie 
parts  in  escesi  or  defect  may  be  Inferred,  from  their 
satisfying  the  conditions  of  equality  which  are  deduced 
from  other  propoBitions,  whether  axiomatic  or  not. 

543.  Lastly,  and  most  generally,  tlic  equality  of  figures 
is  inferred  by  resolving  them  into  parts  which  may  be 
made  to  coincide,  or  which  satisfy  severally  the  indirect 
conditions  of  equality :  it  is  in  this  manner,  that  we  are 
enabled  to  infer  the  equality  of  the  square  described 
upon  the  hypothenuse  of  a  right-angled  triangle,  with  the 
sum  of  the  squares  described  upon  its  two  sides,  the 
most  important  of  all  propneitions  which  regard  the 
comparison  of  figures,  with  respect  to  their  equality  or 
inequality :  and  it  is  in  this  manner,  that  we  are 
enabled  to  convert  all  kinds  of  figures,  however  nume- 
rous their  sides  or  unsymmetrical  their  form,  into  equi- 
valent triangles,   parallelograms  or   squares. 

544.  Though  we  may  retain  the  same  definition  of 
."  equality,  in  Algebra,  when  its  symbols  are  employed  to 

represent  geometrical  magnitudes,  yet  there  are  no  means 
of  applying  the  test  which  it  furnishes  in  the  same  man- 
ner in  which  it  is  applied  in  Greometry:  we  employ  the 
same  symbols  to  represent  geometrical  magnitudes  which 
are  equal  in  the  geometrical  sense  of  the  word,  and  we 
infer  the  geometrical  equality  of  the  magnitudes  which 
■re  represented  by  identical  symbols,  or  by  symbols 
vhich  are  equal  to  each  other,  or  by  the  same  com- 
binations of  them:  but  there  are  no  algebraical  means 
of  appljdng  this  definition,  and  it  is  only  by  inference 
or  interpretation  that  it  is  capable  .of  being  used  in 
this  science. 


EsKDpUof  546.  Thus,  when  two  sides  and  the  included  angle 
which  of  ^   triangle  are  giver,   we  have   found  expressions    for 

jqu»l'|^'»  the  two  remaining  angles,  (through  the  medium  of  goni- 
diiciiniDed  onietrical  quantities  involving  them)  and  also  for  the  third 
in  Algebn.  gjjje ;  jf  ^e  should   take,  therefore,  as  in  Geometry,  two 
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which  have  two   sides  of  one  equal  respectively 
two    sides    of    the    other,    and    the    included   angles 
equal,     then    the    respective     equality     of   the     remaining 
angles   in   each  triangle   to   each  other,  and   also   of  the 
third  sides  in  each,   would  be  inferred  from   their  being 

f  expressed  under  such  circumstances,  by  identical  sym- 
kda,  or  by  identical  combinations  of  them. 
Having  thus  ascertained  by  algebraical  means,  the 
respective  equality,  under  such  circumstances,  of  all  the 
udes  and  angles  of  two  triangles,  it  would  remain  to 
determine  or  infer  the  equality  of  the  triangles  them- 
selves:  this  may  be  determined  by  superposition  as  in 
Geometry :  or  it  may  be  inferred  as  a  consequence  of 
the  principle  of  sufficient  reason,  inasmuch  as  all  the 
■ides  and  angles,  the  only  quantities  which  can  distin- 
guish one  triangle  from  another,  are  equal  to  each  other : 
or,  lastly,  by  obtdning  an  algebraical  expression  for  the 
area  of  one  of  the  triangles  in  terms  of  two  sides  and 
the  tocluded  angle,  or  in  terms  of  the  three  sides,  that 

I)    in    terms    of    any    combinaiion    of    sides    and    angles 
bich    are    requisite    to    determine    it ;    and  by    shewing 
Ut   such  expression   is   the  same  for  the   two  triangles, 
bich  are  from  thence  inferred  to  be  equal  to  each  other. 
546.     We  have  before  bad  occasion  to   consider   the  I 
^Dciples  upon  which  the  area  of  a  rectangular  parallel-  „ 
ogram  was  represented  by  ab,  %vhen  a  and  6  represented  c 
its  adjacent  sides:   (Art.  101.)  it  will  require  the  aid  of, 
three   propositions   in    Geometry,    to   connect    this  result 
with  the  algebraical  representation  of  the  area  of  a  triangle. 
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Let  JBC  be  a  tri- 
mgle :  A  BCD,  a  paral- 
lelogram upon  the  same 
bsse  and  between  the 
ume  parallels:  ABdc  a 
rectangle  upon  th^  »tme 


base   and    between    the    Bame    parallels :     the    line    CP  is . 
jiarallel  to  Ac,  and  is   therefore   perpendicular  to  AM,  \  , 

In  the  first  place,  if  AB  and  Ac  be  represented  by^ 
p  ai)d  ^,  the  area  of  the  rectangle  AcdB  may  be  reprfr-l 
seated  by  c^. 

In  the  second  place,  the  area  of  the  rectangle  AcdB 
is  equal  to  that  of  the  parallelogram  ACDB,  a  geocie- 
trical  proposition,  which  in  a  consequence  of  the  geome- 
Irical  definitions  of  equality  end  of  parallel  lines. 

In  the  third  place,  the  area  of  the  parallelogram 
ABDC  is  double  of  the  area  of  the  triangle  ABC,  s 
consequence  likewise  of  the  same  definitions. 

It  follows,   therefore,   that    the   area  of  the   triangle 

ABC  may  be   Feptesented  by  -~  . 

Agiun,  Ac  or  /3  is  equal  to  CP,  a  line  which  is  at 
ri^t  angles  to  the  base  AB  of  the  triangle:  and  we 
have  proved  by  tlie  aid  of  the  47th  proposition  of  the 
first   Book  of  Euclid  (Art.  467,),  that 

CP       3 

and,  therefore,  fi  =  bsinA:  it  follows,  therefore,  that  the 

area  of  the   triangle   ABC,  of  which  the  two  sides  and 

the    included   angle   are   represented  respectively  by  c,  b 

..."  ,  ,   ,       he  an  A 

and  A  is  correctly   represented   by       — ^ —  . 

fa^"*'""  ^*^'      '^  ^^^  ^^^^  *'^**  ^'^  "  triangle  be  represented 

of«iTiangle  bv    a,    b    and   c,   it   may  be  shewn  from    the   formula   in 
tlSZ"   Art.  527,    that 


sin  ^  =  2- 


VK"^)(^°)(^)r-^')j 


and  ihat,  consequently,  the  area  uF  the  triangle  may  be 
r^resent«d  by 

-T- "'  V  l(-5-)  (-^-)  (^^i-)  {—r-)\- 

It  thus  appears  that  the  area  of  a  triangle  is  deter- 
mined, when  two  side*  and  an  included  angle  are  glTCn, 
and  also  when  three  sides  are  given  ;  and,  consequently, 
in  all  cases  where  the  data  are  sufficient  to  determine 
two  sides  and  an  included  angle,  or  the  three  sides,  of 
a  triangle. 

548.  In  the  application  of  Algebra  to  Geometry,  Tran 
the  symbols  are  not  only  in  the  first  instance  applied  to 
denote  geometrical  lines,  but  we  are  required  to  express 
OT  determine  by  means  of  them,  both  angles,  and  areas, 
and  solids:  it  is  in  the  transition  from  the  representa- 
tion of  one  of  these  distinct  species  of  quantity  to  that 
of  the  others,  that  we  are  obliged  to  resort  to  the  aid 
of  another  science:  for  in  Geometry,  angles,  lines,  areas 
and  solids  are  equally  objects  of  the  primary  deflnitiuns, 
and  equally  objects  of  direct  representation :  and  it  is, 
therefore,  by  means  of  such  essential  connection  between 
the  lines  which  the  symbols  represent  and  the  other 
objects  of  geometrical  reasoning,  which  the  definitions 
and  propositions  of  Geometry  supply,  that  we  are 
enabled  to  establish  likewise  the  connection  between  the 
symbols  which  denote  lines  and  those  other  geometrical 
quantitii'S,  and  thus  to  bring  every    species    of  quantity 

ich   is   considered   in    one   science    equally    under   the 
ion  of  the  other. 
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549.     Thus,  any  angle  of  a  triangle  is  determined  by  Exempli- 
ita   three   sides:    if  we   further   suppose  one  of  the  other  con,^,^ 
angles    of  the   triangle  to  be  a   right   angle,    (a    supposi-  between 
tioQ  which  in    no    respect    affects    tlie   other    angle   to   be  miMnaC 
rmined,  unless  in  making  it  necessary  that  it  should  '"(ihi- 

1  .      -    1  1.1  1       ■  .  .11  •"Uli'd  tri- 

than  a  ngnt   angle),   the  angle   m   question  will  uglc 

determined   by  any   two  side.s:    Cot   in   this   case,   if 


tn 


I  r,  6,  a   be   the  hypothenuse   and   two    other   sides  of  a 

I  right-angled    triangle,    then   c'  ^  a'  +  ft',   and    any    two 

I  sidea    will    determine     the     third :     under     such    circum- 

I  stances  also,   the  ratio  or  ratios  of  the   sides  will  deter- 

L  mine   the   angle  equally  with   the   sides   themselves:    for 

^^^^H  1^1  the  angles  of  triangles  whieh  are  contained  by  sides 
^^^^^fe  iWhich  are  parallel  lines,  are  equal  to  each  other,  and 
^^^^^^ihey  are  independent  therefore  of  the  absolute  ma^ni- 
^^^^^^  tude  of  the  sides  themselves:  it  is  for  these  reasons 
W  that    we    conclude    that    one    or    both    of    the    angles    of 

I  such  a  triangle  will  be    determined  by  -   or    -   or  -  :  and 

■  c         c         b 

I  in  order  to  express  the  essential  connection  between  tlie 

B|^  angle  of  such    a    triangle   and    any    one    of  these    ratios, 

Em  we  have  agreed  to  denote  the  first  by  sin  J,  the  second 

■  by  cos^,  the  third  by  tan^,  where  A  is  the  angle 
^  opposite  to  the  side  a. 

y  The    investigations,   given  in    a    former    part    of    this 

■  chapter,  founded  upon  this  fundamental  proposition,  have 
W  enabled  us  to  calculate  the  values  of  the  sine,  cosine 
I  and  tangent  of  the  angles  corresponding  to  their  succes- 

■  sive  values,  considered  as  parts  of  a  right  angle,  and  thus 
I  to  complete  the  connection  between  the  sides  of  such  a 
I  triangle  and  its  angles :  and  we  have  thus  likewise  been 
I  enabled  to  bring  the  representation  of  the  position  of 
I  lines  under  all  circumstances,  as  well  as  of  the  lines 
1  •  themselves,  under  the  dominion  of  symbols;  when  this 
I  symbolical  connection  is  once  established,  it  becomes 
I  the  business  of  Algebra  to  follow  out  all  its  eonse- 
I  quences,  independently  of  any  further  aid  from  a  subor- 
B  dinatc  science,    than    such    as   may   be   required  for  the 

proper  interpretation  of  the  results  which  are  obtained. 
Deierminm.         ggo.     The  essential   connection  between   the   symbols 
bjroolu-     which  represent  the  adjacent  sides  of  a  rectangle,  and  the 
•wo.  two  sides  and  included  angle  or  the  three  sides,  of  a  tri- 

angle, and  the  symbolical  representation  of  their  areas,  has 
already  been  examined :   and  inasmuch   as   all  rectilinear 
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figures  are  resolvable  into  triangles,  it  is  very  easy  to 
see  in  what  manner  their  areas  would  generally  admit 
of  symbolical  determination  from  the  requisite  data:  it 
will  be  afterwards  seen  in  what  manner  such  areas  may 
be  represented  in  position  as  well  as  in  magnitude,  by 
which  means  also  the  properties  of  the  solids  bounded  by 
given  plane  surfaces,  may  be  brought  under  the  domi- 
nion of  Algebra,  equally  with  those  of  the  figures  which 
are  bounded  by  straight  lines. 

551.  "One  straight  line  meeting  another,  is  said  to  I 
be  perpendicular  to  it,  when  it  makes  the  adjacent  angles  * 
equal  to  each  other,  and  the  angles  thus  formed  are  called 
right  angles." 

552.  It  will  follow  from  this  definition,  combined  with  ^ 
the  definition  of  equality,  that  all  right  angles  are  equal  to  " 
one  another:  for  if  AD  and  ad  he  two  lines  perpendicular  « 


V 


(ot  at  rig^t  angles)  to  BC  and  be,  and  if  the  line  be  be 
^iplied  to  the  line  fiC,  and  the  point  A  to  the  point  a, 
then  the  tine  ad  may  be  made  to  coincide  with  the  line 
AD:  for  if  not,  let  it  occupy  a  different  position,  such  as 
Ai:  then  the  angle  BAD  is  equal  to  DAC;  but  BAD  is 
greater  than  BAii,  and,  therefore,  CAD  is  greater  than 
BA^ :  much  more  then  is  CA<(  which  is  greater  than 
CAD,  greater,  therefore,  than  BAi:  but  BAil  and  CA^ 
art  equal  respectively  to  bad  and  cad,  and,  therefore,  to 
each  other,  which  is  impossible :  it  follows,  therefore,  that 
Ad  must  coincide  with  AD,  and,  therefore,  the  right 
aogle  bad  or  cad  is  equal  to  the  right  angle  BAD  or 
CAD:  and  similarly  in  all  other  cases. 

553.     It  is  a  necessary  consequence  of  the  preceding  ( 
dtfinitioR  of  a  right  angle,  iFiat  the  angles  made  by  one  * 


strai^t  line  witli  another  on  the  same  side  of  it  are  equal 
to  two  right  angles,  and  also  that  all  the  angles  made  by  one 
or  more  straight  lines  with  another  on  both  its  sides  round 
a  common  point,  are  together  equal  to  four  right  angles. 


SS4.  In  Algebra,  we  begin  by  designating  the  sum  of 
the  two  angles  which  any  one  straight  line  makes  with  an- 
other on  the  same  side  of  it,  by  the  same  symbol  tt  under 
all  circumstances,  and  we  consequently  assume  the  sum 
of  two  such  angles  to  be  always  the  same:  a  right  angle 
is   the  half  of  this  sum,  and  is,  therefore,  always  deeig- 

nate<I  by  —  :  in  this,  as  well  as  in  all  other  caseq,  in  which 

the  geometrical   definition  of  equality   is  requisite  in  the 
establishment  of  a  fundamental  theorem  in  Geometry,  it  be-  ' 
comes  necessary  in  the  application  of  Algebra  to  that  sci-    ! 
ence,  to  make  that  theorem  the  point  of  departure,  or,   in 
other  words,  to  assume  its  truth,  as  if  it  were  a  definition. 

M^nine  of        656.     In  Geometry,   properly  speaking,   there   is  no 
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^le  equal  to  zero  or  to  two  right  angles;  but  if  we 
consider  angles  as  generated  by  the  motion  of  one  line 
round  a  point  in  common  with  another  or  primitive  line, 
then  they  will  be  said  to  make  an  angle  equal  to  zero 
with  each  other,  when  they  are  in  the  same  straight  line, 
and  reckoned  in  the  same  direction ;  and  an  angle  of  two 
right  angles  with  each  other  when  they  are  in  the  same 
straight  line  and  in  opposite  directions:  under  such  cir- 
cumstances, the  continuation  of  the  angular  motion,  would 
generate  angles  greater  than  two  right  angles,  such  as  we 
frequently  have  had  occasion  to  consider :  but  it  must  b^ 
kept  in  mind,  that  the  existence  of  such  angles  is  due  to 
this  mode  of  generation,  which  is  foreign  to  the  practice, 
at  least,  if  not  to  the  spirit  of  Geometry*. 


■  The  prapontton  thai  >re*  are  the  meunrei  of  angles,  whicli  is  a  remoie 
cotueqaence  of  Vaf  definitions  of  Geometry,  correaponda  tu  thin  mode  of  E^ne- 
nHns  BUgleB,  and  eaablea  ub  Io  exhibit  the  measure,  wlien  the  geometrical 
ai^e  ceosci  to  exist:  Ibiuaii  arc  equal  to  a  qaidrant  ii  the  meaiureaf  ■  rlglit 
nnfie,  an  nrc  equal  Io  Iwu  quadranli  Is  Ihc  measure  of  an  angle  ol  Ino  righl 

anglM, 


556.  Ill  Algebrs.  angles  (tre  used  to  determine  the  ]mi'  t 
Ution  of  the  lines  which  contain  them  with  respect  to  each  " 
other,  or  to  determine  the  sign  by  wliich  the  position  of  one 
line  with  respect  to  another,  considered  as  a  primitive  line 
or  axis,  is  represented :  it  is  for  this  reason  that  angles 
equal  to  zero,  and  to  two  right  angles  enter  essentially 
into  the  applications  of  Algebra  to  Geometry,  as  indi- 
cating that  the  two  lines  whose  position  with  respect  to 
each  other  i.s  considered,  are  in  the  same  straight  line, 
coinciding  with  each  other  or  placed  in  the  same  direction 
ill  one  case,  and  in  opposite  directions,  whether  coinciding 
or  not,  in  the  other;  that  is,  as  indicating  the  two  species 
of  parallelism  which  are  recognized  in  geometrical  Algebra, 
but  which  are  not  distinguished  from  each  other  in  Geo- 
metry :  the  first  where  the  parallel  lines  are  estimated  or 
placed  in  the  same  direction,  the  second  in  which  they  aie 
estimated  or  placed  in  opposite  directions. 

SSy.  *'  LincR  in  the  same  plane,  which  make  equal  t 
angles  towards  the  same  parts  with  any  line  which  meets  ][ 
tt>cm,  are  said  to  be  parallel  to  each  other.^ 

^^^  568.  We  have  made  use  of  t\m  definition  in  Algebra, 
^^ad  it  is  the  only  definition  of  parallel  lines  which  we 
cMa  properly  adopt  in  this  science :  for  though  it  may 
be  a  necessary  consequence  of  the  common  definition  which 
is  given  of  parallel  lines,  yet  it  is  a  geometrical  consequeiice 
of  it.  and  the  use  of  the  latter,  therefore,  in  Algebra 
would  remove  us  one  step  further  from  the  first  princi- 
ples of  Geometry ;  and  as  far  as  any  applications  of 
Algebra   to   Geometry   are   concwned,    this    consequence 


We  have  before  had  occasion  to  notice  this  definition 
t  parallel  lines,  and  the  grounds  of  its  adoption   in   a 
of  Geometry. 


Algebn. 


■ntle*.  ■  circinnfercnce  u  llie  measure  of  au 
(iMIcr  tlian  i  drcumterence,  mcU  at  an  h 
wre  of  Bn  angle  ol  fin  tight  KnglcB.  which  a 
>«k«vn  uaticed,  when  wf  rpjrrl  u  clrcumfi 
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nglp  of  four  right  Hrntlet,  m  »rc 
■  of  fi*B  qdailnoLi,  i-  the  mea- 
■mpaada  (o  IU»  Km  c»e  whirh 
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would  in  every   resjtfct  i>ccupy  lh<^  place  i)f  ihi.-  original 
algebraical  definition. 
T»o  ipe-  559.     In  Algebra,  as  far  as  our  applications  of  it  to 

raiieliim  in  Geometry  have  hitherto  been  considered,  we  are  enabled  to 
represent  lines  in  magnitude  and  in  position  only,  as  far  aa 
their  inclinations  to  each  other  are  concerned  and  no  farther  : 
it  is  fur  this  reason,  that  equal  lines  whieh  are  in  the  same 
plane,  and  make  the  same  angle  with  a  given  line  or  axis, 
are  considered  as  algebraically  identical  witii  each  other, 
that  is,  are  identical  in  their  symbolical  rejiresentation : 
this  is  the  first  and  most  complete  species  of  parallelisni, 
where  the  symbols  which  represent  the  lines  are  affected 
with  the  same  algebraical  sign. 

There  is  another  ease  where  this  identity  of  signs  does 
not  exist,  which  corresponds  to  lines  which  are  equally 
parallel  with  those  in  the  last  case,  according  to  the  geo- 
metrical definition :  it  is  that  in  which  the  lines  are  affected 
by  signs  which  differ  only  by  one  of  them  being  afl'ected  with 
the  sign  + ,  and  the  other  with  the  sign  —  :  thus  a  and  —  a, 
ffle"  and  ae'  +  '  or  —  n6^  or  a  (cos  0  +  ^  —  1  sin  $) 
and  a    {cos  (ff  +  0)  +  ./^^l  sin  (,r  +  6)  j    or 

-  «  (cos  $  +  JZTl  sin  6), 
would  designate  pairs  of  lines  which  are  geometrically  pa- 
rallel to  each  other:  for  they  apply  to  lines  which  are 
drawn  in  opposite  directions,  whether  in  the  same  straight 
line  or  not,  a  modification  of  position  which  is  incapable 
of  being  exhibited,  and,  therefore,  incapable  of 'being 
considered  in  Geometry.  Such  lines,  when  algebraically 
considered,  may  be  said  to  possess  the  second  species  of 
parallelism,  of  which  we  have  spoken  before.    Art.  555. 

^o^'if  ^^**'  "^^^  preceding  view  of  the  theory  of  parallel  lines 
infiniiy  not  asit  is  considered  in  Algebra,  regards  the  similarity  or  iden- 
clulrf'in'"'  ''^^  "^  ^^^"  position  with  respect  to  each  other  only,  and 
our  notion  oecessarily  excludes  all  considerations  of  infinity  :  and  inas- 
t^PjiraUd  much  as  Straight  lines  are  determined  by  any  two  points  in 
them,  and  are,  therefore,  perfectly  similar  and  symmetrical 
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IB  all  their  parts,  it  is  clearly  unnecessary  to  refer  to  the 
properties  or  relations  of  parts  of  ihem  which  are  infinitely 
distant,  in  order  to  determine  the  properties  of  parallel  lines 
as  distinguished  from  any  other:  if,  however,  it  is  considered 
necessary  to  fix  more  precisely  our  notions  of  the  relations 
of  such  lines,  it  would  very  readily  follow  as  a  consequence 
of  our  de6nition,  that  if  any  two  points  A  and  B  are 
taken    in    two    paYallel 

lines,  and  also  two  other  — ~t 1 

points  C  and  D  in  them  /  / 

at   any  and  equal   dis-  /  / 

lances  respectively  from  /  / 

A  and  B,  then  the  points      ^ jr 

A  and  B  and  C  and  D 

^rill    be    always    equidistant    from    each    other :    it    will 
I  Jcdlow  very  readily  from  this   proposition,    that   parallel 
I  Bnes  can  never  meet,  and  also  convtrscly  (by  means  of 
i  or  two  auxiliary  propositions)  that  bnes  in  the  same 
Lidane  which  never  meet  are  parallel  to  each  other.     The 
llut    mentioned    property,    however,  can    never    be    predi- 
'  any  two  lines,  unless   as  a  consequence  of  some 
■  proposition,  wliich  is  or  ought,  therefore,  to  be  the 
mmediate  object  of  our  attention  in  the  investigation  of 
!  relative  position  of  the  corresponding  lines, 
561.  "  A  trapezium  is  any  four-sided  figure  whatever."  ,peci„„f 
"  A  trapezoid  is  a  four-sided   figure   which  lias   two  ^  Sgara' 
t  its  sides  parallel." 


"  A  paralleUigram 
illei  lines." 


I  four-sided  figure  contained  by 


'  A  rectangle 


1  parallelogra 


"A  rhomb*  is  a  figure  contained  by  four  equal  ndea." 


*  It  lu*  been  propOKd  to  ■bnnJuii  thi»  limileil  uuge  of  Ihe  term  rktuA, 
d  la  replies  tlie  tenii  itarallihgram  by  il :  (ur  the  pruperly  implied  in  tbu 
rn  pATstlelosniin  in  not,  (iropvrly  tpeakiiii;,  peciitinr  to  (nur-niled  litcurc*, 
vnach  ■>  regular  hrxn^nn,  oclnf^iis.  <leca;n>iii>  a<"l  oilier  rcpilar  lipircs 
■itii  tn  even  nnmljf  ■  of  liclcJi,  are  mnlunc'U  b>  \mui  of  I'arnllrl  lines 


ttt\ 

I 
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"  A  square  is  a  figure  cantaiaed  by  four  equal  ddes, 
asd  one  of  whose  aDgles  is  also  a  right  angle." 
'  562.  In  the  six  different  species  of  quadrilateral  figures 
which  are  described  (or  defined)  above,  there  is  one  con- 
dition introduced  into  the  second,  two  into  the  third, 
three  into  the  fourth,  four  into  the  fifth,  and  fi\-e  into 
the  sixth  :  why  may  we  not  proceed  farther,  and  attach 
a  distinctive  name  to  another  species  of  quadrilateral 
figure,  all  whose  sides  shall  be  equal,  and  two  of 
its  angles  equal  to  three  right  angles .''  Such  a  quad- 
rilateral figure,  however,  could  not  be  formed,  inas- 
much as  it  will  be  found  that  wc  have  assumed  a  con- 
dition which  is  inconsistent  with  the  general  properties 
of  such  figures. 

563.  An  enquiry  is  thus  suggested  of  considerable 
importance,  whether  we  should  commence  with  defining 
or  assuming  the  properties  of  figures  to  which  we  give 
distinctive  names,  and  subsequently  ascertain  the  possibi- 
lity of  their  existence  or  not,  or  first  determine  the  general 
properties  of  such  figures,  and  infer  from  thence  the  extent 
to  which  we  are  justified  in  making  assumptions  respecting 
the  relations  or  magnitudes  of  their  sides  and  angles.  It  is 
the  latter  course  of  proceeding  which  is  the  most  natural 
and  philosophical,  inasmuch  as  it  will  enable  us  to  deter- 
mine all  the  different  species  of  figures  which  belong  to  a 
particular  class,  and  the  extent  to  which  the  defined  pro- 
perties of  the  figures  may  be  said  to  determine  them: 
under  such  circumstances  also,  the  definitions  of  such 
figures  will  become  the  mere  expressions  of  propositions 
respecting  them,  and  not  the  foundation  of  the  propositioDB 
themselves :  for  the  properties  of  such  figures  are  de- 
pendent upon  their  sides  and  angles,  and  are  the  proper 
and  necessary  consequences,  therefore,  of  the  definitions 
which  i-espect  them.  We  shall  now  proceed,  therefore, 
to  the  algebraical  investigation  of  the  general  properties 
of  rectilinear  figures,  whether  quadrilateral  or  not,  with 
particular  reference  to  the  preceding  enquiries. 

564.  If  we  suppose  four  lines  which  are  arithmeticaUy 
represented  by  ".   fi,   '■■   (Z.  the  three  last  of  which  make 
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angles  0,  0',  0"  respectively   with   o,  considered  as  the  ^^^"J^ 
primitive  line   or   axis,  then   they   will  be   algebraically  coiiditioiit 

represented  by  a,  6  (cos  d  -h  a^  —  1  sin  0),  gUed  in " 

Older  that 

eicosff+  J^^  sin  Of),  d  (cos  tf'+  ./'ITl  sin  ff')      ^^^ 

a  flgun. 

respectively :  and  the  same  expressions  will  equally  repre- 
present   such    lines,   whether   they   are   drawn    from   the 


same  point  J,  as  in  the  figure,  or  are  placed  in  any  posi« 
tions  which  are  algebraically  parallel  to  them:  they  will, 
therefore,  represent  them  when  they  are  so  related  to  each 
other  as  to  admit  of  forming  a  quadrilateral  figure  ABCD^ 
where  BC  is  equal  and  parallel  to  Je,  CD  to  Ady  and 
DA  is  equal  to  ^e,  and  in  the  same  straight  line  with 
it:  it  remains  to  examine  the  conditions  under  which  this 
may  take  place. 

If  we  join  AC,  then  we  have 

AC  ^  AB  +  BC  =^  a  +  hcos9  +  ^—  1  sin  6) : 

in  a  similar  manner  we  shall  find 

AD  =^  AC  ^  CD  =  AB  -{•  BC  +  CD 

=  a+6  (cos  e+x/-^  ^^  ^)+^  (cos  0'-|-.y"IIl  sin6>'): 
but 

AD^:--  DA=^^d  (cos  ff'+  ^y^l  sin  ff'); 


1 

^^^^^B                    ^^^^H 

and,  therefore. 

a  +  b  (cos  6 +  ^^^l  sin0)  +  c(cos^+y^  sills') 

=  _  rf  (cos  &■  +  J~^\  siD  0"), 

fl  +  6  (cos  0  +  ^/^n  sin  9)  +  c  (cos  ff  +  ^^Tl  sJn  0') 

+  d  (cos  0"  +  .J^^l  sin  0")  =  0, 

an  equation  which  is  resolvible  into  the  two  equations. 

a  +  6  cos  0  +  <T  COS  0'  +  d  cos  0"=  0 («), 

6  sin  e  +  c  sin  0'  +d  sin  0"=  0 08), 

which  are  the   equations  of  condition  in   order   that  the  j 
four  lines  JB,  Ac^  Ad  and  Ae  may  admit  of  forming  a 
quadrilateral  figure. 

I«j1.ing 

565.     If  we  denote  the   four  angles  of  the  quadrila- 
^  teral  figure  by  A,  B,  C,  D,  and  the  corregponding  exterior 
angles  formed  by  producing  the  sides  DA,  AB,  BC,  CD  in 
their  respective  directions,  by  A\  B,  C,  D',  then  it  is 
obvious  that  the  angle  BAc  =  B',  the  angle  cAd  =  C, 
the  angle  d.^e  =  -D' and  eAB  =  A';  we  may  replace,  there- 
fore,   the  angles  9,  ff  and  0"  respectively  by  S",  B"  +  C, 
and  ir  +  C'+  D',  when  the  equations  (a)  and  03)   will 
become 

O+fccosB'+ccos(B'  +  O+rf™s(^  +  C'  +  -0')=0...(a'). 

6  sin  B-  +  c  sin  (^  +  C)  +  d  sin  (fi'  +  C  +  D')=0. . .{^). 

tarn  ot  Ha         566.     Inasmuch  ob 

^ 

^  +  ^'=7r,   B  +  ff=-r,    C  +  C=w,  D  +  D=ir, 

and    also  A' +  B"  +  C -{■  D' =  2t,  it  will  follow  that 

A  +  B  +  C+  D  =  ^ir (7), 

1 

a  third  equation  of  condition,  which  regards  the  four  angles 
of  the  quadrilateral  figure  only. 

I)  tbolaunor      ■ 


I 
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567.  Again,  if  we  replace  ^  by  ir  -  B,  fl*  +  C  ^'^^ 
__  27r-(J5+C),  and  B'+C'  +  2>' by 3)r-(B  +  C  +  i>),  thojB"^- 
the  equations  (a)  and  /3')  will  become 

a-frcos  B  +  ccos{B  +  C)-dco^  (B+C+D)  =  0   (a"), 
6sinB-csin(B  +  C)  +d  sin  {B+C+ D)=0  (/3"). 

k  568.  If  we  now  suppose  tlit  quadrilateral  figure  to  I"  ™«  o' 
ne  a  trapezoid,  or  two  of  its  sides  to  be  parallel,  then  r™*"" 
B  +  C  =  Tr,  and,  therefore,  J +  Z>  =  IT,  when  the  preteding  ^^ 
equations  become  ^M 

a  —  bcosB  ~c  +  dcosD  =  0 (a,),  ^ 

fisinS  — dsinIJ  =  0 {/3,). 

669.      If  we  suppose    the   quadrilateral    figure  to  be-  In  ™>e " 
come  a  parallelogram,    then    the    sum   of   any  two  of  its  ^J^^nT^' 
GonsecutiTe   angles    will    be    equal    to     ir  ■     consequently 
A  +  B  =  -n;  S  +  C  =  TT,  C  +  2)  =  TT,   and   D  +  A  =  w,  or 
all  the  other  angles  may  be  considered  as  dependent  on  A : 
therefore,  tbe  equations  (a")  and  (/3")  become 

I    a  +  6  cos  A  —  c  —  di'oa  ^  =  0 (aj, 

■  bamA-d  sm  A  =  0    oi   h-d  =  O...03,). 

It  follows  from  the  second  (/B^.)  of  these  equations,  that 
h  =  d',  and  combining  this  conduction  with  the  first  equa- 
tion (o,),  it  will  likewise  follow  that  a  =  c:  or  in  other 
words,  "that  the  opposite  sides  as  well  as  tbe  opposite 
angles  of  parallelograms  arc  equal  to  each  other." 

570.     The  values  of  the  adjacent  sides  a  and  b  of  the  In  ™«riif« 
parallelogram  as  well  as  of  the  anj^le  A  are  perfectly  indeler-  [J^^b  or 
minate,  and  are,  therefore,  assumable  at  pleasure:  if  we  a»-  «qu«^ 
sume  J  to  be  a  right  angle,  then  all  the  other  angles  are  right 
angles,  and  the  parallelogram  becomes  a  rectangle:  if  we 
suppose  n  and  b  to  be  equal  to  each  other,  leaving  A  in- 
determinate, or  that  a,  b,  c,  d  arc  equal  to  each  other, 
and   form,    therefore,   a   parallelogram,    then   the    paral- 
lelogram becomes  a  rhomb :  if  wc  suppose  a,  6,  c,  and  d 
to  be  equal  to  each  other,   and  ^  to  be  a  right  angle, 


I 


Equation! 
of  fljture 

lion  of 
■nglet. 


then  tlie  figure  is  a  nqnure,  antt  nil  the  other  angles  are 
likewise  right  angles. 

571  ■      In  every  quadrilateral  figure  there  are  four  sides 
and  four  angles,  which  are  involved  in  its  complete  de- 
termination :  there  are  two  equations  (a)  and  (/i)  involving  •! 
four  sides  and  three  angles,  which  may  be  called  the  equa-  ' 
tions  of  jigtirc,  inasmuch  aa   they  must    be  satisfied,   in  ' 
order  that  the  four  sides  which  are  algebraically  involved 
in  them,  may  admit  of  being  formed  into  a  figure  completely 
bounded :   there  is  a  third  equation  (-y)  which  regards  the 
four  angles  only,  and  wliich  may,  therefore,  be  called  the 
equation  of  angles,  which  shews  that  any  three  of  them  , 
determine  the  fourth ;  or  in  other  words,  three  only  of  the 
four  angles  can  be  considered  as  arbitrary :  it  follows,  there-  , 
fore,  that  there  are  only  five  of  those  elements  of  quad-  ■' 
rilateral  figures  which  can  be  considered  as  arbitrary  and 
aosumable  at  pleasure,    which   are,   two   aides   and  three 
angles,  or  three  sides  and  two  angles,  or  four  sides  and 
one  angle:  if  the  values  of  five  such  elements  be  given, 
whether  explicitly  or  by  means  of  equations  which  involve 
them,  all  the  elements  of  the  figure,  and,  therefore,  the  figure 
itself  may  be  considered  as  determined  or  determinable. 

57^.  It  will  be  very  easy  to  investigate  the  eijunHotm 
ofjigure  as  well  as  the  equation  of  angles,  for  figures  of 
>■  n  sides:  thus  if  o,  «,,  o„,, ..«„_,,  be  the  arithmetical 
values  of  a  series  of  lines,  and  9,.  $^...d„_„  the  angles 
which  the  («— I)  last  of  them  form  with  the  primitive 
line  or  axis  a,  then  the  equations  of  figure  will  be  found, 
in  the  same  manner  as  in  the  case  of  quadrilateral  figures, 
to  be 

«  +  0,  C0s9,  +  «,  COSa,  + +ff„_,COB^,_,=0.„(«), 

fli  sin  gj+a,  sin  9^  + +"„-i  sin  S^_^  =  0.,.(b). 

If  we  further  suppose  the  successive  interior  angles 
to  be  ^,  J„  A^,...J^_y,  and  the  successive  and  corres- 
ponding exterior  angles  to  be 


J',  A',  A^,...A'„. 


i 
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then  nnce 

we  shall  have 

A  +  Ai  +  J„  +  ...J^^^  =  nw-2ir=(n'-'2)ir,  (c), 
which  is  the  equation  of  angles. 

If  we  replace  0^,  02».-.0«-i  severally  by 

then  the  equations  (a)  and  (6)  become 

a  +  ^1  cos  -4/+  a^  cos  (-4/+  J/)  +  .... 

+  a,.,  cos  (J/+  J/  +  ...  J',.,)  =  0 (a'), 

o^  sin  -i/+  Og  sin  (-4/+  J/)  +  .... 
+  o._,  sin  «+  J,'+  ...  J',_,)  =0 (6'). 

If  we  further  replace  J/,  (-4/+  J/),.... 
(i</+  ^/+  ...  A-i)  by  TT  -  ^1,  27r  -  {A,  +  J,), ... 

(n-  1)  -TT-  (Jj+  X+...^^-i), 
then  we  shall  get 

a  —  a^  cos  J^-|-  a^  cos  {A^+  -^e)""  • 

+  (-ir-X-i  cos  {A,  +  A,  +  ...A,^,)^0 (a''), 

a^  sin  Jj—  a^  sin  (-^^  +  A^)  + 

+  (-!)•«.-»  an  Ui+^«+-..^.-,)  =  0 (6"). 

67s.  In  a  figure  of  n  sides,  there  are  2n  elements,  and 
only  three  equations  involving  them,  one  of  which  is  the  equa- 
tion of  angles :  there  are,  therefore,  2n— 3  elements  which  are 
perfectly  arbitrary  and  assumable  at  pleasure,  which  are  n 


4M 

udes,  and  (n  — 3)  angles,  or  (n  — 1)  sides  and  (n— 2)  angles, 
or  (m  —  2)  sides  and  («  —  1)  angles:  in  order  to  deter- 
mine the  figure,  there  are,  therefore,  three  classes  of  data,  the 


first  ftdmittiDg  of 


„(„_!)  („_3) 


THiiations,  the  second 


1.2 


variations,   and    the    third    likewise   of 
variations:  when  the  independent  data  are 


fewer  than  m  — 3,  the  figure  is  not  determined:  if  they  ex- 
ceed M  — 3  in  number,  they  may  be  inconsistent  with  the 
results  which  (?( —  3)  data  would  give,  or  if  not,  they  are 
superfluous,  being  necessary  consequences  of  them. 

574.  "  Similar  figures  are  defined  to  be  such  as  have 
their  angles  severally  equal  to  each  other,  and  the  sides, 
about  the  equal  angles  in  each,  proportionals." 

Numbftof  575-  If  this  geometrical  definition  of  similar  figures  be 
impiirfb'r  interpreted  algebraically,  it  would  impose  as  a  condition  of 
this  dufi-      such  figures,  that  all  their  angles  should  be  given,  and  also 

the  ratios  of  their  sides :  in  other  words,  if  a,  a^,  a^,.„a^ 

represented  the  sides,  the  ratios 


■  Definitioa 
of  limilar 


would  be  given,  and  also  the  angles  A,  A^,  A^,  A^ 
but  if  the  value  of  any  one  of  these  sides  be  given,  such 
as  a,  nil  the  others  would  be  given,  inasmuch  as  there 
would  be  71  independent  equations  involving  them  succes- 
sively ;  it  follows,  therefore,  that  the  preceding  definition 
of  similar  figures  imphes  the  fulfilment  of  2«  —  1  condi- 
tions, which  exceeds  by  2  the  number  of  conditions  requi- 
site for  the  complete  determination  of  the  figure :  it  will  be 
found,  however,  that  only2n  — 4  conditions  are  required 
to  determine  this  similarity,  and  that  the  other  three  con- 
ditions are,  therefore,  superfluous,  or  are  not  required  to  be 
included  in  the  test  by  which  this  similarity  is  ascertained. 
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676.     If  we  supposed  any  number  of  lines  AB^  BC,  tioTofSe 


number  of 

coDdidom 

itqoisite  to 

determiiie 

the  limi. 

laiitjof 

figuict. 


A  B 

CDf  DEy  to  be  algebraically  represented  by 

a,  Oj  (cos  01  +  ^  — 1  sin  0^^ 

a,  (cos  9^  4-  ^/-^  sin  0,), 

•  •  •  «•-«  (cosfl^.j  +  x/^^  sin  ^,.-2) 
then  if  a  be  arithmetically  equal  to  AEj  their  sum  or 

a-f  a^  (cos 9^+sJ  —  \  sin  0i)+ag  (cos  02+^  — 1  sin  Og) 
...  +  o»-«  (cos  0,.^  +  n/^1  sin  0^.^) 
=  a  (cos  J  +  ^  —  1  sin  J) (S), 

inasmuch  as  it  is  equal  to  AE  (estimated  in  the  direction 
from  A  to  £),  making  the  angle  A  with  the  primitive  line, 
and  completing  the  figure,  and  denominated,  therefore,  its 
oomp^emen/,  which  is  completely  determined  both  in  po- 
sition and  magnitude  by  the  resolution  of  the  single  equa- 
tion (j)y  into  two:  if  we  likewise  suppose  (n— 1)  other 
lines,  bearing  respectively  to  the  former  the  same  ratio  e, 
and  making  the  same  angles  d|,  d^^  •  *  •  d^.s  respectively 
with  the  primitive  line ;  then  the  complement  of  the  cor- 
responding figure  would  be  equal  to 

€a  +eaj  (cos  0^ +^^  sin  9^  +  ea^  (cos  9^  +  ^/^  «n  9^ 
iBea(coaJ  4-  y/  —^  ^^^  A) (5'); 


it  fellows,  therefore,  that  the  complements  of  these  figures 
Tould  bear  to  each  other  the  same  ratios  with  the  other 
aides  respectively,  and  that  they  would  make  likewise  the 
same  angle  with  the  primitive  lines:  the  sides  of  such 
figures  satisfy,  therefore,  the  required  conditions  of  simi- 
larity; and  inasmuch  as  9^,  Q„,  .  .  -6^-^  determine  «  — 2 
exterior,  and,  therefore,  n  — 2  interior  angles,  and  since  the 
angle  A  is  determined  from  the  determination  of  the  com- 
plement, and  the  remaining  angle  from  the  equation  of 
angles  of  the  figure,  it  will  follow  that  all  the  angles 
are  determined  and  are,  therefore,  respectively  the  same 
in  both  figures  ;  and,  consequently,  all  the  conditions  of 
similarity  are  fully  satisfied,  which  the  definition  requires. 

577-  In  the  preceding  investigation,  we  have  «— 2  equa- 
tions between  n— 1  successive  sides,  and  n  — 2  angles  are 
assigned,  making  2n  —  4  conditions :  and  it  appears  that  all 
figures  are  similar,  which  have  these  conditions  in  common : 
without  enquiring  into  other  conditioDs  of  similarity,  which 
are  suggested  by  this  conclusion,  we  shall  content  our- 
selves with  pointing  out  a  geometrical  consequence  of  them, 
which  furnishes  the  most  convenient  geometrical  test  of 
the  similarity  of  figures. 

578,     If  we  suppose  the  ratios  AB  and  BC,  of  BC  to 


CD,  and  of  CD  to  DE  to  be  the  same  as  those  of  ab  to  6 
of  be  to  cd,  and  of  cd  to  de  respectively,  and  the  angles 
S,  C,  D,  to  be  equal  respectively  to  the  angles  b,  c,  d; 
then  the  ralio  of  the  complement  of  AB  and  BC  or  of  AC 
to  BC,  and,  therefore,  of  AC  to  CD  is  the  same  as  that  of 
tile  complement  of  ab  and  be  or  ac  to  a&,  and,  therefore, 


of  ac  to  cd :  in  the  same  manner,  the  ratio  of  the  comple- 
ment of  JC  and  CD  or  JD  to  CD,  and,  therefore,  of 
^D  to  DE  is  the  same  as  that  of  the  ratio  of  the  comple- 
ment of  ac  andcd  or  adlo  cd,  and,  therefore,  of  ad  to  da: 
lastly,  the  ratio  of  the  complement  of  JD  and  DE  or  JE 
to  DE  is  the  same  as  that  of  the  complement  of  ad  and  de 
or  ae  to  de :  it  follows,  therefore,  that  the  three  tri- 
angles ABC,  ACD,  ADE,  and  abc,  ard,  nde  similarly 
formed  in  each,  are  similar  to  each  other,  and  the  same 
conclusion  would  equally  follow,  whatever  was  the  number 
of  the  sides  of  the  figure :  it  follows,  therefore,  that  those  rec- 
tilinear figures  are  similar  to  each  other,  in  which  all  the 
triangles  similarly  formed  in  each  are  similar  to  each  other. 

579.  In  the  preceding  investigations  of  the  equatiofu  of  EqmHons 
figure,  and  in  their  applications  to  particular  cases,  we  have  ;„  |i^^ 
tacitly  supposed  that  the  exterior  angles  of  the  figures  were  orie-enimit 
always  positive,  or  that  the  figures  possessed  no  re-entrant 
angles :  in  other  words,  we  have  not  only  supposed  that 
the  sum  of  each  jjair  of  exterior  and  interior  angles  was 
,  equal  to  n-,  but  likewise  that  the  interior  angle  was  always 
B  than  «■:  it  may  be  proper  to  examine  a  case  where  this 
Fcondition  is  not  fulfille<l. 


1*1  ua  suppose  a  pentagon 

L  JBCDE  whose  sides  are  seve- 

l>  nllyequaltoeachother,and two 

of  its  angles  B  and  C  equal  to 

L  «Kh  other  and  to-^  or  108°: 

lud  let  it  be  required  to  deter- 
le  the  remaining  angles  of  the 
sitagon :  the  equations  of  figure  become 

h  C08  72° + cos  36" -I- COB  (36° + i>)  -  cos  (36" +£ -hi?)  =  0, 

ain  72°+sin  36°-sin(36°  +  D) +  sin(36°+i:-hO)=0; 

if  we  make  36  -(■  O  =  .r,  and  replace  the  cosines  and  sines 
of  7^  *n<l  ^''  ^y  ^^^"  numerical  values,  we  shall  find 
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e06/r~GO8(^  +  £)s       .5  (a)) 

sin  0^- sin  (or +  £)  =  1.5383418 (fi). 

Dividing  (a)   by  (/3),   and   replacing  them  severally  by 
equivalent  forms  (Art.  487)9  we  shall  get 

E\    .    E 


2  sin  ^^  +  2  j  sm  "^ 


cos  a?  — COS  («r  +  £) 

sin  J7— sin  (ar+U)  ""  /         jE\    .    E 

2cos(^a.  +  -)sm- 

=  tan  (j?  +  ^)  =  .326012, 

whidh  is  equally  the  tangent  of  Iff",  ir  +  Iff",  27r  +  Iff",  &c. 

Consequently, 

E 

w  +  -^=      ly,  or  TT  +  ly,  or  27r  +  Iff" ; 

and,  therefore, 

/>+-  =  -  ly,  or  ^  -  Iff*,  or  27r  -  18**: 

2 

the  least  positive  value,  therefore,  of  />  +  --  is  tt— 18% 

or  1620. 

*      •        •        o    •    /      .   ^\    •    ^         K 
Again,  since  2  sm  I  a>  +  -x  j  sin  —  =  .5, 

and  since  sin  (a'  +  g^)  =  -309017,  or  -  .309017, 

it  will  follow  that 

sin  f  =  .809017,  or  -  809017, 

which  are  the  sines  of  54°  or  ir  —  Si"  and  of  ir  +  64"  or 
2»  -  64° : 


I 


consequently  the  values  of  E  are  108°,  or  2ir  —  108",  ex- 
cluding all  such  as  ore  greater  than  2ir- 

If  we   suppose  E  =  108°,  then   D  +  -^  =  162°   and 

therefore  D  =  108°:  the  remaining  angle  J  (determined 
bj  the  equation  of  angles,)  is  also  108",  and  the  figure 
formed  is  a  regular  pentagon  without  re-entrant  angles. 

If  we  suppose  £  =  27r  —  108  =  252",   then  D  -i 

or  Z>  +  126"  =  162",  and,  therefore,  ZJ  =  36°:  the  re- 
nuiaing  angle  at  A  (determined  by  the  equation  of  angles,) 
ia  also  36°:  the  pentagon,  therefore,  is  not  regular,  the 
angle  E  being  equal  to  252°,  and  therefore  re-entrant. 

580.      There  ia  another  view  which  may  be  takeu  of  Exprei- 
these  formula-  for  the  representation  of  lines  in  the  same  cojmllnstc* 
plane    and    their    sums,    wliich    is   frequently    extremely  "fiiwulti- 
impoFtant:  we  have  before  seen,  (Art.  507.)  that  the  ex-  ofMfmmi- 

may  be  considered  as  involving  the  expressions  for  the 
coordinates  of  the  point  at  the  extremity  of  the  equi- 
valent line,  which  are  a  cos  $  upon  the  primitive  line  or 
■xis,  and  a  sin  9  upon  the  axis  at  right  angles  to  it :  it 
is  an  obvious  and  a  necessary  consequence  of  this  inter- 
pretation, that  the  algebraical  sum  of  any  number  of 
expressions  such   as 

-  ^~^.ameg), 
-lsin0,_,), 
would  involve  the  co-ordinates  of  the  point  which  was  at 
the  extremity  of  the  last  of  the  series  of  equivalent 
Hnes,  when  those  lines  were  placed  consecutively:  these 
co-ordinates   are 


a,  d,  (cos  $1  +  * 


fl  +  a,  cos  0,  +  o,  cos  0,  -f-  .- 
and  a,  siad,  -I-  a,siaB,  +.. 


..«„_, cost* 
,..»,_, sind, 


which  are  respectively   equal   to  zero,  when  the  uldni«t« 
point  coincides  with  the  origin  of  the   co^rdinateu. 


dlnates  of  ■ 
point  mnvcd 


581.     If  we  should  conceive  a  point  moved  successively 
through  spaces  repceseuted  in  maguitude  by  , 


I 


N«iure  of 
ihc  figure 
dcKiibcd 


when  ihcr 
•nglHiof 


and  in  directions  making  angles  flj,  0^,  ^«-ii  ^th  the 
direction  of  the  primitive  iine,  then  the  expressions  in  the 
last  Article  would  determine  the  position  of  the  point 
in  the  plane  at  the  end  of  the  motion,  and  they  would 
clearly  he  equal  respectively  to  zero,  when  the  moving  point 
returned  to  the  point  which  waa  the  origin  of  the  motion. 

582.  If  the  sum  of  the  angles  of  transfer  of  the  lines 
which  determine  the  motion,  be  equal  to  2ir,  and  the 
sum  of  the  lines  themselves  be  equal  to  zero,  the  line* 
will  form,  as  we  have  already  seen,  a  completely  bounded 
figure:  if  however  we  should  suppose  the  sum  of  the 
angles  of  transfer  to  be  4Tr,  and  the  sum  of  the  lines 
themselves  to  be  equal  to  zero,  then  the  point  will  still  re- 
turn to  the  oi-igin  of  its  motion,  after  describing  an  inter- 
secting or  stellated  figure :  the  same  would  be  the  case  like- 
wise if  the  point  in  motion  should  return  to  the  origin  of 
its  motion,  when  the  lines  of  its  transport  were  trans- 
ferred through  Btt,  Stt  or  any  other  multiple  of  Btt, 
which  did  not  exceed  the  number  of  lines  of  transport. 


In  all  these  cases,  however,  the  sum  of  the  interior 
and  corresponding  exterior  angle  is  equal  to  tt,  and  the 
sum  of  all  tliose  angles  together  are,  therefore,  nir,  where 
»  is  the  number  of  lines  of  transport :  the  sum  of  the 
interior  angles,  therefore,  in  the  first  case  of  these  stellated 
figures  is  («— 4)^,  in  the  second,  (»  — 6)  v,  in  the  third, 
(«  —  8)Tr,  and  in  the  r'"  \n  —  2(r  +  \)\  w,  thus  forming 
equations  of  angles  which  are  distinctive  of  the  several 
classes  of  figures  to  which  they  correspond. 
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589.     Thus,  if  we  suppose 

AB  to  be  the  primitive  line,  the 

lines    of    transport    to    be    all 

equal    to    each    other    and    to     ji< 

AB9  and  the  angles  of  transfer 

to  be  equal  to  each  other  and  to 

47r 

—-  (the  supplement  of  ABC), 

o 

then    we    shall    find    that    the 

point' in  motion  will  return  again  to  its  origin  A,  after 

five  transports:  for  the  co-ordinates  of  the  point,  under 

such  circumstances,  are, 

(,  *ir  Stt  127r    .  16ir; 

0<l-fC08----fC08--7-   +   COS—- 1-  COS -— 

5  5  5  5 


Description 
ofaiteUated 
wyilirpen* 
tagOD. 


f 


5  /47r\    .    4  /4iir' 
cos  - 1 . 


1  + 


2V5 


sm 


IT 


=ra(l-l)  =  0*; 


*  The  scries 


cos9  +  cos29-f-cosS6-f- cos  11  f. 


is  ei|iiiT«leiit  to 


«•  +  €-*      €«• +€-»•.€»•  +  €-»• 


•  -!.-— «• 


+ 


+  .. 


€*'  +  €' 


2(c«-6~)  ^  ^' 

=  — SC*"*  — j~  •  -  sin  g^ 

2  sin  5 

cos  — jj—  d  .  sin  -J 


sin- 
3 


.iM 


The 


4.58 

and 

/    .    47r         .    Stt         .    127r         .    167r\ 

a  I  sm—r  +  sin-—  +  sm— — -  +  sm  -— -  I 

\         5  5  5  5    / 


.    5/47r\   .    4/4 
sinr  I - 


2\6 
=  a 


.    2w 

sin 

5 


=  0: 


and  the  sum  of  the  angles  of  transfer  (when  the  .  mo- 
tion is  a  second   time   transferred  to  AB  in  the  primi- 

.  4w 

tive  direction)    is   5 .  -^  =  4  tt  :   but   as  the  sum  of  all 

the  interior  and  exterior  angles  at  A,  By  C,  D  and  E 
is  5  w,  and  the  sum  of  the  exterior  angles  is  4  tt,  it 
follows  that  the  sum  of  the  interior  angles  of  the  stel- 
lated figure  or 

^  +  5  +  C  +  2>.  +  -B  =  Sir  —  47r  =  TT, 
which  is  the  equation  of  angles. 

A  aimflir  584.    If  we  make  the  same  suppositions,  merely  assum- 

itellaied  /*  a 

!!SIr^^'  i^R  the  common  an£:le  of  transfer  to  be  ---  instead  of  ---, 

St ;.  ^  ^ 

teientiy  de* 

ibed.  the  same  figure  will  be  form- 
cd,  though  in  a  difi^erent 
position  with  respect  to  the 
primitive  line,  the  line  BC 
being  in  this  case  transferred 
from  the  right  to  the  left  of 
the  line  AB:  the  equations  of 
figure  or  the  co-ordinates  of 
the  ultimate  position  of  the 
point  after  five  transports,  are 


sen 


The  sam  of  the  series 

8in94-sin26-f  sinse-f  . .  .sinti6, 
may  be  shewn  iu  a  similar  manner  to  be  equal  to 

.    (n  +  1).      .   n« 
wn'— ^^e.sm  — 


.     0 
Mil  - 


1  ' 


12irl 


18,-  «:iw\ 


-=.(1-1)  = 


t) 
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and  inasmuch  as  S .  —  =  6jr,  the  equation  of  luiglcs,  or 
5 

J  +  B+C  +  D  +  E  =  Sir-6ir=-ir: 
ia  this  case,  therefore,  each  of  the  interior  angles  is  nega- 
tive and  equal  to    —  -;. 

585.     If   wt;    should    define    a   regular   pentjigon    to  T 
be  a    figure    of  five    equal    aides  and   five    equal    angles,  „. 
it   Ib  obvious  that    these    stellated    figures   would  equally  " 
IDswer    the    conditions    of   such    a    definition    with    the  a 
Kgular  and  completely   bounded  pentagon  of  Geometry :  ""l 
tbe  essential  distinction  lietween  them  exists  in  the  equation 
of  angles,  which  in  Geometry  ia  assumed  to  be  always  the 
•ame  for  figures  which  have  the  same  number  of  sides ;  and    ' 
'H   is   for  this  reason   that   our    attention  in   that  sdcncc 
is  exclusively   confined    to  one    figure    in    each    class:     in 
the   absence   however   of  any   such   restriction    upon  uur 
hypotheses    respecting   the    geometrical   existence  of  such 
es,   it   is   obvious   that    the  distinction   between    the 
last  stellated  figures,    whicli    we  have  considered,  i» 
itirely  algebraical. 
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The  angle  of  transfer  in  a  rifgular  hexagon  ia 
—  or  60* :   if  we  should  suppose  the  sum  of  the  exterior 

angles  doubled,  then  the  angle  of  transfer  would  be 
doubled  or  become  120":  the  corresponding  hexagon 
would  therefore  degenerate  into  an  equilateral  or  regular 
triangle,  and  the  describing  point  would  pass  twice  over 
each  of  the  sides :  if  wc  supposed  tlie  angle  of  transfer 
tripled,  the  figure  corresponding  would  become  a  straight 
line;  if  quadrupled,  it  would  become  the  regular  hexagon 
of  Geometry,  where  each  of  the  interior  angles  was  nega- 
tive and  equal  to  —  — :  and  if  quintuple<t,  it  would 
again  become   an  equilateral  triangle, 

587-  The  series  of  regular  heptagons  would  form  a. 
succession  of  figures,  five  out  of  seven  being  stellated, 
the  heptagon  of  Geometry,  forming  the  1",  8'",  15"",  &c- 
terms  of  the  series,  and  a.  straight  line  the  T"*!  1*"")  8cc. 
The  second  of  a  similar  scries  of  octagons  is  a  square,  each 
of  whose  aides  is  twice  described ;  the  third  is  a  stel- 
lated figure ;  the  fourth  is  a  lire,  eight  tiroes  described ; 
the  fifth  is  a  stellated  figure;  the  sixth  a  square;  the 
seventh  a  stellated  figure,  and  the  eighth  a  line:  the 
ninth  term  is  the  primitive  octagon  and  so  on,  the 
same  figures  recurring  in  the  same  order.  It  is  not 
necessary  for  us  to  extend  these  remarks  to  the  series  of 
regular  figures  of  a  greater  number   of  sides. 

688.  If  we  suppose  forces  in  Mechanics  (invested  by 
definitions  or  assumptions  with  mathematical  properties)  to 
be  represented  in  quantity  and  direction  by  straight  lines, 
then  they  will  be  i-qually  capable  of  algebraical  expres- 
sion with  the  lines  themselves:  it  will  remain  to  con- 
sider whether  two  or  a  greater  number  of  forces  can 
be  replttceil  by  a  single  equivalent  force,  and  also  whe- 
ther such  equivalent  forces  can  be  represented  by  a  line 
whicli  is  the  algebraical  sum  of  the  lines  by  which  the 
component  forces  aru  represented- 
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It  will  form  a 


necessary  prcparstiog 
the  matheiOBtical   fir 


to  this  invest!' 


principles  of 
the  science  of  forces  and  their  effects,  and  the  nature 
of  their  connection  w'th  the  corresponding  phvsical  prin- 
ciples, which  are  dedncible  from  the  observed  operations 
and  laws  of  the  material  world. 

589.  In  the  application  of  mathematics  to  natural  phi-  1 
losophy,   the    first  principles  of   our   reasoning,    whether 
assumed    or    not,    must    occupy    the    place    of   arbitrary 
assumptions  or  definitions  with  respect  to  the  conclusions 
which    are    foundetl    upon   them :    in    other    words,    the  "[ 
validity    of   such    conclusions    must   be   referred   to  those  loi 
principles    alone,   and   not    to   their  accordance  with  the  ™ 
laws  or  phenomena  of  nature:    but   in  order  that  those" 
sciences  which   are  strictly   mathematical,   as   far   as   the  ^ 
connection  of  their  component  propositions  is  concerned, 
may  not  be  merely  speculative,  but  may  be  considered  as 
expressing,    by    means    of   proper    interpretations,    results 
which    are    transferable    to     the     corresponding    physical 
socDces,    it    is   requisite   that    their   fundamental   princi- 
[des  should  express  or  involve  the  most  simple  conclusions, 
independent  of  each  other,  respecting  those  sciences,  which 
are  deducible  by  observation,  or  experiment,  or  by  rear- 
Minings   upon   tliem :    and   in   order  that   such   principles 
may     possess    a    strictly    mathematical    character,    they 
must  be  divested  of  all  those  causes  of  variation   which 
are   not    consequences  of  the   principles  themselves,   and 
which  are  therefore  nut   capable  of  expression  or  estima- 
tion by  means  of  them. 

590.  "  The  paints  which  are  the  objects  of  the  actions  i 
uf  forces,  are  supposed  to  possess  the  properties  of  mathe-  " 
maliuil  points."  n 

If  extension  is  to  be  considered  in  the  point  to  which  « 
forces  are  applied,  there  will  necessarily  be  different  geome- 
trical points  in  it,  and  the  effect  of  the  force  or  forces  upon 
ibc  physical   point   will  vary  with  the  geometrical   point 
uf  tbdr  application :  there  would  arise  therefore  from  this 
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Rourcc,  variations  in  the  effect  produced  which  would 
be  incapable  of  estimation,  the  cause  of  which  must  be' 
excluded  therefore  from  the  first  principles  of  the  science. 

A  physical  or  material  point  admits  of  no  physical 
properties,  which  are  independent  of  extension,  except 
mobility,  which  it  possesses  in  common  with  a  geometrical 
point :  if  weight  be  considered  (liypothetically)  to  belong 
to  it  under  such  circumstances,  it  may  be  taken  as  an' 
expression  which  designates  a  force  (of  which  weight  ia 
the  measure)  acting  in  the  direction  of  gravity. 

591.  "  Forces  may  be  transmitted  or  may  be  supposed 
to  be  transmitted,  without  any  alteration  of  their  effect,  to 
any  point  or  points  in  the  direction  of  their  action." 

592.  Forces  are  represented  in  magnitude  and  direction  ' 
by  lines,  and  are  therefore  algebraically  equivalent  (that 
is,  as  far  as  their  symbolical  representation  is  concerned), 
when  the  lines  which  represent  them  are  equal  to  each 
other  and  algebraically  parallel:  the  condition  imposed 
by  the  principle  just  stated,  would  shew  that  they  would 
also  be  equivalent  in  effect,  if  the  forces  were  algebrai- 
cally equal  and  applied  to  the  same  or  different  points  in 

a  line  which  is  coincident  with  the  direction  of  their  action. 

If  two  forces  whicb  are  equal  and  in  opposite  direc- 
tions act  upon  a  point,  their  algebraical  sura  is  equal 
to  zero,  as  well  as  the  algebraical  sum  of  their  effects; 
for  the  magnitudes  of  the  forces  are  equal,  and  their 
affections  only  differ  in  one  of  them  being  preceded  with 
the  sign  + ,  and  the  other  with  tlie  sign  —  :  and  the 
effects  are  identical  with  the  forces,  since  they  are  applied 
to  the  same  point :  in  such  a  case,  one  force  may  be 
said  to  be  contravaleni  to  the  other,  when  their  effects 
are  equal  and  in  opposite  directions  and  when  the  natural 
state  therefore,  of  the  point,  whether  of  rest  or  motion,  is 
not  affected  by  the  action  of  the  forces. 

593.  The  same  would  be  the  case,  if  the  forces  were 
equal  and  in  opposite  directions,  but  applied  to  different 
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1  the  line  which  i»  common  to  tlie  directiou  <if 
ion;  for  in  this  case,  the  sum, of  the  forces  is 
wro,  since  their  algcbrmcal  representation  would  be  pre- 
cisely the  same  as  in  the  case  last  considered;  and  inRsmutJi 
«e  the  effect  of  the  force  upon  one  point  may  be  trans- 
mitted, in  conformity  with  the  general  principle  alwve- 
mentioned,  without  alteration  to  the  other,  the  joint  effects 
will  he  precisely  the  same  as  in  the  last  case,  and  one 
will  be  therefore  corttravalejtt  to  the  other. 

594.  Phvsicallv  speakine,  the  effect  of  a  force  upon  a  Th^  ""^ 
pomtis  to  produce  motion  m  the  physical  pom t  ot  its  action,  fans  is  u 
and  the  same  may  be  ossuined  to  be  the  natural  effect  of  p™^"™ 
a  mathematical  force  upon  a  mathematical  point:  in  one 
case  the  intensity  of  the  force,  as  well  as  of  the  effect  of 
different  forces,  would  be  measured  by  the  velocity  com- 
municated, when  the  mass  of  the  body  moved  was  not 
Gonudered,  or  by  the  product  of  the  velocity  and  mass 
of  the  body  moved,  when  both  of  them  were  considered, 
or  by  other  means,  which  it  is  not  our  present  business 
to  investigate :  in  the  other,  the  magnitude  and  affection 
of  the  effect  would  be  measured  by  the  magnitude  and 
affection  of  the  contravalent  force:  for  if  the  contrava- 
lent  force  be  zero,  the  natural  state  of  repose  or  motion 
of  the  point  is  not  affected  by  the  action  of  the  forces: 
and  if  tlie  contravalent  fi>rce  be  not  zero,  then  its  mag- 
nitude and  affection  would  be  the  proper  measure  of  the 
magnitude  and  affection  of  t!ie  effect  which  would  ensue 
from  the  action  of  such  forces  upon  it,  by  whatever 
means  it  may  be  thought  proper  to  estimate  it. 

I         In  all  cases,  however,  the  e(]uilibrium  of  the  forces,  or  Cont™v«. 
K-Ae  nuUifif  of  their  effect  upon  the  point  will  exist,  if  the  '*"'**""■ 
amtravalent   force   be  assumed  to  exist  in  conmion  with 
the  other  forces.  Wh«te»er 

be  tbtnum- 

595.    If  the  effect  of  forces  upon  a  point,  whether  imme-  bBroffoma 

diate  or  transmitle<],  be  to  produce  motion,  there  can  be  only  apaiatihm 

one  eJfect  of  any  number  of  forces,  and  consequently  only  i"»lw»yj 

oae  eontrm'oient  force :  for  if  motion  is  the  cimseqncnce  of  i^ni  Hm*. 


the  simiiltnncoii^  action  of  anj^  number  of  force!$  upon  a  poantj 
it  cao  only  lake  place  in  one  direction,  and  it  therefore  may 
be  always  produced  by  a  single  force  in  that  direction,  and, 
consequMiUy,  always  counteracted  by  a  contravaieni  force: 
the  tiriit  force  would  be  called  the  rijtiicalent  of  the  primi- 
tive forces,  whatever  woii  their  number:  and  the  general 
object  of  research  in  the  science  of  mechanics  is  to  determine, 
under  all  circumstances  this  equiealenf  force,  and  from 
thence,  when  required,  the  corresponding  contravatent 
force. 


tnnamia. 


596.  We  are  bo  ignorant  of  the  essential  constitution  of 
bodies,  that  we  could  not  conclude,  by  any  reasoning  inde- 
pendent of  experiment  and  observation,  that  the  effect  of 
physical  forces  could  be  transmitted  without  alteration  from 
one  point  to  any  other  point  in  that  body,  which  was  iii 
the  line  of  its  action :  if  we  suppose  bodies  rigid,  or  the 
succession  of  physical  points  of  which  they  are  composed  to 
be  immoveably  connected  with  each  other,  then  such  a  con- 
clusion would  be  probable ;  and,  as  far  as  experiments  are 
capable  of  application,  it  would  be  found  by  means  of  them 
to  be  approximately  true:  it  is  by  comparing  the  results 
of  such  observations  or  experiments  with  each  other,  and 
by  reasoning  from  analogy  upon  the  effect  which  would  be 
produced  by  the  removal  of  the  different  causes  of  vari- 
ation, whether  in  the  application  of  the  forces,  or  in  the 
estimation  of  their  magnitude  or  in  the  magnitude  of 
their  effects,  or  in  the  sensible  constitution  of  the  bodies 
to  which  the  forces  arc  applied  or  through  which  they 
are  transmitted,  that  we  may  be  said  to  attain  to  a  phy- 
sical principle  coincident,  in  the  terms  in  which  it  is  ex- 
pressed, with  the  mathematical  principle  which  is  assumed 
above,  and  may,  consequently,  be  enabled  to  apply  the 
mathematical  results  which  it  gives,  to  the  explanation  or 
interpretation  of  the  effects  of  the  action  of  physical  forces 
upon  physical  iKidtes. 

597-  In  speaking  of  the  physical  communication  of  forces, 
it  would  be  improper  not  to  notice  the  transmission  of  th«a 
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r  means  of  flexible  strings  acting  over  pointH*  or  pullieR,  i*Tuicip1>: ' 
_r  other  surfaces :  thus  two  equal  weiRlitB  or  forces  acting  pmii"- 
at  the  extremities  of  such  a.  striag,  will  be  found  to  sustain 
each  other,  under  all  circumstances,  when  the  influence  of 
the  string  itself  is  so  small  as  to  admit  of  being  neglected. 
at  equally  contributes  to  the  effect  of  both  the  forces :  if 
we  consider  the  string  as  composed  of  a  succession  of  phy- 
sical points  invariably  connected  with  each  other,  then  the 
force  may  be  considered  as  transmitted  from  point  to  point, 
and  every  point  as  acted  upon  by  equal  and  opposite  forces, 
and,  consequently,  at  rest-  The  physical  principle  involved 
in  this  explanation,  has  sometimes  been  called  the  principle 
of  putties,  in  consequence  of  its  admitting  of  very  ready 
application  to  the  estimation  of  the  effects  of  forces  trans- 
mitted by  means  of  them:  and  the  force  transmitted  has 
be«ii  denominated  the  tension  of  the  string  or  other  trans- 
mitting substance,  whatever  it  might  be,  being  the  measure 
of  the  intensity  of  the  force  by  which  its  succeseive  parts 
or  successive  points  are  tended  or  drawn  from  each  other. 
Mathematically  speaking,  however,  this  physical  principle 
is  included  in  the  general  pHnd]de  given  abm-e,  which  is  ^j||j 
equally  appbcable,  with  very  slight  adaptations,  to  the  e\-  sH 
planation  of  the  same  classes  of  mechanical  effects.  ^^^| 

598-    We  have  assumed  it  as  a  physical  as  well  as  a  Action  »nd 
mathematical  principle,   that  equal  forces  acting  upon   a  ^^'^a" 
point  in  opposite  directions,  would  not  affect  its  natural  state  <"  of^a 
of  existence,  whatever  that  state  might  be :  in  one  case,  it 
liay  be  considered  as  the  result  of  experiment  and  obser- 
vation: in  the  other,  it  is  a  necessary  consequence  of  the 
mprefientation  of  forces,  and  of  the  assumed  general  prin- 
ciple (rf  their  transmission :  when  expressed  in  a  different 
but  equivalent  form,  that  "  action  and  renctiun  nre  eipial 
and  in  opfoaite  directiotts"  it  comprehends  every  species 
of  medianicoi  action  from  wtiicb  equilibrium  ensues,  how- 
ever  different  in  the  circumstances  of  the  application  nf 
tfce  forces:    whether  of  two  equal  and  opposite  forces  act- 
ing upon  the  same  point,  or  trajismitted  to  it  through  the 
trf  a  body;    whether  lliey  »"t  to  or  firain  e«d». 


other';  or  whether  a  single  force  acts  upon  a  mass  of  matter.' 
which  continues  at  rest,  whether  frr>m  the  action  of  a  single 
force  or  a  system  of  forces,  which  are  brought  into  actioa 
by  means  of  it,  when  an  equal  and  contravaknt  force 
may  be  supposed  to  be  instantaneously  generated  in  the 
point  of  its  application :  for  in  whatever  manoer  such  a, 
point  is  connected  with  any  system  of  points,  if  it  be  the 
object  of  mechanical  action,  and  be  kept  at  rest,  it  must  be 
so  in  consequence  of  the  action  of  equal  and  opposite  forces. 

699.     "  The  effect  of  a  force  or  of  a  system  of  forces 


PrindpU  of 

PMi'iiimof   acting  upon  a  point,  whether  directly  or  by  transmission. 
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is  not  affected  by  the  action  of  any  other  forces  whose 
equivalent  is  zero,  or  which  would  not  by  themselves  affect 
its  previous  state  of  rest  or  motion." 

This  is  assumed  as  a  general  mathematical  principle, 
and  is  technically  denominated  the  principle  of  the  super- 
position of  equilibrium. 

A  m»ihe-  600.     If  considered  mathematically  in  connection  with 

noi  ■^r-  t^^  other  principles  which  determine  the  mathematical  effects 
«ical  come,  of  forces,  it  may  be  considered  as  a  necessary  consequence 
ocbcrprui.  of  them,  inasmuch  as  we  have  assumed  the  nullity  of  the 
effect  of  forces  upon  a  point,  whose  equivalent  is  zero,  and 
consequently  that  such  a  point  would  be  in  the  same  cir- 
cumstances with  respect  to  the  effect  of  any  other  forces 
upon  it,  as  if  the  first  forces  had  never  been  applied. 

If  this  principle  be  viewed,  however,  as  a  physical 
principle,  we  could  not  conclude  by  any  reasoning  a  priori, 
independent  of  experiment  or  observation,  that  a  body  or 
physical  point  acted  upon  by  forces  which  sustained  each 
other,  or  which  did  not  affect  its  previous  state  of  rest  or 
motion,  would  be  in  the  same  physical  state  with  respect  to 
the  effect  of  the  action  of  other  forces,  as  if  the  first  system 
of  forces  had  never  been  applied:  in  assuming  this  prin- 
ciple, therefore,  to  be  physically  as  well  as  mathematically 
true,  we  must  rest  upon  the  same  species  of  evidence  as  we 
have  found  it  necessary  to  resort  to  in  the  eatabluhment  o£- 


I  WI  other  physical  principles  of  the  effects  of  the  action  of 
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601.   Having  now  examined  the  mathematical  principles  ^ 
\  «ponwhichforccsare  represented,  and  their  effects  estimated,  fi 
it  remains  to  sliew  that  the  algeliraical  sum  of  two  or  more 
forces  acting  upon  the  same  point,  whether  directly  or  by   , 
transiiiission,  will,  in  all  cases,  represent  their  equivalent  or 
resultant. 

Let  us  suppose  two 
given  forces  AB  (a) 
and  JC  (6)  at  right 
■ngles  to  each  other, 
acting  upon  the  point 
J,  whether  directly  or 
by  trangmission,  the  ef- 
fects in  both  cases  being 
the  same:  and  let  it  be 


■  The  csUbliUiment  oi  the  dillcrciit  physical  prindplcs  in  Mediuiiii'* 
which  tttyn  u  guides  lo  the  auamptiou  ol  Ilic  coircBpoDdiug  niBlhemHtinl 
principles,  and  enable  iix  lo  conned  their  reiiiUs,  hy  menra  of  inierprelalion. 
with  Tol  mecbanlcal  phenomena,  will  be  fonnd  lo  be  depcndeot,  in  every 
ate,  in  their  ultimate  aoBlytij.  apan  exptTimeot  or  obiervatioa :  Ibe  rcmatki, 
vtncb  we  Irave  already  bad  oi'casioD  to  make,  nonld  vhew  llie  neccuily  of 
wch  ■  foondaliDii  of  Ibem,  in  all  cases  wbich  regard  Ihe  transmiiiion  df  tortcl ; 
but  there  arc  oilier  cases  where  the  eonclnilons  might  teon  to  lie  Decenary 
Boueqaences  of  tlie  principle  of  luSident  reason,  and  which  a  snperticial  tx- 
aBinalioD  might  induce  na  to  mistake  lor  tlie  necessacy  results  ol  reuonia|t: 
al  lUi  kind,  are  tlie  mechanical  propo»tjons,  "  that  two  equal  force.i  aclinf 
■pOd  the  same  point  in  oppoaile  direction n,  would  keep  it  at  rc>l:""tJiat  lhre« 
■r  a  freairr  number  ol  forces  which  were  equal  to  each  other  and  acted 
■pan  ■  point  in  directions  which  made  equal  angles  with  each  other,  would 
keep  it  at  rest:''  "  thai  a  perfectly  uniform  rod  symmetrical  in  all  Its  parts, 
phwdnpon  il>  middle  point,  wmild  balance  itself:"  and  other  pro{>oeitions 
tl  a  •inilai'  kind;  in  all  those  cases  it  la  said,  that  there  is  no  reason  why 
aotton  abonld  ensue  in  one  direction  In  preference  to  any  other ;  and,  there- 
l*re,  it  ts  concluded,  that  it  can  take  place  in  no  direction  whatever:  but. 
In  Am  Gnl  place  it  ouglil  lo  be  observed,  that  ilie  hypotheses  are  mathp- 


it  physical  forces  t^the  same  point,  independently 
idly,  that  Ihe  principle  of  sufficient  reason  i 
Ddnee  like  ciferls,  in  its  physical  application) 
nibc  atfrrrcil  univertality  of  its  operation. 


1  application  of 
of  transmission :  and 
that  like  causes  will 


proposed  tu  detemiiDc  the  magnitude  and  direction  of  their 
equivalent  or  resultant  AR  (R). 

We  may  uonsider  the  forces  a  and  b  as  themselves  the 
res()ective  equivalents  of  two  pairs  of  forces  r  and  e, 
r'  and  e,  where  r  and  r  act  in  the  same  direction  AR  and 
e  and  e  in  opposite  directions  Ae  and  Ae',  at  right  angles 
to  AR ;  and  under  such  circumstances  it  will  be  indifferent 
whether  we  consider  AR  or  R  &s  the  equivalent  of  the  two 
forces  a  and  b,  or  of  tlie  four  forces  r,  r,  e,  e.  But  the 
two  forces  r  and  r  act  in  the  some  direction  AR,  and  are, 
therefore,  equivalent  to  a  single  force  r  +  r  in  that  direc- 
tion :  and  since  the  forces  e  and  e  act  in  opposite  directrons 
Ae  and  Ae,  they  are  equivalent  to  a  single  force  e  — e*, 
acting  in  the  direction  of  the  greater  of  them  :  but  since 
the  resultants  a,  b,  R  are  similarly  situated  (or  make 
the  same  angles)  with  respect  to  the  pairs  of  component 
forces  r  and  e,  e'  and  r',  a  and  h,  it  will  follow  that  the 
respective  resultants  are  proportional  to  their  corresponding 
component  forces*:  coUHequently 


;  R,     and,  therefore,  e  = 


R,      and,  therefore,  e'=  - 


and,  therefore,  i 


I 


*  This  conclusion  maji  be  oxundered  as  a  necessary  conseqiieace  at  di« 
principle  of  sufficient  reason,  vlielher  viewed  in  its  iDalfaeiiuithical  or  pbysical 
sense:  for  in  Ibe  first  piace.  wlien  the  component  forces  are  given  in  niapil* 
tade  anj  position,  tbe  rcsnlEant  mast  be  determinable  likewise  in  magtutode 
and  poiition,  inasmuch  as  one  effect  onbi  can  arise  from  the  same  causes :  in 
tbe  second  place,  if  aresnllnnt  be  eivcn  in  magnitude  and  posiliaa,  with  respect 
to  its  component  forces,  tbe  camponeDt  forces  mnst  be  determinable  likewise, 
for  the  same  reason :  and,  lastly,  if  we  doable  or  increase  in  any  ratio  the  re- 
inltant  \a  a  E^ven  poutian,  we  ninat  double  or  IncreaK  tbe  component  forces 
in  the  ivne  ratio:  forunilerllie  same  circnmttuicea  tbe  effect  will  vary  a»  tbe 
cause  or  caaies  and  conversely  (Art.  316.) 


It  foUowB,  therefore,  that  e  =  e,  and,  consequently,  the 
eqnivaleot  of  the  four  forces  r,  r,  e,  e  is  identicaJ  with 
tlut  of  r  and  r',  which  is  equal  to  and  coincident  with, 
AR  or  R:  therefore, 


I 


Having  thus  determined  the  magnitude  of  the  resultant        ^H 
K,  it  will  remain  to  determine  its  position  with  respect  to 
its  eoniponent  forces. 

Since  r  and  e  the  component  forces  of  a,  are  at  right  '^  P^ 
angles  to  ench  other,  it  will  follow  from  the  preceding  nmluot  - 
investigation   that  detenninBl 

r-  +  e^  =  «% 

and  that  consequently  t  and  e,  or  hues  equal  to  them 
respectively,  may  form  a  right-angled  triangle  described  upon 
o,  that  is,  upon  a  line  equal  to  n  :  let  such  a  triangle  At B 
be  formed  upon  AB,  and  since  the  subordinate  component 
force  r  coincides  with  the  resultant  AR  or  R,  it  will  follow 
that  the  side  ^r  =  r  of  this  triangle  will  coincide  with,  and 
therefore  determine  the  position  of,  this  resultant. 

Also,  since  R'=a'^  +  b*,  and  since  JA  =  A,  nadAB—a, 
it  will  follow  that  BH  is  at  right  angles  to  AB  and  equal 


that  the  side  ^  r  =  r  of 
therefore  determine  th( 

I  Also,  since  R-=a^ 
It  will  follow  that  BR 
iio  b :  for  since  r  =  - 
AR 
or  the  aides  about  the 
JBR,  and  ABr  are 
jIBR  is  equal  to  Ar. 


AR  :  AB  ::  AR  :  Ar 
the  aides  about  the  common  angle  A  of  the  two  triangles 
ABR,  and  ABr  are  proportionals:  therefore,  tile  angle 
ABR  is  equal  to  ArB,  and,  therefore,  to  a  right  angle; 
Conset|uenlly  AB''  +  BR'=  AR\  and,  therefore,  BR'  = 
W  — fi'jsA',  and  BR  =  h,  which  was  required  to  be  del«r- 


Thefemli- 

cquil  foiixtl 
nuking  an] 

I    litheiiaulii, 


«« 

It  llius  appears,  that  if  two  forces  at  right  angles  to 
«ach  other,  be  represented  in  magnitude  and  directional 
liy  two  aides  of  41  right-angled  triangle  or  by  two  adjaceii(< 
sides  of  a  rectangle,  the  magnitude  and  direction  of  thoT 
resultant  will  be  represented  by  the  hypotlieniise  of  the' 
right-angled  triangle  or  by  the  diagonal  of  the  rectangle;' 
a  moat  important  proposition,  which  will  enable  us  to' 
bring  the  estimation  of  the  equivalents  of  any  number 
of  forces  acting  in  any  manner  upon  a  point  or  otherwise, , 
under  the  dominion  of  Geometry  or  geometrical  Algebra. 

602.  Thus,  if  a  and  h  ^  —  \  represent  the  magnitudie ! 
and  co-ordinaiion  of  two  forces,  their  sum  a  +  b  «y—  1  wilj ' 
■ny  represent  the  magnitude  and  direction  also  of  their  equi- ' 
valent:  in  a  similar  manner,  two  forces  represented  (withj 
respect  to  the  former)  by  n  and  —b^—  1,  wUI  have  for ; 
their  equivalent  a  —  b  ^  —  1,  wliich  represents  a  line 
equal  to  the  line  denoted  by  a-\-b  ^  —  \,  but  making  an 
equal  angle  on  the  opposite  side  of  the  primitive  line  or  a: 
their  equivalent  or  sum  is  2a,  which  is  the  diagonal  of  the 
parallelogram  constructed  upon  them  which  they  include: 
their  difference  or  2li  ^  —  1  is  the  other  diagonal  of  thi» 
parallelogram,  or  it  is  tlie  equivnlent  or  sum  of  two  ft 
which  are  represented  hy 

0-1-6  ,J^n.,  and  -{«-/.  v'^H), 

the  last  of  which  is  equal  and  opposite  a  —  b  „y- 

G03.  More  generally,  the  equivalent  of  any  two  forces 
whatever  acting  in  an^  manner  upon  a  point,  is  their  alge- 
btrofforcH  braical  sum,  and  is,  therefore,  represented  in  magnitude 
and  direction  by  the  diagonal  of  the  parallelogram  con- 
structed upon  the  lines  which  represent  them  in  quantity! 
and  direction:  this  conclusion  is  a  necessary  consequence  of 
the  resolution  of  any  single  force  into  the  component  forces 
a  and  b  ^  —  1,  or  into  the  sides  n  and  6  of  a  right-angled 
triangle  constructed  upon  it,  and  is  deduced  precisely  itv 
the  same  manner  with   the   corresponding  proposition  in 


'   The  Rsult- 


Art.  512:  in  a  similar  mBDix^r  we  may  determine  and  E 
represent  the  equivalent  of  any  number  of  forces  acting  yj 
upon  the  same  point,  when  the  equation  or  equations  of 
equiUbriuni  will  be  found  to  coincide  with  the  equation 
or  equations  of  figure  which  have  been  considered  in 
Art.  571  '■  in  other  words,  forces  acting  upon  a  point 
whicli  are  in  equilibrio,  may  be  denoted  by  the  sides  of 
a  complete  figure,  taken  in  order,  which  represent  their 
magnitudes  and  are  parallel  to  their  directions :  and  in  all 
other  cases,  when  such  forces  are  not  in  equilibria,  their 
contravaleut  force  will  be  the  side  taken  in  the  same  order 
with  the  others,  which  is  necessary  to  complete  the  figure. 

604.    In  the  view  of  the  theory  of  forces  and  their  effects,  ^ 
which  we  have  given  above,  we  have  made  no  distinction  in 
between  the  case  of  forces  acting  upon  a  point  immediately  P' 
or  by   transmission :    in  the  application,  however,  of  this  ti 
theory  to    the   explanation,   by   means   of  interpretation,  JJ 
of  the  effects  of  the  action  of  forces  upon  machines,  and 
otherwise,   we  shall  meet  with   innumerable  cases,  which 
are  distinguished  from  each  other  by  the  physical  agents 
for  the  transmission  of  the  forces,  though  they  may  be 
reducible  by  means  of  hypotheses,  to  the  same   general 
mathematical  conditions:  in  other  words,  the  distinctions 
vhich  those  cases  present,  will  not  be  capable  of  mathe- 
matical estimation :  there  is  one  case,  however,  where  the 
action  of  parallel  forces  is  considered,  which  is  essentially 
different  from  the  others  in  its  mathematical  conditions, 
whicli  we  shall  now  proceed  to  consider. 


605.  Let  Ja  {a)  and  Bb 
(b)  represent  the  magnitudes  of 
two  forces  acting  upon  a  body, 
directions  which  are  parallel 
each  other :  and  as  their 
dfecta  will  be  the  same  at  what- 
ever points  of  their  direction 
they  may  be  applied,  we  shdll 
A  and  B,  in  a  line  which 


tWi 


/  \ 

d' 

/ 

\ 

\ 

1'     i 

is  perpendicular  to  tlicm  both,  for  the  points  of  tbeir  appli- 
cation :  their  ciFoct  likewise  upon  the  body  (considered  a.i 
•  system  of  mathematicBl  points  invariably  connected  with 
each  other,  and  capable,  therefore,  of  transmitting  the 
forces  unaltered  in  their  proper  directions)  will  not  be 
affected  by  supposing  two  equal  forces  ^  and  —  /3  applied 
at  the  points  A  and  B  in  the  directions  AB  and  BA: 
or  in  other  words,  the  resultant  of  the  four  forces  a,  b, 
^  and  —  ^  will  be  the  same  as  that  of  a  and  h  -.  but 
lite  two  forces  n  and  /3  ^  —  \  may  be  replaced  by  the 
idngle  force  o  +  /3^—  1,  or  by  Ad,  the  diagonal  of 
the  rectangle '^ndP  constructed  upon^fl=ff,  and  AD=^- 
and  in  a  similar  manner,  the  two  forces  h  and  ~(i  ^  —  \ 
may  be  replaced  by  the  single  force  h  —  (i  ^  —  1  or  by 
Bft,  the  diagonal  of  the  parallelogram  Bhd'D',  iS  Bb  =  b, 
and  BD'  =  ^:  the  two  forces  Ad  and  Btf  by  which  the 
four  forces  a,  /3,  b,  —fi,  or  the  two  forces  a  and  6,  hare 
been  replaced,  are  no  longer  parallel  to  each  other,  but 
have  a  common  point  P:  they  have,  therefore,  a  single 
resultant  which  is  their  sunt  or 

(«  +  /3  x/^n")  +  (6  -  /3  x/*=^)  or  ffl  +  ft, 

which  is  the  arithmetical  sum  of  thtf  simple  forces,  if  they 
act  in  the  same  direction,  and  their  arithmetical  differ- 
ence, if  they  act  in  opposite  directions. 

606.  Again,  if  we  denote  the  distance  AB  of  the  two 
points  A  and  B  by  d,  and  call  .v  and  y  the  co-ordinates  of  P 
(considering  A  as  the  origin  of  the  co-ordinates,  and  AB  an 
the  axis),  then 

AP=a!-\-y^J  -  1=  \/(,c--|-y=)  (cos^-f-,^yiri  sin  J), 

(if  A  is  the  angle  BAP),  and  jflfl 

BP  =  _(d_a.)  +  j,v'trT         91 

=  V\{d  -  a^f-^y"]  (-  cos  S  +  V^^  ""  ^) 
(if  B  is  the  angle  ABP) : 


178 

consequently  "^^^  •**" 


replacing  cos  J  by 


of  the  eon- 
pntPd 


and,  therefore, 

^^^   _   /3V 

or  o*»*=  /3's^,     or  a«  =  /3y: 
in  a  similar  maimer,  we  shall  find 

and,  therefore,  also 

consequently 

6d 

or  (a  +  6)  A  ^  *rf   and  4r  «  • r . 

a  +  6 

It  follows,  therefore,  that  <v  is  always  of  the  same 
magnitude,  whatever  be  the  value  of  (3^  and  consequently 
the  point  P  wiU  be  always  in  the  same  straight  line, 
parallel  to  Ja  and  Bb:  and  likewise,  since 

w  b 


it  follows  that  the  line  which  is  the  locus  of  jP,  at  any 
point  of  which  the  contravalent  force  may  be  equally 
applied,  will  divide  the  distance  AB  in  the  inverse  ratio  of 
the  forces  themselves. 

30 


607-     The  expression 


for  the  distance  of  the 


Puklld 

equii  aad  ''"^  which  is  the  locus  of  the  points  of  application  of  the 
inoppcHiie  contravalent  forces,  would  denote  infinity,  if  a  and  b  were 
hxve  no  equal  to  each  other  and  with  opposite  signs:  in  such  a  case 
_^^'*'"''"  there   is   no   single   equivalent   force,   inasmuch   as   there 

is  no  equivalent  system  of  forces  which  have  a  common 

point:  for  under  such  circumstances 


•("■"t/S^ 


and  COB  B  = 


V(a"+^') 


Kt-A 


or  the  lines  Ad  and  Bd'  continue  parallel  to  each  other, 
whatever  be  the  value  of  fi. 

608.  In  the  absence,  however,  of  any  single  contrava- 
lent force,  there  is  an  infinite  number  of  similar  pairs  or 
couples  of  forces  which  will  produce  equilibrium  in  the 
system  of  points,  and  which  may  be  considered,  therefore, 
as  the  contravalent  systems  which  are  proper  to  such  cases: 
Tli*o^*f  thus  if  Aa  and  Cr  represent 
such  a  couple  of  forces,  ap- 
plied at  the  points  A  and  C 
and  Bb  and  Dd,  a  couple  of 
forces  equal  to  the  former, 
and  at  the  same  distance  BD 
from  each  other  in  a  reversed 
position ;  then  there  is  a  single 
equivalent  force  which  is  equal 
to   the   sum  of  A  a   and    Bh, 


r     ,       p  I 

—p  a 


'which  is  parallel  to  them,  and  the  locus  of  whose  points  ^^^^H 

of  application  bisects  AB  in  p:  and  there  is  also  a  single  ^^^^| 

equivalent  force,  parallel  to  Cv  and  Dd,   and   e<^ual  to  ^^^^| 

their  sum,  the  locus  of  whose  points  of  application  bisects  ^^^^| 

CD   in  p,  which  is  likewise  the   middle   point   of   AB\  ^^^H 

these  two  equivalent  forces  are,  therefore,  equal  to  each  ^^^H 

other,  and  act  in  the  same  line  in  opposite  directions,  and  ^^^^| 

are,  therefore,  in  equilibrio.  ^^^H 

609'    The  preceding  examination  of  the  first  principles  ^^^H 

and  fundamental  propositions  of  statical  equilibrium,  is  so  ^^^H 

intimately    connected    with   the    theory  of   the  algebraical  ^^^H 

representation  of  strdght  Unes  iji  magnitude  and  in  posi-  ^^^H 

tion,   and  furnishes  so    instructive   an   illustration   of  its  ^^^H 

^plication,  that  we  have  ventured  to  introduce  it,  though  ^^^| 

apparently  foreign  to  the  main  object  of  this  Treatise:  ^^^| 
it  would  not  be  very  difficult  to  make  similar  applications  ^  ^^^H 

of  it  to  the  estimation  of  the  eflects  of  any  number  of  forces  ^^^H 

upon    any    system    of   connected    points,   with    a    view    to  ^^^H 

determine   the  conditions  of  their  equilibrium,   and  also  ^^^H 

to  the  estimation  of  their  effects  under  all  circumstances,  ^^^H 

when  they  produce  motion  in  a  point  or  a  body  :  the  very  ^^^H 

first   elements,   however,    of  such   applications,   with   the  ^^^| 

necessary   introductory  examination   of  the   mathematical  ^^^H 

and   physical   first   principles  of  Dynamics,   with  a  view  ^^^H 

to  establish  their  connection  with  each  other,  would  lead  ^^^H 

to   details  which   would   be   inconsistent   with   the  limits  ^^^H 

I  of  this  work,  and  we  feel  compelled,  therefore,  to  omit  ^^^| 

610.    We  have  before  considered  the  interpretation  of  Miwii^tf  < 
11  of  signs  CO.  ??  '    1 

+  1'     +  V   —  1.    —   1>    —  V  ~  1'  ■ppliedlo 

when  attached   to   symbols   or   combinations   of  symbols,  dMi^imiing 
bdesignating  plane  surfaces  yArt,  449,  450.) :  it  remains  to  \^j^ 
^consider  the  interpretation  of  similar   applications  of  the 


lore  general  sign 


s  0  +  v'  —  1  sin  e. 


Let  US  assume  AX  as  a  primitive  axis,  and  let  AY 
be  an  axis  at  right  angles  to 
■  AX,  and  let  ^Z  be  a  third 
axis  at  right  angles  to  AX 
and  AY,  and,  therefore,  to 
the  plane  passing  through 
them  :  we  shall  thus  form  three 
co-ordinate  axes  AX^  AY,  AZ 
which  are  at  right  angles  to 
each  other,  and  three  co-ordi- 
nate planes  passing  severally 
through  the  different  pairs  of 
those  axes  AX  and  AY,  AX  and  AZ,  AY  aaA  AZ,  which 
are  also  at  right  angles  to  each  other:  let  us  suppose 
a  line  AB  in  the  plane  of  AX  and  AZ  moving  into 
different  positions  round  the  point  A,  and,  therefore, 
round  the  axis  AY:  if  ,/  be  the  angle  which  AB  in  any 
assigned  position  makes  with  AX,  then  the  line  AB  (if 
arithmetically  equal  to  a),  will  be  algebraically  represented 

^y        '  _ 

o  (cos  0  -I-  ^y  -  1  sin  9)  : 

if  we  farther  suppose  the  line  AB  in  its  movement  round 
AY,  to  carry  with  it  the  rectangular  plane  ABhc,  contained 
by  AB  ami  jJc'(ft),  or  by  AB  and  Bh,  then  the  plane 
which  is  arithmetically  represented  by  ah,  will  be  alge- 
braically represented  by 

ah  {cos  e  +^^T  sing); 

for  the  succession  of  its  positions  corresponding  to  the 
successive  affectations  of  a  6  with 

cos  e  +  -J^^  sin  0, 

will  coincide  with  the  successive  corresponding  positions 
of  the  line  ABi  and  the  observations  made  in  Art.  459 
and  4i60,  and  elsewhere,  respecting  the  representation  of 
the  different  positions  of  a  line  may  be  transferred,  with- 
out any  change,  to  the  case  which  we  are  now  considering. 


611.  If  the  plane  surface  was  not  rectangular,  but 
bounded  by  any  other  figure,  whether  rectilinear  or  not, 
whose  area  was  arith  miotic  ally  equal  to  ab,  or  a%  and 
which  was  coincident  with  the  rectangle  represented  in  the 
last  Article,  then  it  would  equally  be  represented  in  po- 
ffltioD  and  in  magnitude  by 


Wben  the 

lux  ii  Hat 

rccCugulAT- 


for  the 
affectatiuna  of 


a*  (cos  B  +  y^ 
of  positioi 

by 


-  1  sin  0) : 

I  corresponding  to  different 


would  be  altogether  independent  of  the  form  of  the  area, 
which  o*  may  represent  arithnictically. 

612.     The  projections  of  the  line  AB  upon  the  axes  I 
AX  and  AZ,  or  AC  and  Aff,  are  equal  respectively  to  ^ 
a  cos  6,  and  n  sin  0 :   the  corresponding  projections  ACcc  y 
and  A8Vc  of  the  rectangle  ABbc    upon  the  co-ordinate 
planes  X.4K  and  ZAY  are  equal  to  a 6  cos  9,  and  ab  sin  6 
respectively :  if  the  projections  of  the  line  AB  be  denoted 
by  a  and  ^,  the  line  itself  will  l>e  represented  by 


1  tlie  corresponding  rectangle  by 


H||F*e  call,  therefore,  a  and  /3  the  primary  and  supplemental  P 
"'^fljectiona  of  the  line,  then  nh  and  /3fi,  or  ab  cos  Q,  and  " 
ah  sin  9  may  be  called  likewise  the  primary  and  supple- 
menial  projections  of  the  plane  surface,    which  is  orith- 
r~-*jcally  equal  lo  ab,  and  which  makes  an  angle  6  with 
plane  of  reference  XAY. 
613.     It  follows,  therefore,  tliat  the  representation  of  a  ^^ 
r«ctaiigtdar  plane  area,  under  the  circuui stances  which  wc  f, 
have  considered,  is  dependent  upon  the  representation  of 
line  which  may  be  called  its  moduluay  which  is  in  the 


I 

1  luppli- 

I 


■m 


same  plane  with  it,  and  perpendicular  to  its  intetsection 
with  the  plane  of  reference :  if  the  position  and  magnitude 
of  the  modulus  be  inferred  from  its  algebraical  represent- 
ation, then  it  is  obvious,  that  tlie  same  algebraical  repre- 
sentation will  equally  correspond  to  all  moduli  which  are 
equal  and  parallel  to  each  other :  it  will  equally  follow, 
therefore,  that  all  equal  plane  surfaces  which  correspond  to 
such  moduli,  or,  in  other  worda,  all  equal  plane  surfaces 
which  are  parallel  to  each  other,  will  have  the  same  alge- 
braical representation :  it  is  for  this  reason  that  we  shall 
confine  our  attention  to  the  same  modulus  which  passes 
through  the  origin  of  the  co-ordinates  for  all  planes  whose 
moduli  are  parallel  to  it :  and  since  there  is  no  necessary 
connection,  independently  of  other  data,  between  the  length 
of  the  modulus  and  the  area  of  the  corresponding  plane 
surface,  we  shall  regard  the  position  of  the  modulus  only, 
and  not  its  magnitude,  in  the  enquiries  which  follow. 

61 4.  If  we  call  the  plane  pass- 
ing through  the  modulus  at  right 
angles  to  the  plane  of  referenre, 
which  is  ZAX  in  the  figure  in 
Art.  610,,  the  relative  plane,  then 
we  may  conceive  this  plane,  with 
the  modulus  and  its  corresponding 
plane  surface,  to  move  round  AZ 

as  an  axis,  into  any  other  position,  such  as  ZAC  in  the 
figure  before  us,  making  an  angle  <p  or  XAC  with  its 
primitive  position :  under  such  circumstances,  the  angle 
SAC  (9)  which  measures  the  inclination  of  the  given  plane 
surface  to  the  plane  of  reference  XAY,  remains  unaltered: 
and  if  o'  represent  the  area  of  this  surface  in  its  proper 
plane,  then  the  surface  continues  to  be  represented  in  mag- 
nitude and  also  in  position  with  respect  to  the  plane  of  re- 
ference by 

«' (cos  $  +  >J  —\  sin  6). 

613.     The  supplemental  projection 

a"  sin  6  or    o*  an  6  ^7  — l 


I 


aHieidered)  maki 

ordinate  plane  ZAX:  for  this  is  the  angle  made  by  the  n 
frcwe  of  the  supplemental  projection,  or  by  its  section  with 
the  plane  of  reference,  with  AX,  which  is  the  measure 
likewise  of  the  angle  mode  by  one  plane  with  the  other: 
the  primari/  and  supplemental  projections  of  a'  sin  0  upon 
the  co-ordinate  planes  ZAX  and  ZA  Y  are,  therefore, 

—  a'  sin  $  sin  ^  and  a'  sin  $  cos  (fi, 

which  are  likewise  equal  to  the  projections  of  the  given 
plane  upon  the  same  co-ordinate  planes- 

If  we  should  assume  6'  and  9"  to  represent  the  angles 
of  inclination  of  the  given  plane  to  the  planes  ZAX  and 
ZAi',  then  the  projections  upon  those  planes  are 


and  I 


sd"; 


it  follows,  therefore,  that 

o'  cos  0*  = 
and  a*  cos  ff'  = 


a*  ein  0  o 


616.     If  we  add  together  the  squares  of  the  several 
projections  upon  the  co-ordinate  planes,  we  shall  6nd 

a*  (cos'  $  +  cos'  ff  -{-  cos'  0") 

*=  a*  cos*  6  + a*  sin*  B  sin'  ip  +  a*  tin*  6  cos*  <p 

=  \t*  {cos*  fl  +  sin'fl  (sin"  ^  +  coa*  <f})\ 

3=  a*  (coe'e  +  »m-e)  =  a*.. 

the   sum  of  the  squares  of  the  several  projectione  i 
[ual  to  the  square  of  the  area  of  the  plane  surface. 

617-     II  follows,  therefore,  that  the  position  of  a  plane  OmStamt  ' 
surface  will  be  given,  if  its  inclination  to  the  plane  of  re-  Zmine  ii 
ference  and   the  position  of  the  relative  plane  be  given :  pmition  of 
r  if  its  inclination   to    the  plane  of  reference,    and  the  '  ^'"' 


pro 

I 


Different 
algcbnical 
mode*  or 

isg  A  pUae 

poBtionam 


position  of  its  trace  upon  t 

its  inclinations  to  any  two  co-ordinate  planes  be  givi 

cos*  0  +  cos'  &  +  cos*  6"  =  1, 

and,  therefore,  any  two  of  the  quantities  $,  ff,  &',  will 
determine  the  third:  and  if  any  two  of  them  be  given, 
then  9  and  ^  may  be  determined  from  the  equations  in 
Art.  616. 

618.     A  plane  will  be  completely  represented  in  mag- 
nitude and  position,  by  the  two  independent  expressions 

tt' cos  9  +  o^  s/^^1  sine (a), 


—  a'  sin  d  sin  ^  +  ^  —  \  a*  sin  B  co9  0 ()3). 

where  a*  cos  9  expresses  the  primary  projection  of  the 
plane,  o'  ■^/— 1  sin  B  its  supplemental  projection,  and 
where  the  second  expression  (/3)  represents  in  a  similar 
manner  the  supplemental  projection  referred  to  the  co- 
ordinate plane  which  makes  an  angle  (p  with  the  relative 
plane. 

In  a  similar  manner,  if  —  *  sin  ^  +  ^  —  \t  cos  (^, 
expressed  the  position  and  magnitude  of  the  trace  of  the 
plane  surface  upon  the  plane  of  reference,  d  its  inclination 
to  that  plane,  and  if  a(  =  «*,  then  the  position  and  mag- 
nitude of  the  plane  surface  would  be  expressed  by 


)  +  V*  -  1  o'  sin  0  .. 


•  («). 


at  sin  tf  sin  ^  -t-  ^  —  I  a 


■OT- 


619.  If  a,  /3  and  y  represent  the  projections  of  a 
plane  surface  {a")  upon  the  three  co-ordinate  planes,  then 
wc  should  have 
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a  a  Planes  re- 

COS  9  =  -7—5 -TT- =  -J  ,  MMented 

/3  )3  mMnitndft 

COS  ff  =  —77-3 7^5 5-  =  -;  J  and  podtkiii 


cos  0"  7 

COS0'                -/8 
sin  <T)  =  —  — =:  . 

^  sine       V/(j3^  +  7«) 

Under   such   circumstances,    the   corresponding  plane 
will  be  represented  in  position  and  magnitude  by 


dicir  pro* 
jecdoot. 


a  +  J-lVilS'+y-), 
and 

or  by 

and 

620.     In  order  to  exemplify  the  preccdinir  formulae,  Algetaiktl 
let  it  be  required  to  represent  the  faces  of  a  regular  tetra-  doooftlie 
hedron  by  means  of  them.  feceirfa 

"^  Rgukr 

For  this  purpose,  we  shall  commence  by  assuming  the  *^*'"'*"'"' 
base  of  the  tetrahedron  for  the  plane  of  reference,  and  one 
of  its  edges  t  to  coincide  with  the  principal  axis:  under 
such  circumstances,  thp  traces  of  the  three  inclined  faces 
will  be  represented  by  /, 

/(cos—  +7-1  sin  yj, 

3P 


\ 


48S 
and 


if  the  area  of  each  face  be  t^.=at,  then  the  planes  cor* 
responding  to  those  traces  will  be  represented  by 

since  008 —=--,  and  sin —  = —j  , 

a/  COB  0  +  ^  —  1  a/  sin  0,  and—  at  sin  0 (1), 

a<  cos  0  +  V  — 1  a<  sin  d,-v 

./sind(5  +  7-l^)i 


(si 


and 


and 


a^  cos  d  +  ^  —  1  a#  sin  fl,N 
a/ sin  0  (g  -  ^31  ~)  J 


Aritfameti.         The  sum  of  the  three  primary  projections  is 
^.P^f^  3a/  cos  e  =  at, 

and,  therefore, 

1 
cos  e  =  5 ,     and  e  =  70^32', 

which  is  the  angle  of  inclination  of  the  faces  to  each  other. 

The  sum  of  the  projections  upon  each  of  the  two  co- 
ordinate planes  at  right  angles  to  the  plane  of  reference 
will  be  equal  to  zero. 

Algebndcal  621.  We  have  considered  the  primary  projections  of 
projectbns  ^^^  inclined  faces  as  possessing  the  same  algebraical  sign, 
uponUie  a  circumstance  which  must  take  place  when  they  are  de- 
plaiMs  are  rived  from  the  expressions  for  those  planes  considered  with 
■^''^"Dy  regard  to  the  plane  of  reference  only :  but  if  we  consider 
the  position  of  those  primary  projections  with  reference 


KVO. 


to   the   traces   of  the  inclined  faces,   tlien   they    will   be 
tetpectivelj  represented  by  at  cos  9, 


when  their  sum  will  be  equal  to  zero,  equally  with  the 
sums  of  the  projections  upon  the  other  co-ordinate  planes. 

622.     Again,  let  it  be  required  to  represent,  in  a  simi- 
lar manner,  the  several  faces  of  a  parallclopipedon. 


Algebr^cal 


Ki 


Let  /,  (",  i'  represent  three  adjacent  edges  of  the  solid, 
let  *  and  t  coincide  with  the  plane  of  reference,  and 
i  with  the  principal  axis :  let  A,  A\  A"  be  the  angles  made 
by  t  and  t',  t  and  t",  t'  and  t" :  and  let  B  and  6*  be  the 
angles  of  inclination  of  two  adjacent  inclined  faces  of  the 
solid  to  the  plane  of  reference :  it  follows,  therefore,  that 
the  traces  of  the  inclined  faces  are  represented  respectively 
by  t, 

i'  (  —  cos  ^  +  ^  —  1  sin  A), 


oflbe 


t'  (cos  A  —  yf  —  1  sin  ^)  : 
1  the  corresponding  planes  are  represented  by 
(("  sin  A'  (cos  B  +  ^  —  1  sin  6),! 

and  (C  sin  ^' sine \"" 

H'  sin  ^'  (cos  B 


•0). 


*  Since  tbe  o|)po9ite  planea  arc  parallel,  it  will  fallow  Ib»l  tbe  perpcn- 
n  any  poiiiU  in  one  of  tliviu  upon  (be  other,  ore  cqiial  to  eacli 
'  sin  A'  tin  'i^i''  sia  A"  tin  ',,  mil,  tbetcfure,  any 
d  9,.  will  determine  tlie  fourlli. 


M  of  Ihc  cjuinliticj  A 
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1  sinji)...(2), 


and  ( i'  sin  A'  sin  fj,  (  -  tos  A  + 

-  /i"  sin  A  0 

,     and  —  tt"  sill  J'  sin 

f'i"  sin  A'  (. 

and  ('/"  sin  A  sin  9^  (cos  J  —  ^  —  1  sin  ^) 

The  remaining  face  of  the  solid  is  parallel  and  equal 
to  the  base,  and,  therefore,  represented  by  tt'  sin  A  :  but' 
if  it  is  considered  with  reference  to  its  proper  algebraical 
sign,  as  determined  by  the  sign  of  t  in  one  case,  and  by  that 
of  —  <  in  the  other,  then  it  will  be  found  to  be  denoted  by 
—  tt'  sin  A,  if  the  base  be  ti  sin  A,  or  conversely. 

If  the  primary  projections  are  required  to  be  repre- 
sented in  position  upon  their  proper  plane,  as  well  <^ 
jn  magnitude,  then  we  sliall  find   their  algebraical  sum. 


tf  w\A  cos  $  +  t't"  sin  A"  co8  0_  (  —  cos  J  +^  —  1  sin  A} 

—  tf  an  A  COB  0+t'^'  lun  A"  cob  B^  (cob  ^— ^  — lain  A)=Of 

which  is  equal  to  zero  equally  with  the  sum  of  the  projec* 
tions  upon  the  other  two  co-ordinate  planes. 

Ennoda-  623.     The  general  conclusion,  of  which  the  one  just 

aenenl'ibe-  P^™  *"*?  ^  considered  as  a  particular  case,  is  as  follows: 

■perting  "  The  algebraical  sum  of  the  projections  of  any  bounded 

^ggjfg,        solid  contained  by  plane  surfaces,  upon  a  co-ordinate  plane, 

whose  signs  are  determined  by  the  signs  of  the  traces  of  its 

edges  upon  it,  is  equal  to  zero." 

The  equations  which  arise  from  this  general  property  of 
solids  correspond  to  the  equations  of  figure  of  bounded 
plane  figures;  and  it  would  be  possible  to  trace  a  similar 
analogy  between  other  algebraical  properties  of  solids  and 
plane  figures,  particularly  with  reference  to  the  conditions 
which  determine  them,  or  which  deteriniae  the  simil&rity 
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ot  solids  to  each  other :  the  great  extent,  however,  to  which 
such  enquiries  would  necessarily  lead  us,  compels  us  to 
omit  them. 

624.     In  Article  496,  and  in  those  which  immediately  I>eteimi- 

'  1  nation  of 

follow  it,  we  have  determined  the  n  values  of  (!)•,  which  thenv»- 

'  I         lues  of 

lead  likewise  to  the  determination  of  the  n  values  of  (a)  •,  if  (a-f*  -i/ZT)' 

the  corresponding  arithmetical  root  of  a  could  be  assigned :  ^^ 

in  a  similar  manner,  we  shall  be  able  to  determine  the  ,      ,     . i 

n  values  of  (a  +  6  y/  -  1)",  or  of  (a  —  6  ^—  1)":  for 


=  p  (l)i  (cos  e  +  ^/■^  sin  0)K 
if  p  be  the  arithmetical  value  of  (o^  +  6*)«^,  and  if 


1 

»^ 

n 


COS  d  = 


but 

,-^1  2y7r  , — ^  .     2'y'jr 

(1);:  =  cos -i-  +  ^  _  1  sin  -f- 


and  (cos  fl  +  ^  -  1  sin  0)- 
=  CO,  (H:)^)  +  V3T  sin  (!3L^)  . 

where  7  and  7'  are  any  terms  of  the  series  0,  1,  2,  3, .... : 
consequently 

(!)•  (cos  e  +  ^  —  1  sin  Qy 

=  (  cos  — —  +  v  —  1  sin  '-J— )  X 
\  n  n   / 
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=cos  (i(l±^V±£)  +  V^ .  sin  (^^h±^JL±^ 

=  COB  (H2^)  +  yiTT.  sin  (Hl^)  , 

replacing  7  +  7'  by  7,  since  they  equally  designate  terms 
in  the  same  series. 

It  follows,  therefore,  that 

(a  +  6  nA^T)- 

and,  in  a  similar  manner,  we  shall  find 

(o  -  6  y^H)- 

from  these  expressions,  all  the  values  (which  are  n  in  num- 

ber)  of  (a  +  6  >/  —  1)"  and  (a  —  6  ^y/  —  1)"  may  be  de- 
termined. 

Ezamplet.         625.    As  an  example,  let  it  be  required  to  calculate 
the  values  of 

{25  t  ^(-104)}t 

In  this  case 

p  =  (a«  +  fe*)"^  =  (729)^  =  3, 

25 

and  cos  fl  =  — T- ,  and,  therefore,  0  =:  22°  .  12^. 

27 

Consequently,  the  three  values  required  are 
3(cos7°.24'+  .y;^^  .  sin  7° .  24') 
=  2.9760136  +  .3863868  ^^TT; 
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3  (cos  127« .  24'  +  y  ITT. sin  127« .  24') 
=.  —  1.8221274  +  2.3832438  V^HT ; 

3  (cos  112" .  36' -  V^^  .  sin  112»  .  36) 

==  -  1.1528859  -  2-7696306  V^H^. 

The  corresponding  geometrical  values  are  three  lines 
equal  to  each  other  and  to  3,  making  angles  of 

T  ■  24',  127*  •  24',  and  247° .  24',    or  -  112" .  36', 

with  the  primitive  line  or  axis. 

Again,  let  it  be  required  to  calculate   the  different 
values  of  the  expression 

The  three  values  of 

calculated  as  in  the  last  example,  are 

(a)  1.6+1.4434,^^1, 

03)  -2+  .5773  v^^n, 

(-y)  .5  -  2.0206  »J~^. 

The  three  values  of  \/ j  -  6  -  \/  i  -  ~^)  J  ,  are 

ifx)  1.5-1.4434,^31, 

(/T)  -2-    .5773^31, 

(7')  .5  +  2.0206  J~^. 


The  nine  diflFerent  values  nf  the  proposed  expression, 
which  result  from  combining  the  values  of  tlie  first  aad 
second  parts  of  it,  are 

(1)  (a)  +  (a)  =  3, 

(2)  (3)  +  W=-«, 

(3)  h)  +  W)  =  1. 
{*)  (o)  +  O?)  =  -  .5  +    .8661  V^) , 

(5)  (/J)  +(„■)=_  .5  -     .8661  7T"l  S  ' 

(6)  (a)  +  (V)  =        2  +  3.*640  n/^  ) 

(7)  (7)  +  («■)  -        2-  3.4640  7~  (  ' 

(8)  ((3)+(V)=-1.6+ 2.5979^^1). 

(9)  (7)+ (/3-)  =  -1.5- 2.5979  V^i 

The  pairs  of  values  a  and  a',  /3  ami  ^',  y  and  -y',  may 
be  considered  as  representing  lines  which  are  severalljr 
equal  to  each  other  and  to 


x/ 


13 


2.0818. 


and  which  are  placed  at  angles  of  43^.54',  163'*.d4',  and 
76°.6'  on  each  side  of  the  primitive  line:  the  sums  of  those 
pairs  of  lines  which  make  e^ual  angles  with  the  primitive 
line,  or  the  diagonals  of  the  parallelograms  constructed 
upon  them,  coincide  with  the  primitive  line,  and  are  de- 
noted by  3,  —  4  and  1  respectively :  the  remaining  sums 
form  pairs  of  Lnes  making  equal  angles  with  the  primitive 
line:  the  first  pair  of  these  sums  are  severally  equal  to  1, 
and  make  angles  equal  to  120°,  the  second  equal  to  4 
making  angles  equal  to  60",  and  the  third  equal  to  3  and 
making  angles  equal  to  120°,  with  the  primitive  line. 


626.     The  values  of  (a  +  b  ^  —  1)*,  or  of  combina- 
ti(ms  of  such  quantities  may  be  estimated,  therefore,  in  the 
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same  manner  as  the  values  of  (a)  •,  or  of  combinations  The  num- 
of  them :  in  one  case,  we  multiply  the  arithmetical  root  j^^  ^^^ 

into  the  n  values  of  (1)-  or  (  —  1)";  in  the  other  case,  (a-f6\/^y 
we  multiply  the  arithmetical  root  into  the  n  values  of    ^of 

it  appears,  likewise,  that  all  the  values  of 


\ 


a 

+ 


may  be  found  by  multipljdng  one  of  them  into  the  dif- 

ferent  values  of  (1)":  but  under  no  circumstances  can  the 
number  of  such  values,  which  are  symbolically  different 
from  each  other,  in  whatever  manner  they  are  determined, 
be  made  to  exceed  n:  it  is  necessary  to  attend  to  these 
observations,  in  order  to  ascertain  and  exhibit  the  complete 
equivalence  of  different  expressions  which  involve  them, 
which  are  deducible  from  each  other. 


Theeom- 


627.     Thus,  the  equation  ^T!^ 

which  is  complete,  when  n  is  a  whole  number,  exhibits 
the  arithmetical  root  only,  when  n  is  a  fraction:  in  order 
to  be  complete,  generally,  it  must  be  put  under  the  form 

(1  +  a^)»=  (!)•  h  +  «a;  +  ^XT^  ^  +  &c.  I 
=  (cos  2'ynx  +  v  — 1  sin  27»nr)  x 

The  equation 

C,       n«       n  (n  — 1\  «*       .     ) 

sq 


in  complete  under  all  t-ircu instances :  for  a"  is  equivalent  to 
a"  [c08  27nir  +  ^  -  I  sin  27nw},  where  a"  is  the  arith- 
metical value  of  a",  corresponding  to  7  =  0 :  but  if  the 
Bame  equation  was  exhibited  under  the  form 


(o  +  ai)"=  a"+ no"    'jr  + 


1.2 


.'+  &c. 


ri 


of  B  seriei 

diS«ient 
from  the 


then  it  can  only  he  considered  aa  complete  upon  the  sup- 
position that  the  same  value  of  7  was  assumed  in  every 
case,  when  a",  a"~^,  a"'*,  &c.  were  replaced  by  their 
equivalent  forms 

a"  {2yn7r  +  -^  —  1  sin  27?t7r)i 

a""'  jcos  27  (n  -  1)  -n-  +  -^  —  \  sin  2y  (n  —  1) 

a"-«  jcos  27  («  -  2)  fl-  +  ./^l  sin  27  (n  -  2)  ir\y  &c. 

628.  This  last  remark  is  extremely  important,  inas- 
['  much  as  it  will  impose  upon  us  a  very  different  course  of 
proceeding,  when  we  are  required  to  estimate  the  values 
of  a  series  involving  fractional  indices,  considered  as  the 
result  of  a  developement,  and  when  considered  absolutely 
without  reference  to  its  origin :  thus,  the  series 


i^aai  —  -  .  — 7- 


1.1 


1.1.3 


l/«       2».  1  .  2  ■ 


continued  indefinitely,  would  have  an  infinite  number  of 
values,  arising  from  the  different  combinations  of  positive 
and  negative  values  of  its  several  terms :  but  if  the  same 
series  be  considered  as  the  developement  of  ^  ax  —  .f*, 
then  it  is  at  once  reducible  to  the  equivalent  form 


n/« 


1.1    «« 
'  a".  1 . 2  ■  ?  ■ 


which   necessarily   possesses   the    same  number   of  values 
with  the  function  from  which  it  is  derived  and  no  more. 


I 
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629.  Ill  considering  the   oature  of  the    scries    which  ^l*  n»tui»" 
may  be  supposed  to   correspond  to  ilie  developements  of  m»T  be  in 
ssngned    expressions,    or    which   may  be  supposed   to  re-  "?"  ~f^^"* 
present    quantities   whether  algebraically   expressible   in  a  from  ihe 
finite  form  or  not,  it  may  be  at  once  inferred  that  the  series  ^.^ifp" 
con  admit  of  no  more  values  than  the  expression  or  quan-  r«lu»  of 
tity  from  which  it  is  derived:  if  the  value  of  the  quantity  1;^"^™" 
be  single,  therefore,  there  can  be  no  fractional  indices  in  "hithii 
its  developement :    if  double,    there  must  be  a  fractional 

index  whose  denominator  is  2,  involved  in  one  term  at 
least :  if  triple,  there  must  be  a  fractional  index,  whose 
denominator  is  3,  and  so  on  m  other  cases. 

630.  In  many  cases  formula?  have  been  deduced  upon  lomiigB. 
ft  particular  hypothesis,  and  afterwards  generalized,  without  ^^fj^ 
ft  sufficient  attention  to  the  influence  of  the  hypothesis  upon  (a  co*?-)-. 
the  result  which  is  obtained :  or,  in  other  words,  the  prin- 
dple  of  the  permanence  of  equivalent  forms  has  been  tacitly 
asEumed  to  apply,  before  the  forms  themselves  were  in  a 
Mate  adapted  to  its  application  :  as  an  example,  where  auch 
errors  both  have  been,  and  may  Ik,  committed,  let  us  con- 
'■der  the  following  equivalent  form  of  (cos  ai)". 

Since  2  cosjr  =  e'  +  6~',  Art.  470,  it  follows,  that 

f  2'"(cos»)»  =  e""  +  me""-'"+        \     a        «  +  ^ic. 


»cos{»7i-2).i; 


-  cos  (m  —  i)  .V 


-1  jsin  ffl.r+msin  (wi— 2),r  + 


i.{m--[) 


sin  (m—  i)j'  +  !ic.  J ; 


",  &c. 


replacing  e"',     e'""   "'* 

by  COB  m  J  +  -^  —  1  sin  m  x, 
COS  (m  -  2)  .r  +  V"^  >*'"  ("» -  2)  r. 
cos  (m  —  4)  ^  +  ^  —  1  sin  (tn  —  4)  .r,  &c. 
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ii^J^'  If  we  assume  p  to  represent  the  arithmetical  value  of 

▼rfae.         2"  cos  of*,   which   is  determined  without  reference  to  its 
sign,  then  its  complete  value  is 

p  (cos  2m77r  +  \/  — 1  sin  2f»77r), 
when  cos  x  is  positive,  and 

p  {cos  w  (27  +  1)  TT  +  y/  — 1 .  sin  m  (27  + 1)  ir} , 

when  cos  <v  is  negative  :  and  since  cos  x  is  the  same,  if  x 
be  replaced  by 

A-f2ir,     tr4-47r,     ...  a?  +  277r,  &c., 

it  will  follow  that  the  equation  will  be  complete  when  put 
under  the  form 

g^htt.  P  (^)"  ^"^  P  (-0"*=  cos  m  (^  +  27.r) 

+m cos  (fi»— 2)  (a?+27ir)  H ^  cos  (f»-4)(^+27gr) 

+  y/  —I  {an m(a>  +  iyv)  + »» sin (m -  2)  (»  +  27ir) 

+  ^^^^^sin(m-4)(/p+27,r)  +  &c.}  (1). 

\  If  m  be  a  whole  number,  there  is  only  one  value  of  each 

member  of  this  equation :  but  if  m  be  a  fraction  such  as 

1         p 

-  or  —  ,  then  the  number  of  values  of  each  member  of  the 
n        n 

equation  is  n,  and  no  more, 
lu  com-  631.     If  we  agree  to  denote 

plete  yaloe 

Mtpressed  COS  m  (o?  -f  277r)  4"^  COS  (f»  —  2)  (a?  +  277r) 

abbreviated  .  ^  v 

form.  ^  !^?_ni?  cos  (f»  -  4)  («  +  27  tt)  +  &c. 

1    .   ^ 

by  JCy  5  and 

sin  w  ( i^  +  277r)  +  m  sin  (m  —  2)  (a?  -f  277r) 

w  (m  — 1)     .     ,  ...         <*       X       e 

-f-  — ^i— - — -  sm  (w—  4)  (a:  4-  277r)  +  &c. 
1 .  ^ 
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When 
CM  xia 
ncgftdvc. 


by  JCy\  where  the  subscribed  7  denotes  some  term  in  the 
series  0,  1,  2,  3,  &c.,  then  we  shall  have,  when  cos  j?  is  ^^"». 

,  ,  cosxiipo- 

positive,  sidve. 

p (cos 2myw  +  \/^-l  sin  2my7r)  =  Jfy  +  ^y\/  —  1 ; 
and,  therefore, 

pco^2fnyTr  =  Xy^     and  psin2fnyTr  =  X' ; 

and  when  cos  of  is  negative, 

p  {cos  m  (27  + 1)  TT  +  ^/  — 1  sin  (27  + 1)  ir| 

and,  therefore, 
p  cos  fi>  (27  +  1)  TT  =  Jfy,     and  p  sin,m  (27  +  1)  tt  =  Jf '^ . 
632.     If  f»  be  a  whole  number,  and  cos  a?  inm^ve,  then  •»  •  whole 

number  and 

COS  2m77r  =  1,     and  sin  2i»77r  =  0;  Sref      ' 

therefore  the  only  value  of  2*  cos  .r*"  or  p,  is  Jf,  since  Xy 
is  the  same,  whatever  7  may  be,  and  Xy  =  0. 

If  f»  be  an  efcen  whole  number,  and  cos  «r  negative^  ThSe^nimi- 

then  berand 

001  jr  ncga- 

cosm(27  4-l)7r  =  l,     and  sin  m  (27 +  1)  Tr  =  0;  *iw- 

therefore,  the  only  value  of  2*  cos  a?**  or  p,  is  JT,  since  Xy 
has  only  one  value,  and  Xy  :s  0. 

If  fi>  be  an  odd  whole  number,  and  cos  x  negative j  then  w»  an  odd 

^  whole  num- 

berand 

COS  m  (27  +  1)  ir=  —  1,     and  sin  m  (27 +  1)  '7r  =  0;       co»x  nega- 
tive. 

therefore  the  only  value  of  2*"  cos  x^  or  —  p  is  X^  since 
Xy  has  only  one  value,  and  jr'y  =  0. 


633.     If  m  be  a  fraction  such  as  -  ,  and  cos  «r  po^itive^  m  a  fraction 

n  ^ 

then  p  corresponds  to  7  =  0,  or 

p  =  2*"  cos  i?"*  =  ^o- 


and  cos  x 
positive. 
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For  all  other  values  of  y^  under  such  cdrcumstances,  we 
have 

^  ""  cos  2f»7gr       sm  2f»7ir  * 
If  7  =  0,  we  find 

x:   0 

a  result  which  will  admit  of  interpretation  by  the  aid 
of  principles  which  will  be  established  in  the  following 
Chapter. 

m afinctioo        634.     If  m  be  a  fraction  such  as  -,  and  cos  x  negative, 

•nd  eoi  X       ,  n 

iMgBdTe.      then 

^      COS  f»  (27  + 1)  IT       sin  f»  (27 -f  1)  IT ' 

which  will  equallj^  express  the  arithmetical  value  of 
2**  cos  of*. 

^^•J^"*  It  remains  to  examine  in  what  cases,  under  such  cir- 

majbeex.  cumstances  the  value  of  p^  or  the  arithmetical  value  of 
F^^*»7    2*"  cos  a?~  may  be  expressed  by  simple  values  of  Xy  or 

yaloM  of        Xy  . 

jr  orjr'. 

Let  w  =  —  (in  its  lowest  terms,)  where  p  is  an  even 
n 

and  n  an  odd  number :  in  this  case,  if  we  make  27  -f  1  =n, 
then  cos  m  (27  + 1)  tt  =  cos  />7r  =  1,  and  sin  />7r  =  0 :  con- 
sequently p  =  Xn-i  9  which  is  the  only  value  of  Jfy  or  of  Xy 

~  2 

which  expresses  it :  for  since is  a  whole  number, 

and  n  is  prime  to  p,  it  follows  that  27  + 1  =  n  or  2n 
or  3n,  or  some  term  of  that  series  (Art.  192) :  but  the 

second  of  these  values  makes  7  =  — - — ,  which  is  not 
a  whole  number :  and  the  third  makes  7  = which 
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is  greater  than  n,  and,  therefore,  produces  a  value  of  Xy 
which  is  identical  with  AV--1 ;    similar  observations  apply 

to  all  the  other  terms  of  the  series. 

If  p  and  n  be  both  of  them  odd  numbers,  then  if 
we  make  ^y  +  1  =  t»,  we  shall  have 

008  m  (27  +  1)  ir=:cospir=  —1,     and  sinpir=:0: 

consequently  />  =  —  Xn-\  >  which  is  the  only  value  of—  Xy 

9 
or  of  Xyi  which  expresses  it. 

« 

p.(2'y  +  l) 
If  p  be  odd  and  n  even,  then  ^--^ — cannot  be- 
lt 

come  a  whole  number,  and  there  is  no  value  of  Xy  which 

is  equal  to  p :  but  if  n  be  an  even  number  of  the  form 

2r  (jmpariier  par)  where  r  is  an  odd  number,  that  is,  if 

n  be  any  term  of  the  series  2,  6,  10,  14,  be,  then 

^    '        /  n  2r  2 

if  %y  -|- 1  s  r :   consequently  under  such  circumstances, 

cos  m  (27  + 1)  ir=  0,     and  sin  m  (2^  + 1)  w  =  1,  or  —  1, 

according  as  p  is  a  term  of  the  series  1,  5,  9,  &c.  or  of  the 
series  3,  7)  11>  &c.:  in  the  first  case  we  shall  find,  therefore, 
p  m  X'n      J  and  in  the  second  p  =  —  X'n 

If  p  be  an  odd  niunber,  and  n  an  even  number  of 
the  series  4,  8,  12,  16,  &c.  then  there  is  no  simple  value 
of  Xy  or  of  Xy  which  is  equal  to  p. 


CHAP.   XIII. 


On  Indbterminatb  Gobfficientb. 

^B^and  ggg      The  methods  employed  for  the  determination 

methods  of  of  equivalent  forms,  may  be  considered  as  constituting  two 
equh^^t  <^s^9  according  as  they  are  direct  or  indirect:  direct 
^«™s*  methods  are  those  in  which  the  transition  from  the  primi- 
tive to  the  equivalent  form,  is  efiSected  by  means  of  defined 
or  definable  operations,  such  as  multiplication,  division, 
the  raising  of  powers,  and  the  extraction  of  roots :  whilst 
indirect  methods  are  generally  resorted  to,  when  we  are 
unable  to  express  in  words  or  otherwise  the  nature  of  the 
operation  or  operations  which  connect  the  primitive  forms 
with  others  which  may  be  equivalent  to  them :  under  such 
circumstances,  however,  the  primitive  form  will  commonly 
furnish  us  with  the  conditions  which  the  secondary  form 
must  satisfy,  in  order  that  its  equivalence  may  be  deter^ 
mined. 

To  this  second  class  may  be  referred  the  method  of 
indeterminate  coefficients,  which  admits  of  the  most  exten- 
sive applications,  and  which  may  be  frequently  advantage- 
ously employed,  when  direct  methods  are  likewise  avsdl- 
able :  it  will  be  best  understood,  from  its  application  to  a 
particular  example. 

Examples.  636.     The  fraction —  is  readily  shewn  to  be  equal 

to  the  indefinite  series 

6a?       6*0?"       b^iv^       6^07* 
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by  the  actual  division  of  the  numerator  by  the  denomi- 
nator :  if  we  had  assumed,  therefore. 


=  1  +  A^x  H-  AjB^  -f  A^^  -f  i<^dp*  +  &c. 


a+6j7 


where  ilj,  J^,  J,,  A^^  &c.  are  indeterminate  coe£Scients,  it 
is  obvious  that  the  required  conditions  would  be  satisfied, 
if  we  made 

In  this  case  we  have  commenced  with  the  develope- 
moitof  the  series,  and  we  consequently  gain  nothing  by 
subsequently  assuming  a  series  with  indeterminate  coeffi- 
cients :  but  if  we  had  begun  by  assuming  in  the  first  in- 
stance, from  our  knowledge  of  the  form  of  the  series,  in 
whatever  manner  derived, 

=  1  +  A^x  +  AoX^  +  A^a^^A^x^  +  &c 


a-k-hx 


md  had  ooiisidered  that  ^ — ,  and  the  equivalent  sarjyes, 

a+bx 

must  produce  the  same  result,  when '  multiplied  by  the 

same  quantity  a  +  bxj  then  we  should  get 

a 

X  (a-^bx) 


a-^bx 

=  (a  +  bx)  (1  +  A,x  +  A^x^-h Ayv"  +  A^^  +  &c)» 
or  a  =  a  +  (ii^a  +  6) .r  +  (A^a  -f  ^,6)  .r'  +  (A^a  +  A^b) a^ 

+  (A^a  -f  A^b)  X*  +  &c. ; 

two  results,  which  ,can  only  become  identical^  by  supposing 
the  coefficients  of  x  and  of  its  powers  in  the  second  of  them 
to  be  severally  equal  to  zero :  consequently  we  have 
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.  b 

ifja+    6   =0,  and  ,\  J^  = ; 


Jf^a-^J^b^Of  and  .-.  J^  =s  ^  — 


-ija^ -4^6  =  0,  and  .•.  ^3  =  — 


a 

a'' 

0 

6» 
a" 

J,b 

6« 

• 

i<4a  +  ^,6  =  0,  and  .-.  ^ .  «  —  j, 

^ 

we  should  thus  obtain  the  law  of  the  indefinite  series  which 

is  algebraically  equal  to -— ,  without  the  necessity  of 

resorting  to  the  operation  of  the  division  of  a  by  a  +  bw. 
Again,  let  us  assume,  as  a  second  example, 
a  +  6^ 


o+p^+T^ 


An  +  i<i  A*  +  J^ar^  +  A^^  +  &c., 


where  the  first  term,  which  involves  no  power  of  d?,  is  de- 
noted by  Aq^  and  the  other  coefiicients  by  the  indeterminate 
quantities  A^y  A^j  A^,  A^y  &c.,  the  subscript  number 
being  in  each  case  equal  to  the  index  of  w  in  the  corre- 
sponding term :  if,  therefore,  the  series  assumed  be  equi- 
valent to  the  primitive  form,  we  shall  have 

d  +  btV  ^ 

-^  X  (a  +  fiaf  +  yof^) 


a  +  /3a?  +  y*v^ 
=  (a  +  i3/r  +  7a?')  {A^^  A^x  i-A^^v^ +  A^a/^ +  Sic.]; 
and,  therefore, 

a-^bjp  =  AQa  -^^  Aiaiv  +  A^aw*  +  A^aof"^  +  A^aa;^  +  kc. 

4-  ^g/3.r  +  A.fia^''  +^2)8^*  -f  A^fia:^  +  &c. 
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In  order  that  these  two  results  may  be  identictU  with  each 
other,  we  must  have 

il^a=a,  and  .'• -4^  =  -  f 

CI 


A,a  +  J^fi^by  and.-.  ^j= o^  =  .  _-?, 

a         a         a        a 


a  a 


bfi^a^      ay 
a  a  a 


^a  + J,^+^i7  =  0,  and  .-.  ^,  z=  -  :^  _  :£i2. 


The  examination  of  the  formation  of  the  successiye 
terms  of  this  series  would  sheifr  that  any  one  coefficient 
after  the  second  was  formed  by  multiplymg  the  two  pre- 

ceding  coefficients  by and  ^  respectively,    and 

coniiecting  the  results  together  with  their  proper  signs: 
similar  observations  may  be  made  with  tespect  to  the 
fismiation  of  the  successive  terms  of  other  series  derived  in 
a  similar  manner,  as  well  as  to  many  others* :  thus,  if  we 
assume 


we  shall  find 


•  Sacb  series  are  sometimes  called  rteurring  series,  and  the  multipliers  Scale  of  re- 
connected with  tlieir  proper  signs,  constitute  the  iatU  ^  relation:  thus  the  latioo. 

scale  of  relation  of  the  scries  we  have  just  considered,  is :   and  tlie 

scale  of  rehitiott  of  the  scries  which  follows  b  —  «— i8— y. 
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Jj  +  A^a  =  6, 

^+i<,a  +  ^,/3  +  ^o7.-=0, 

and  it  appears,  therefore,  that  the  coefficient  of  any  one 
term  of  this  series  after  the  third,  may  be  formed  by  multi- 
plying the  coefficients  of  the  three  preceding  terms  by  —  a, 
— /3,  and  —  y,  respectively,  and  ix>nnecting  the  results 
with  their  proper  signs. 

Ideadtror         Q^fl,     The  determination  of  the  assumed  indeterminate 

obtamed.     coefRcients  in  the  preceding  examples,  (and  the  same  will  be 

the  case  also  in  those  which  follow)  supposes  the  algebraical 

id&niiijf  of  tlie  i^uktf  wbicb  are  produced^:  thus  the  aeries 

which  is  equivalent  to  — — -—  must  be  of  such  a  kind,  that 
^  a+bx 

if  it  be  multiplied  into  a  +  bjp^  it  will  produce  the  same 

a 

result  as  the  product  of and  a  +  bof:  and  inasmuch 

*^  a-tbs 

as  the  result  in  the  latter  case  is  a,  the  result  Ukewise  in 

the  first  case  must  be  identical  with  h,  and  oonsequentljr 

the  first  t^hn  of  the  prodoet  must'  be  aj  and  the  coeffidentu 

of  all  the  other  terms  must  be  equal  to  zero :  for  under  no 

other  circumstances  can  the  assumed  series  be  considered  as 

equivalent  to  — :  the  same  observations  may  be  very 

I  readily  adapted  to  the  other  series  which   we  have  con- 

sidered. 

638.     If  .two  series  or  expressions  such  as 

a^  +  a^j7  +  «2^'+  «3.»'  +  &c. 

4q  +  Ay  X  +  A...r  +  Ayv^  +  &c. 


be  identical  wjili  each  other,   they  must  not  only  present  s^ 
themselves  undcf  the  same  form,  but  tlie  coefficients  of  the  gi 
corresponding  terms  arranged,  if  possible,  according  to  the  v 
powers  of  tlie  same  letter,  or  of  the  same  combination  of 
letters,  must  be  equal  to,  and  identical  with,  each  other : 
thus,  in  the  case  before  us,  we  must  have 

HaA  90  on :  it  is  the  fulfilment  of  these  conditions  which 
constitutes  the  identity  of  such  expressions,  and  which  may 
in  all  cases  be  considered  as  equivalent  to  the  definition  of 
the  meaning  of  the  term. 

639.  Wchavcbefore(Art.]31.)hadoccasiontoconsidcr  l> 
the  meaning  of  the  term  equivalent,  as  the  interpretation  of  ,j 
Ihe  meaning  of  the  sign  =  ,  placed  between  two  cxpres-  '' 
aons,  which  arc  deducible  from  each  other,  or  from  a  third  '^ 
CSpression,  by  the  ordinary  laws  and  operations  of  j\lgebra : 
i(  would  from  thence  apjwar,  that  exprettsions  which 
identirnl,  were  also  eiptivaleni,  but  not  conversely: 

—  is  equivalent  to  a"^  +  «.c  +  .v",  but  not  iden- 

a  —  .v 

with  it,  inasmuch  as  it  does  not  present  itself  under 
same  form :  and  the  same  remark  applies  to  all  other 
pain  of  expressions  connected  by  the  sign  =  ,  where  the 
Iran^tlon  from  one  to  the  other  is  eflected  by  means  of  an 
Itlon,  whether  definable  or  not :  but  if  two  expressions 
series  under  the  aame  form  present  themselves  as 
uivalent  to  a.  third  expression,  then  tlicy  must  be  iden- 
tical with  caeh  other,  in  order  that  they  may  satisfy  the 
deflnition  of  cqiuvalence;  and  the  corresponding  terms, 
whether  involving  coefficients  which  were  assumed  to  be  ^ 
indeterminate  or  not,  must  be  identical  with  each  other.         » 


Hir    se 

^■hquivf 


640.  The  process  for  the  conversion  of  expressions  into 
others  which  are  equivalent  to  them  under  an  assigned  form, 
4q>pears  to  assume  arbitrarily  the  existence  of  such  equivalent 
fornis,  wiiether  they  really  exM  or  not :  a  little  considcra- 
tibn,  howevo-,  will  shew  that  ihc  process  employed  for  the 


wilh  Indc- 
IcnninaU 
mcflidniis 


Bob 


determination  uf  the  indeteriniiiate  nicmlvcrs  of  the  assumed 
iteries,  must  involve  tlie  conditions  upon  which  the  «qui- 
valeDce  of  the  two  expressions  depends :  the  failure,  there- 
fore, in  the  determination  of  the  coefficients  which  were 
improperly  or  unnecessarily  assumed,  or  their  entire  dis- 
appearance from  the  final  result,  would  furnish  the  proper 
correction  of  the  first  assumption,  or,  in  other  words,  might 
be  considered  as  the  proper  indication  of  the  non-existence 
of  the  e(|iiivalent  expressii^  or  series  under  the  form  whicli 
was  assigned  to  it. 

C41.     Thus,  if  we  should  assume 

Z =    -^    +     J^-^-A.W+AjOf'  +  tl.C; 

1  +  .F         a- 

and  proceed  to  the  determination  of  the  indeterminate 
c-oeHicients,  by  the  comparison  of  the  terms  of  the  two 
resulting  identical  expressions,  we  should  find^_,  =  0,and 
therefore  the  assumption  of  a  term  which  can  have  no 
existence  in  the  equivalent  expression  or  series,  will  lead 
to  no  error  in  the  final  result :  again,  if  we  should  assume 


1-a 


1  +a'- 


—  =  J^  +  A,^ 


■''  +  A^ai^  +  A^il!*  +  jijj 


t-8:c. 


and  proceed  in  a  similar  manner  to  the  determination  of 
the  several  coefficients  of  the  series,  we  should  find  A,t  ^,» 
Af,  and  all  the  coefficients  of  the  terms  which  involve  odd 
powers  of  x,  severally  equal  to  zero,  and  the  correct  series 

\  _2,B-  +  3x* -  5x'  +  8./—  &c. 
would  be  determined  in    the   same  manner  as  if  we  hud 
commenced  with  the  assumption  of  the  scries 

Ag  +  Ai.T°  +  J,**  +  Agi"  +  &c. 

in  which  all  superfluous  terms  were  omitted. 

642.  Though  the  correct  assumption  of  the  form  of 
the  equivalent  series  in  the  first  instance,  is  not  essential 
to  the  correct  determination  of  the  series  itself,  yet  it  will 


4B(H%    or   Iwa  simplify  the  process  for   tliat   purpose,  by  Ohstrm- 

ieasening  the  number  of  (juantitics  to  be  detemiineil,  and  ^^^  „,  ,„ 
not   encumbering  the   equations  whose   solutions   are  t>uo>no;t 
[uired  with  unnecessary  symbols :  it  is  for  this  reason,  of  seriMT^ 
1  it  becomes  extremely  important  to  avail  ourselves  of 
ly  considerations  which   may   serve   to  guide  us  in   the 

ijprimitive  assumption  of  the  series. 

The  general  principle  of  the  method  of  indeterminate 
coefficients,  as  we  have  already  seen,  is  to  deduce  two  ex- 
pressions  or  series,  which,  from  the  nature  of  the  process  * 
by  which  they  arc  obtained,  are  identical  with  each  other ; 
and  it  is  obvious  that  this  identity  will  exist  for  all  values 
of  the  symbols  from  iulinite  and  negative,  to  inKnite  and 
positive,  and,  therefore,  including  zero :  it  likewise  foUows, 

,'^m  our  investigations  in  a  former  chapter  (X.),  that  the 
imitive  expression,  and  the  assumed  equivalent  series,  must 
algebraically  equivalent  for  all  values  of  the  symbols  in- 
cluded between  the  same  limits :  but  the  first  can  only  be 
flonsidered  as  arithmetically  equal  to  the  second,  fur  those 
values  of  the  symbols  which  make  the  scries  convergent 
irom  some  determinable  term  :  if  the  series  proceed,  there- 
fare,  according  to  positive  powers  of  a  symljol  or  combi- 
nation of  symbols,  then  this  arithmetical  equality  will  exist 
likewise  for  all  those  values  of  this  symbol  or  combinatjpn 
of  symbols,  which  make  the  series  convergent  or  finite,  and 
therefore  when  that  value  is  /tro :  but  if  the  series  pro- 
ceeds according  to  negative  powers  of  this  symbol  or  com- 
bination of  symbols,  then  zero  would  no  longer  be  included 
in  the  succession  of  values  upon  which  the  arithmetical 
ec|uality  of  the  two  members  of  the  equation  depends :  if, 
however,  the  series,  though  involving  terms  with  negative 
powers  of  this  symbol  or  combination  of  symlwls,  involves 
likewise  others  with  positive  powers,  according  to  which  it 
still  continues  to  be  arranged,  then  zero  may  be  likewise 
considered  as  included  in  the  succession  of  values,  and  in- 
finity considered  as  tite  true  corresponding  arithni4itical 
value  or  sum  of  the  scries. 

643,     The  proper  indication  of  the  first  case  which  we 
liave   noticed  above,  would  1h-  a  value  of  the  primitive  ex- 


rPcictminn.  prc^oii  eciuit]  to  a  fiuite  quanlity,  or  zero,  coirospoDding  to 
the  lint  "■  ^^'^'^  value  of  the  s}-td1m>1  or  combination  of  cvmbols,  acc<H-d- 
'"^  2^  ing  to  the  positive  powers  of  which  the  terms  of  the  seri» 
irrict.  were  requirol  to  be  arranged  :  thus  the  series  for  (I  +  «)* 

(if  its  existence  be  taken  for  grante^d)  arranged  according  to 
powers  of  x,  would  liave  its  lirst  term  (or  term  independent 
of  J-)  equal  to  1,  inaamuch  as  that  is  the  value  of  (1  +«)", 
when  31=0:  in  a  similar  manner,  the  first  term  of  the 
scries  for  {a  +  .b)"  proceeding  according  to  powers  at  x, 
would  be  «",  for  the  same  reason :  the  same  would  be  the 
first  term  of  the  scries  for  (a  +  x)',  proceeding  according  to 


powers  of  - 


:  but  the  first  term  of  the  series 


for   (a  +  ^)",  proceeding  according   to   powers  of   , 

would  be  2"  a',  inasmuch  as  that  would  be  the  value  of 
(n  +  jf)",  when  a~ai  =  0,  or  fl  =  ,r:  the  first  term  of  n 
series  proceeding  according  to  p<}wers  of  ,v,  which  should 
be  equivalent  to  a',  would  he  found  to  be  1^  inasmuch  as 
17'^  =  !,  when  .i7  =  0:  the  first  term  of  a  scries  for  cos  ^, 
proceeding  likewise  according  to  powers  of  a,  would  be  1, 
since  cos  0  =  1 1  but  the  lirst  term  of  a  series,  likewise  for 

cos  .r,  which  slioiild  proceed  according  to  powers  of  —  —  a. 


would  be  0,  inasmuch  as  co,s  j 


.  =  0,  if--.  =  0: 


in  a  similar  manner  the  first  term  of  a  series  for  sin  at,  pro- 
ceeding according  to  powers  of  .r,  would  be  0,  inasmuch  as 
sin  0  =  0:  but  the  first  term  of  a  scries  for  the  same  quan- 


tity proceeding  according  to  powers  of  ■ 


,  would  be  1, 


■  ,r  =  0. 


644.  If  the  scries  proceed  entirely  according  to  in- 
verse powers  of  a  symbol,  or  combination  of  symbols,  then 
the  primitive  expression  will  be  Kern,  when  the  symbol,  or 
combination  of  symbols,  is  infinite,  which,  tmder  such 
circumstances,  is  the  avitlunctical  sum  of  the  series:   thus 


ries    for ,   proceeding  according   to    inverse 

powers  of  .r,  involves  one  of  those  powers  in  every  term, 
aad  when  jv  is  infinite,  its  arithmetical  sum  is  zero:  the 


dovd  as  the  developemcnt  of 


though  still  arranged  according  to  inverse  powers  of  a  sym- 
bol or  combination  of  symbols,  contain  a  term  which  is 
independent  of  it,  or  a  term  or  terms  which  involve  its 
positive  powers,  then  under  the  same  circumstances,  the 
primitive  expression  will  become  equal  to  that  terra  in 
one  case  and  to  infinity  in  the  other,  and  thoBe  values 
are  likewise   the  corresponding  aritlimetical    sums  of  the 

series:  thus  the  scries  for 


\/(l  +  -^  has  its  first  term 


equal  to  1,  which  is  its  arithmetical  sum  when  ,t  irf  in- 
finite: whilst  the  series  for  -/(.i^+aa^,  becomes  infinite 
under  the  same  circumstances,  which  is  likewise  its  arith- 
metical sum ;  lastly,  if  the  series  in  question  proceed  ac- 
cording to  ascending  powers  of  a  symbol  or  combination 
of  e^mbols,  hut  involves  a  term  or  terms  with  its  negative 
or  inverse  powers,  then  inanity  is  also  the  arithmetical 
snra  of  the  series,  when  the  symbol  or  combination  of  sym- 
bols  is   zero:  thus  the   series   for       .        —•,   arranged 


according  to  ascending  powers  of  .r,  is  equal  to  infinity 
when  .V  is  zero,  which  is  likewise  the  corresponding  value 


of  - 


1 


^  ,  and  the  arithmetical  sum  of  the  series :  in 


a  similar  manner,  the  series  for  cot  a;  arranged  accord- 
ing to  ascending  powers  of  j:,  is  infinite  under  tlie  same 
circumstances,  and  there  is  one  term  at  lea^t  in  it  which 
involves  a  negative  power  of  t. 
3S 


645.  Tlicrc  arc  many  other  considorntiont  which 
enable  us  to  predict  other  prnperties  of  the  series  wliicii 
■  are  etjijivaknt  to  particular  expreesionB,  before  the  dev6- 
n  lopements  tlieinselves  are  effected :  thus,  if  the  expression, 
wliosc  dev elopement  is  required,  remains  unaltered  upoD 
a  change  of  the  sign  jfrom  +  to  —  and  from  —  to  +  j, 
of  the  symbol  or  combination  of  symbols,  according  to 
which  the  scries  is  arranged,  then  it  can  involve  its  even 
powers  only :  if  umler  the  same  circumstances,  the  ex- 
pression clianges  its  sign  entirely,  then  it  must  involve  its 
odd  powers  only :  an  example  of  the  first  kind  would  Iw 
furnished  by  the  series  for  cos  .t;  and  of  the  second  bjf 
the  series  for  8in,r:  we  should,  therefore,  be  justified  in 
assuming 


toB  .1;  =  1  +  A^n^  +  JfV*  +  Je'^'  +  &c 
sin  .r  =  A^.v  +  J,**+  -4sJr*+  &c 


4 


'  646.  It  would  appear,  from  the  observations  made  at 
the  conclusion  of  the  last  Chapter,  that  a  series  which  if 
completely  equivalent  to  an  expression,  must  possess  the 
same  number  of  values  witli  it,  and  no  more :  if  the  primU 
live  expression,  therefore,  possesses  only  one  value,  the  cor* 
responding  equivalent  series  must  involve  integral  powery 
of  its  symbols  only,  whether  ascending  or  descending; 
if  the  series  possesses,  or  may  be  shewn  from  indirect 
considerations  to  possess,  one  term  which  has  the  same 
number  of  values  with  the  primitive  expression,  then  that 
term  is  either  singular  and  does  not  arise  from  the  same 
operation  or  operations  which  lead  to  the  other  terms  of 
the  series,  or  the  symbolical  portion  of  it  upon  which 
its  multiple  values  depends,  may  be  considered  as  a  com* 
mon  factor  of  some  or  of  all  the  other  terms  of  the  series, 
and  may  be  conceived,  therefore,  to  be  multiplied  into 
a  series  of  rational  terms ;  but  if  different  terms  of  the 
series  involve  symbolical  portions  which  admit  of  different 
multiple  values,  then  under  all  circumstances,  the  series 
may  be  resolved  into  different  pro<lucts  whose  respective 


pairs  of  fiewtorg  are  the  recipients^  Art.  43S.  of  the  muU 
tiple  values  and  rational  quantities  or  quantities  vith 
arithmetical  values  only,  it  being  of  course  necessary  that 
Hut  mimber  of  different  combinations  of  these  multiple 
values  should  be  equal  to  and  not  exceed  the  number  of 
different  values  of  the  primitive  expression  whose  de- 
velopement  is  required. 

647-     Thus,  the  series  for  EMmpicsw 

Z '     — TS — : 13  >     ^»  ^^  ^,  cos  ^, 

and  other  expressions  admitting  but  of  one  value  for  th^ 
same  values  of  the  symbols,  must  proceed  according  to 
integral  powers  of  of,  or  of  any  other  symbol  or  combi^- 
nation  of  symbols  according  to  which  the  series  are  arranged, 
whether  ascending  or  descending:  the  series  for  (a  +  w)^ 
has  for  its  first  term  a**,  and  since  a**  is  the  recipient  of 
the  multiple  values  of  (a  4-  ^)*j  when  those  values  are 
more  than  one,  and  since  no  term  in  the  series  can  be  in- 
dependent of  a",  it  will  follow,  that  the  series  required 
may  be  considered  as  the  product  of  a**  and  of  a  series 
ef  rational  terms:  in  a  similar  manner  the  series  for 


(a  —  6<r  4-  car) "  and  \/  ( ) 

are  the  products  of 

respectively,  into  series  proceeding  according  to  integral 
powers  of  the  symbols  which  are  involved. 

648.     If  we  take  any  expression  whatever,  involving  its 
symbols  algebraically  or  transcendentally,  which  we  desig- 


Fnnnof  die  jj^te  bv  u,  and  if  we  replace  any  one  of  its  symbolR,  such 
taia  for  an  /  ,  ,    .     -  .  ■'       ,       .  "^   „  ,  , 

cxpcMiinn    as  s,  by  .r  +  Ai  and  designate  it  under  its  new  lorm  xyy  u , 

"'"raw     *''*''  "^  *^*"  ^  justified  in  assuming  the  following  form  of 

when  j:  is     the  developeuient  of  u   proceeding  according  to  powers  of 

';^]^^^y  h:  namely. 


«  =  «  4- 


\h  +  CsA*+  rjA'+  SiC. 


For  in  the  first  place,  if  we  suppose  A  =  0,  «'  becomes 
identical  with  u,  and  the  series  which  represents  the  de- 
velopemcnt  becomes  identical  with  its  first  term :  conse- 
quently M,  which  is  the  primitive  expression,  must  nece^ 
sarily  form  the  first  term  of  the  equivalent  series,  or  the 
term   which  is  independent  of  A. 

In  the  second  place,  the  series  for  u'  can  involve 
integral  powers  of  h  only ;  for  otherwise  u  would  have 
more  values  than  u,  which  is  clearly  impossible,  inasmuch 
as  no  additional  values  are  introduced  into  u  by  replacing 
*■  by  ai  +  A. 

In  the  third  place,  this  scries  can  involve  no  negative 
powers  of  h,  inasmuch  as  the  terms  which  should  involve 
them  would  become  infinite  when  A  =  0,  and  the  series 
for  «'  would  not,  therefore,  under  such  circumstances,  be- 
come identical  with  w. 

The  course  of  reasoning  to  which  this  enquiry  will 
conduct  us.  will  shew  that  the  powers  of  A  will  ascend 
regularly,  coinciding  with  the  scries  of  natural  numbers 
1,  2,  3,  &c.  and  also  that  when  the  coefficient  uS  any  one 
term  of  the  series  becomes  zero,  all  those  which  foUow  it, 
will  become  zero  likewise ;  this  is  a  question,  however,  for 
subsequent  consideration,  and  we  are  at  liberty  at  pre- 
sent to  allow  the  possibility  of  any  one  or  more  of  those 
terms,  becoming  zero  in  any  order  whatever. 

649-  It  will  immediately  follow  from  the  assumption 
which   we  have  made  and  justified,  that 


-  =  r,  +  <-jA  +  r_,A^  +  r^A*  +  &c, : 


I 


509 
ud  iiia8mucli  as  the  hypothesis  that  AsO,  makes  vl  iden-  j^^*^ 

.     -       .,  v'— U        0  ,         ,  ,  J.        efficient  of 

tical  With  u^  — - —  s  -; ,  and  reduces  the  corresponding  the  Koond 

h  0    -  termofthe 

aeriea  to  its  first  term  c,,  it  will  fUkw  that  pieoediDg 

.      8fi0.     We  have  explained  in  our  Note  on  Art.  323.  £z«nple. 
the  meaning  of  expressions  which  become,  under  certain 

circumstances,  ^^  and  the  principles  upon  which  their 

real  algebraical  values,  when  different  from  zero  and 
infinity,  may  be  determined  and  exhibited:  in  addition 
to  the  examples  which  we  have  given  there,  we  shall  con- 
flider  the  value  of  this  expression,  when  tt=^. 

T    .u-           «*'-«*       (or +  *)•-«* 
In  this  case  — - —  =  -^ f 


.  •=«*^     +     1.2     '^     *+"       1.2.3      *^     ^^^''•' 

consequently,  when  A  =  0,  we  get 

w  —  u       0  , 

A  0  * 

If  .r  =  1,  and  u  =  1*,  and,  therefore,  u'=  (1  +  A)",  then 
we  shall  find 

t/— u       0 

— -=«  =  c, 

651.     It  follows  from  the  preceding  theory,  that  the 

u'  —  u  0 

determination  of  the  value  of  — - — ,  when  it  becomes  -  , 
•  A  0 


ftlO 

h  equivalent  to  the  determination  of  the  coefficient  of  A 
in  the  series  for  u\  and  conversely :  or  that  the  same  law 
which  enables  us  to  pass  from  utoci  in  the  developement 
of  u\  will  enable  us  to  pass  likewise  from  u  to  the  value  of 

difference,  therefore,  what  name  we  give  to  this  law  of  de- 

,  .  .  t^— u       0       , ,  , 

nvation,  or  to  the  quantities  c^  or  — - —  =  j;  >  which  are 

thus  derived,  or  whether  we  determine  the  value  of  c^  from 

that  of  — 7 —  ss=  -  ,  or  conversely. 

^^Inf^^^  662.  Without  stopping  to  examine  or  discover  this  law 
thecoeffi.  of  derivation,  for  all  the  forms  of  algebraical  or  transcen- 
dmttof ttie  jgntal  expressions  which  may  present  themselves,  an  eil- 
terms  of  die  quiry  of  great  importance,  but,  in  some  respects,  foreign  to 
iSie  oodST^  ^^^  present  object,  we  shall  proceed  to  investigate  the  essen- 
dent  of  die  tial  connection  between  the  determination  of  the  coefficients 
of  the  second  and  of  the  other  terms  of  the  series  for  u. 


teisL 


We  have  already  shewn,  that 

U  rrrW  +  CiA  +  Ca/t^  +  CjA^-f  &C (1), 

and  if  we  replace  h  by  h^  and  designate  tlie  corresponding 
value  of  u  by  u^y  we  shall  also  get 

w^  =  w  +  c,  Aj  +  CjAj*  +  C3A'  +  &c (2) : 

if  we  subtract  the  second  of  these  series  from  the  first,  we 
shall  find 

«'- w,=Ci  (A- Aj)  +C2(A^- Af)  +C3  (A^-A/)  -h  &c. : 

and  if  we  divide  both  members  of  this  equation  by  A  —  A', 
we  shall  get 

N         =  r,  +  Cj  (/*  +  A,)  +  fj  (A*  +  AA,  +  A,«)  +  &c. : 


511 

if  we  now  suppose  k  =  Aj,  and  therefore  u'  s  u^,  we  shall  get 
u'-u       0 


=  ^  =  c,  +  2cjA  +  3c,A'  +  &c...(3). 
But  we  have  already  seen,  that =  - — 7  =  c^; 

..du.nif.no,,  .Wo,.,  ;■».  ri-c-,Zhe„*. 

symbol  9^  which  is  involved  in  e^  is  replaced  by  «p«|-A^ 
for  it  is  obvious  that r  =1?.,  will  be  converted  intp 

-- — --  =  C| ,  by  merely  replacing  a:  by  w-\-hi  and  inas- 

much  as  c^  is  convertible  into  an  equivalent  series 

r,  +  C^h  +  0,**  +  C4A*  +  &c., 

in  the  same  manner,  and  for  the  same  reasons,  that  u  is 
convertible  into 

w  +  Ci  A + Cj  A*  +  C3  A'  +  &c., 
we  must  have,  therefore. 


=  e,+  C,A  +  C^A^  +  QA*  +&c. 


A-A 

=  c,  +  2C2A  +  3C3A-  + 4c4A^  + &c. : 

and  since  these  series  are  identical,  it  will  follow  that 

C2  =  2c2,     C,  =  3c3,     C4  =  4c4,  &c. 

It  is  obvious,  however,  that  C^,  C3,  C4,  &c.  are  derived 
from  C|,  in  the  same  manner,  or  by  the  same  law,  that 
<^i>  <^j»  ^3>  &c.  are  derived  from  t«:  or  in  other  words, 
if  we  can  derive  e,  from  ti,  we  can  derive,  by  the  same 
law,  C^  from  c^ ,  C,  from  c,,  C4  from  Cj,  and  so  on,  as  far  as 
we  choose  to  proceed :  it  follows,  therefore,  that  if  we  can 
determine  c,  from  w,,  we  can  also  determine  C^,  Cj,  C4,  8:c^ 


and,  ■ihereforc,  also  r, 
tlie  developenient  of  i 
determine  them". 


■,,  r^,  and  so  on,  the  coeffieientR  ci 
,   as  far  as  we  think  it  recjtiisite  to 


*  If  we  clioose  lo  adopt  a  conventional  nolntion  In  cxprrsi  llie  tnctMivc 
derivation  af  tline  neveril  coeflicientt  froin  Ihe  priinliive  expreiuan.  the  pro- 
(Kuilian  in  the  text  tviU  rewlve  itself  into  the  celebrated  leries  of  Taylor, 
wLlcb  U  the  fouDdation  of  tlie  Dilferejitial  Calculiu,  and  of  Ibc  general  dieor? 
of  tiw  developeineiit  of  series. 

Thus,  if  we  wref  to  drnnle  e,  by  £>■(,  where  J>h  docs  not  denote  the  pro- 
dncl  of  D  into  ■.  u  iu  onlinary  algebraical  uotatioo,  but  the   expreuioo 


find  by  tfae  sat 


whicb  u  Hie  algebraical  value  of-r — 


C,  =  Dc,  =  D{Du), 


rcplacinc  ci  by  Du:  it  we  fo 
towing  the  aiiulogy  of  indices  i 
pretation),  then  we  ihill  find 


J  replacing  tt  by  - — 
D'h,  ia  conformity  \ 


vc  fiud  fratn  the  proposition  ir 

J  i  and  therefore  Cs  =  .— , 

ilh  the  analogy  hIhivo-i 


-^,ifwerEplacpD{/J'u)  by 
itioned:  consequently 


and  90  on,  as  far  as  we  cbooae  to  proceed  :  we  thus  are  enabled  to  represent 
Bymlwlically  the  law  which  cKpresies  Ihe  derivation  of  the  tcvenl  tern*  tt 
the  series  for  «',  luid  to  tranafomi  Ihe  series 

u'  =  u  +  Oh  +  cth'+ch'  +  et  k*  +  lie. 
which  is  the  series  of  Taylor. 


Id  order  to  c 

«  =  !-,     In  this 

words  would  be  as  follows. 


iplify  it,  let  Ds 
:bi— 


"  Multiply  the  quantity  {x'}  Uy  (ho  index  of  x,  and  diminish  that  iodei 


653.  It  would  thu3  appear,  that  if  c,^0,  then  r,,  Cj,  ^^^ 
e^,  and  all  the  subsequent  coefficients  of  the  series  would  of  the  texkt 
be  zero  likewise:  in  other  words,  unless  «'  =  «,  which  ^^;^^ 
can  only  take  place  when  «,  in  its  most  simple  form,  th™  which 
does  not  involve  ^,  the  series  for  u  must  involve,  as  far  ^jy^'j,^^ 
as  it  proceeds,  a  succession  of  powers  of  A,  coinciding  likcirisf. 
with  the  series  of  natural  numbers  1,  2,  3,  4,  6,  Sic. 

In  all  expressions  («)  involving  x,  there  exists  a  There  ii 

'^-^  =  ? ,  which  is  also  the  coefficient  of  h  in  'f ""  "^  „ 
A  0'  "'-".g^ 

i  developement  «';  and  the  law  of  derivation  which  con-  ."* 

s  this  value  with  m,  involves  the  law  of  derivation  of  voIvm  r. 
EAe  coefficients  of  all  the  other  terms  of  the  series  for  u'. 

655.  It  will  likewise  follow,  that  there  is  no  expression  There  ii  at- 
involving  .v,  or  dependent  in  any  way  upon  it,  to  which  ,eriMeqiii. 
there  will  not  be  an  e<)uivalCTit  corresponding  series  when  '"Jen* ""  "'- 

I  *  is  replaced   by  x  +  k:   in  other   words,   the   existence 

■'Of  such  developements  is  necessary,  and  not  hypothetical. 

'  656.     The  preceding  conclusions,  which   are  of  great  ThedL-icr- 

nnportance  and  generality,  were  obtained  by  the  comparison  the  coHB- 
of  two  series  independently  deduced,  which  were  identical  ^^fj,"" 

^with  each  other:   the  same  artifice   may  be  employed   in    {i+xy 
my  other  eases,  to  effect  particular  developements,  with-  from  ih* 

.  J-        .        r  1  1-  I      ■  .     loeflicicntof 

t  any  direct  reference  to  the  preceding  conclusions,  or  to  ^  teaad 


I 


tlic  general  reasonings  connected  with  them  :  of  this  kiild  i» 
the  following  method,  which  is  the  one  most  commonly 
used,  of  deducing  the  coefficients  of  the  series  for  (1  +  a?)", 
from  our  knowledge  of  the  coefficient  of  its  second  term. 

Let  (1  +.Tf)"  =  l  +r,,p  +  c,i^  +  Cja!^  +  &c (ll, 

and,  therefore,  replacing  x  by  x^, 

(1 +VC,)"  =  1  +  f, J^i  +  c,,ri-  +c,jE,'  +  &c. : 

Consequently, 

and,  therefore, 
(i+a,)-_(l+a,.)' 


(l+iF)-0+*,) 

If  we  now  suppose  x  =  x^,  then  assuming  ~ 

ire  shall  also  have  ^ 

n(l  +«')""' =  c,+2c,aJ  +  3(rX'+^c. 
Multiplying  both  members  of  this  equation  by  1  -^m,  we  gel 
n  (1  +iP)''  =  c, +  (2cg  +  c,)vr+(3c,  +  3cg)«*  +  &c. 
=  M  +  «c,flr  +  nCjar*  +  &c., 

being  equal  to  n  multiplied  into  the  original  series  which 
was  assumed  for  (1  +  j)*. 

Having  thus  obtained  two  identicid  series  for  n  (1  +jp)", 
we  equate  their  corresponding  terms,  which  gives  us 


3C(+r,=nc,,        and  .■- 

=  n(n  — 1),        and  .'. 

3cj  +  2c,  =  «ri,    and  .■- 

=  (n-2)c. 


2cg  =  nc,-c,  =  (n— l)c, 

,..  ■  m 

3c,  =  nc,  — 3cs        "^^ 
il(>i-l)(»-2) 
1.8 
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and,  ebnaequentlj, 

n(n-l)(n-2) 

""»""      OTs:     • 

In  a  similar  manner  we  may  find 

^*  1.2.3.4  ' 

_  »(n-l)  (n-2)  (n^8)  (n-4) 
^*""  1.2.3.4.5  ' 

and  80  on  as  far  as  we  please  to  proceed. 

fj»-.D»  0mm  In 

667*    If  it  can  be  generally  shewn,  that asnt)***  ^WA  it 

for  all  values  of  n,  then  it  is  obvious,  that  the  preceding  pro^^thftt 
method  of  deducing  the  remaining  coefficients  of  the  series  i^—t^  _ 
is  equally  general  likewise :  it  remains  to  consider,  there-  ^^^  " 
fore,  the  grounds  upon  which  that  proposition  is  founded. 

In  the  first  place,  if  n  be  a  whole  number,  then  the 
actual  division  of  t^—v^  by  o— o,  would  terminate  after 
n  terms,  which  would  be  all  of  them  equal  to  each  other, 
and  too"^S  Hv^v^i  therefore  under  such  circumstances 

©»  — v"  .   , 
=  nt)"-  \ 

If  we  should  replace  n  by  the  fraction  ~  in  its  lowest 

terms,  and  if  we  make  v'b=s$,  and,  therefore,  i)"sst)p=jg«, 
we  shall  have 


«"—»,*  _  «'  — V      sB^-aSi'*  _  v  «-«i  / 

mar-* 

P                 P 

■"  p«^-^ 

if  vstv^. 


(16 

If  we  should  replace  n  by  —  m,  where  m  is  a  whole  or 
*  fractional  number,  then  wc  should  have 


Tbgpie. 
ceding  con. 

gEDBraliiai 


1 

im  the    ' 


valui 


If,  however,  we  should  seek  to  pass  &om  the 
when  w  is  a  whole  number  to  its  value 


pe 
lei 

I 


e  when  n  is  a  general  symbol,  wc  should  conclude  by  the 
'  principle  of  the  permanency  of  equivalent  forms  (Art.  132.) 
■  that  the  values  would  be  symbolically  the  same  in  both 
cases :  and  this  conclusion  can  be  deduced  in  no  other 
manner:  for  though  we  are  enabled  to  ascertain  its  truth 
for  all  values  of  n,  which  are  finite  numerical  fractions, 
whether  positive  or  negative,  where  the  operation  which 
the  index  designates  admits  of  being  defined  or  interpreted, 
by  means  of  direct  processes  which  depend  upon  such  in- 
terpretations, yet  all  similar  processes  must  necessarily  fail 
from  the  very  nature  of  the  ease  when  those  interpretations 
have  no  existence,  or  if  they  do  exist,  are  cither  oot 
discoverable  or  not  assigned. 

No  pencral  6£9.  The  Same  observations  must,  more  or  less,  apply 
bi^mUl'  ^"  ^  demonstrations  of  the  binomial  theorem  which  are  in- 
ihoonan  dependent  of  the  principle  of  the  permanency  of  etjuivalent 
forms :  for  it  is  obvious,  from  the  very  nature  of  the  case, 
that  the  developcment  of  (1  +  ,v)"  must  depend  upon  our 
knowledge  of  the  meaning  of  the  ojieration  which  the 
index  n  designates:  for  under  no  other  circumstances  can 
we  ather  perform  the  operation,  if  the  developcment  re- 
quired is  to  be  effected  by  a  direct  process,  nor  determine 
the  equivalence  of  any  expression  derived  from  it  by  known 
operations,  to  two  identical  series,  which  involve  independ- 
ently the  indeterminate  coefiicients  of  the  series  required : 
it  will  follow,  therefore,  that  the  transition  to  the  scries 


priQCipl. 


«1T 

for  (I  +  x)"  under  siich  circumstances  must  be  effected 
by  the  principle  referred  to,  inasmuch  as  the  develope- 
ments  in  all  otiier  cases  must  depend  upon  operations, 
which,  however  they  may  he  varied,  and  in  whatever  man- 
ner disguiseil,  arc  essentially  connected  with,  and  depend- 
ent upon,  interpretations  of  specific  values  of  the  index*, 
(Art.  135). 

660.     The  indirect  artifices  which  are  generally  em-  Dcvdope- 
ployed  in  effecting  developements  by  means  of  indeterminate 
coefficients,  are  more  frequently  resorted  to  for  the  purjioso 
of  shortening  the  process  which  would  be  otherwise  requi-       ^^^ 
ute,  than  from   any   necessity  of  overcoming  a  difficulty     ^^Bfl 
which    could    not   he   conquered    by    other   means:    thus    ^^^H 
I   suppose  it  was  required  to  investigate  a  series  which  should      ^^^1 
\  .be  equivalent  to  a',  proceeding  according  to  powers  of  x. 

Let  a'  =  l+J,.v-{-J^3i'  +  JyZ^+hc.  Fiaipto. 

I  and,  therefore, 

a*  =  1  +  .rf,  ft  +  J^h^  -[-  A.jh=  +  &e. 


also 


=  l+J,(,v  +  h}+J^{.v  +  h}-i-J^i.t!  +  hy+kc.: 


I 


*  The  opinion  expreucd  in  the  lc\t  ii  expr<.'»Hly  oppowJ  to  the  RTCRt  Ul- 
flioriljr  of  Eiilcr,  wliQ,  in  ■  specie)  of  preface  (o  a  dcmoDstrnlion  of  tlie  Kino- 
ma»l  Theorem  whldl  is  given  in  the  Petenbiire  Acts  fat  ITTl,  has  denied  tha 
Dniiemlity  of  the  principle  of  the  pcnaBaency  of  ctguivaleiil  fornii :  it  a  doI 
a  Utile  remukabic,  however,  that  the  validity  of  the  demonitratioa  which  lie 
lussivCD,  even  if  liiaited  to  those  value*  of  the  index  which  are  utoilly  coa- 
tidcred,  is  perhaps  more  than  any  other  Jepcadent  upon  tile  truth  of  the  prin- 
dplc  in  quettion.  and  altogellier  iacnpable  of  being  extended  to  Reacral  value* 
tlHiK  index,  widioot  tbeaidofitxaiUliority. 

Tlic  exception  to  the  truth  and  uoirarsaUty  of  this  principle  wluch  h« 
quotes,  u  found  in  the  vety  rcniBtkable  series 


I— a" 


lLL 


Ott-a- 


Jlj-ll- 


ns^ 


-!)t'-^-'> 


+  &C. 


the  law  o(  the  series  lieiug  tnfiiciently  manifest  from  that  of  its  three  Gift 
tetmi:  if  n  be  ■  whole  number,  tlie  sum  of  tliis  scries  U  n,  wliicli  he  says  i« 
l»t  the  case  lor  otlier  valnci ;  bat  he  app«ar>  to  have  confounded  togetlicr.  as 
is  very  commonly  the  casr,  the  alf(ebra>i^  and  arithtnctica]  sum  ol  the  aeries, 
^  first  ol  which  only  is  Involved  in  the  pnociple  in  question. 


but  o*x  ii*  =  a***,  (md,  therefore,  also  the  product  of 
the  two  eeries  for  a*  and  a*  must  be  equal  to  the  series 
for  a"*" :  if  this  multiplication  be  effected,  and  the  powers 
of  ,r  +  A  in  the  aeries  for  a'**  be  developed,  we  shall 
get  two  identical  series  which  are  deduced  independently 
of  each  other,  by  the  comparison  of  whose  corresponding 
terms,  a  series  of  equations  may  be  obtained,  from  which 
the  values  of  J^,  jt^,  J^,  &i:.  may  be  determined  in  terms 
of  A,. 

The  process  which  we  have  indicated  above,  how- 
ever, is  extremely  tedious,  and  may  be  greatly  shortened 
by  the  following  artifice. 


Assuming  as  bcfoi 


+  A.x'+J^m^  +  ttc., 


and  multiplying  both  members  of  the  equation  by  i 
shall  get 

a'  +'  =  1  +  ^.  (1  +  .v)  +  ^,  (1  +  .rf  +  A,(l+  .rf  +  &c. 

=  1  +  A,+At  +  A3  +  iiC. 

+  a;  ( J,  +  2^.+ 3^,  +  &c.) 

+  x*(A,  +  3A^  +  kc.) 

+  8[c. 

=  ax  ft"  =  a -\- A^a x  +  Ataa!'  +  A^aai^  + Sic. 

Consequently,  by  equating  corresponding  terms  and  coeffi- 
cients in  these  two  identical  series,  we  sliall  obtain 

a=l  +  At  +  A.  +  A,  +  iic., 

and,  therefore, 

A,a  =  A^  +  A^^  +  A,A,  +  A^A^  +  &i 

=  A,+2J,-\-  3,A,  +  4  J,  +  &c. 


1 


fll9 

Consequently^ 
3A^  =  A*9  and,  therefore,  Ag  =  -—^ , 

BA^smA^A^  =  Y^ ,       and,  therefore,  A^  =  ^    ^  ^ , 

A^  A^ 

iA^^A^A^  =  ^-^^^  and,  therefore,  J^  =  OTsTi* 

we  thus  get 

^^    ^  1.2  ^  1.2.3^1.2.3.4^  . 

661.   The  preceding  process  of  developement  leaves  the  Detamimu 

^_l^  tionofthe 

coefficient  Ay^  (i^hich  is  the  value  of when  /r  =s  0)  ^'ff*' 

indetenninate :  but  inasmuch  as  in  the  i 

a=l +i<i+i<,  +  -^3  +  &c» 

it  is  obvious  that  there  exists  a  series  proceeding  according 
to  powers  of  (a  — 1),  which  is  equivalent  to  it:  and  in- 
asmuch as 

a«=l  +  (a^l), 

we  have,  therefore, 

which,  developed  according  to  powers  of  (a— 1)  by  the 
binomial  theorem,  gives  us 

if  this  series  could  be  transformed,  so  as  to  proceed  ac- 
cording to  powers  of  Xy  it  would  necessarily  be  identical 


580 

with  the  series  for  a^,  which  we  have  given  in  the  hst 
Article :  it  will  be  sufficient  however  for  our  purpose,  to 
determine  the  coefficient  of  the  second  term,  which  may  be 
effected  as  follows. 

The  last  terms  of  the  numerators  of  the  successive 
coefficients  <r,  J7(<r— 1),  w{w^l)  (or  — 2),  &c.,  when  the 
factors  are  multiplied  together,  are 

<v,     —  ^,     1 . 2  •  <v,     —  1 . 2 . 3 .  <r,  &C., 

and  the  corresponding  parts  of  the  entire  coefficients  which 
involve  <v,  are 

-11-11 

^'   "¥■'    3'   "4"'    6'    -*'"•' 

consequently  the  coefficient  of  the  term  of  the  transformed 
series  required  is 

(o-l)*      (o-l)'      (a-1)* 

which  is  therefore  equal  to  A^ . 
Determina-         gg2.    It  is  not  oor  present  intention  to  enquire  into  the 

tion  of  the  .  -t.  •!•         ^.  i/»  ^ 

value  of  a  Conversion  of  this  senes  for  A^  into  another  form,  from 
^^  which  its  arithmetical  value  may  be  calculated,  whenever  it 
jilzzi.  may  be  necessary  to  determine  it,  nor  to  investigate  the 
other  important  consequences  connected  with  it,  which  will 
be  more  properly  considered  in  the  following  Chapter :  we 
shall  merely  notice  the  particular  value  of  a,  which  makes 
^j  =  l,  and  which  produces  a  form  of  the  series  more 
commonly  referred  to  than  any  other. 

If  we  call  e  the  Value  of  a,  which  makes  A^  =  1,  we 
shall  have 


591 

and  if  we  make  .v=l,  this  series  will  give  us 

«=i+n._L  +  _L_  +  __L_  +  &e. 

a  converging  series,   from   which   we  may   calculate   the 
arithmetical  value  of  e. 

If  we  collect   together   (by  aggregation)  14  terms  of 
this  series,  we  shall  find 

e  =  2.7182818, 

a  value  which  is  accurate  as  far  as  the  last  figure. 

663.     The  numerical  quantity  just  determined,  is  ex-  *^*^ 
tensively  employed  in  analytical  enquiries,  being  assumed  as  nects  «, « 
the  base  of  Napierian  logarithms,  which  will  be  more  par-  •"*  ^^' 
ticularly  considered  in   the   following  Chapter:    for  the 
present  we  shall  merely  give  the  equation  which  connects 
e,  a  and  A^  with  each  other. 

Since  e  =»  1  4-  x  4- 4- h +  &c.  • 

^         1.2^1.2.3^1.2.3.4^        ' 


it  will  follow,  replacing  a;  by  wl|,  that 


&C. 


a. 


664.     The  exponential  expressions  for  cos  w  and  sin  <r  ^f*^  ^ 
will  furnish  the  most  obvious  and  immediate  method  for  gin  x  in 
their  developement,  though  it  woidd  be  very  easy  to  de-  *•""•  ^  '• 
duce  it  from  other  consequences  of  their  definition,  whether 
algebraical  or  geometrical*:  thus 


*  The  following  method  of  dedodng  Uie  leries  for  cos  x  and  sin  x ,  is  ana- 
UfOQS  to  the  one  employed  in  Art.  d60.  for  dedodnf  the  tenet  far  «". 

Assume 

cosx  =  l -h  ll,jr»+B^af«+Ac 

sV  "wi 


59» 

e'  +  e-' 
cos  4?  = 

2 

=i{i +!».-  + iV + rti  +  r^x?  +  "'"^ 

and,  therefore,  makiog  x  =  1, 

cosl=l  +  B,-|-B4-|-&c. 

Alio  8Uix  =  jB,x+ B3X*+ Bs** +&C. 

and,  therefore,  making  x  =  1, 

8iiil  =  Bi-f  B,  +  B5  +  &c. 
Consequently 

CO.  (IH-x)  =  1+  B,  (1  H-ar)«  +  B^  (1  +  ar)*  +  &c. 

=  l  +  B,  +  B^-hB6  +  &c. 

-H  (2Bt  +  4B^  +  6B6  +  &c.)x 

^  cos  I  cos  X  —  sin  1  sin  X,    (Art.  480.) 
=  (1  +  B,  +  B4  +  &c.)  (1  -H  B,.T»  4-  B4X*  +  Ac.) 
-(B1  +  B3+B54-&C.)  (B,x4-B.,x»  +  B5**  +  &c.) 
=  l  +  B,4-B,+  Bfi-f-&c. 

-(B,«+B.B3  +  B.B5  +  &c.)x 
+  (B.+  B,«4-  B,B4  +  &c.)x«  4-&C. 

Bqaating  corresponding  terms  of  these  two  identical  series,  we  riiall  get 

2B«  +  4B4  +  6B6  +  &c.  =-  B.^B.Bj  — B,B5  — Ac. 

B.4-~^.B4  +  p|.B6  +  &c.  =      Ba+B.«    +B,B4  +  &c. 

Consequently, 

—  B  * 
2 Bq  =  —  B|',  and,  therefore,  Ba  =  -j-2*~ ' 

}^.B,=      B.'  =     i^l^,  and,  therefore.  B4  =  f7^, 


4B4 
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'*  •     ^1.2       1.2.3       1.2.3.4  » 

-       2?,«a?*  B*a,* 


In  a  similar  manner,  we  find  sin  d;  s= 


^-e-' 


2j^-l 


1         t,       _  5,*ar«      «»»'         J?*af*  .     , 

1  5,**'      AV         fi,*ar* 

-273Ti^-*>*+i:2--r:2:3  ■"  1:2:3:4- ^-^ 

==  -^  {B..  +  ^-^  +  j^^^^   +  &c.|. 

In  this  second  case,  ^  — 1  must  divide  5j,  ^j',  jBj*,  &c. 
so  as  to  leave  the  results  unaffected  with  \/  —  1,  inasmuch 
as  the  series  is  necessarily  rational  in  all  its  terms,  possess- 
ing only  one  value  for  one  value  of  «v :  if  we  make  therefore 

B^  =  C  /^  — 1,  we  shall  get 

"""=    ^-    172     +    1:2:3:4     -&c....(l). 

sin  .^c.  -  i^^Ts  ■*■  r.o.o  -  ^^•-  (2)- 


4B4  =  -B.B3  =  j^,  and,  therefore,  Bs==l^*^, 

6B,=r-B.B5  =  j-^l^,  «d.  therefore,  Ba  =  i^f5!4:^. 


We  thus  get,  if  wc  replace  B,  by  the  symbol  C  used  ill  the  text,  and  with 
which  it  is  identical. 


Tnnsiiion 
from  the 
gHunctridil 

lutgk  10  iu 


665.  The  particular  value  of  e  in  the  exponential  ex- 
pressions for  cos  .T  and  ain  a;  which  constituted  the  algebra- 
"  ical  definition  of  those  quantities,  and  therefore  its  relation 
to  e  the  base  of  Napierian  logarithms,  has  not  hitherto  been 
assigned,  and  in  no  part  of  the  preceding  investigations  has 
its  determination  been  required ;  for  it  is  obvious  that  the 
conditions  which  the  definitions  of  sine  and  cosine,  (whether 
algebraical  or  geometrical)  impose,  would  be  equally 
satisfied,  whatever  waa  the  value  of  e,  which  is  so  far 
therefore  essentially  indeterminate;  in  a  similar  manner, 
the  series  in  the  last  Article  for  cos  or  and  sin  .r  will  equally 
answer  the  conditions  of  those  definitions,  whatever  be  the 
value  which  we  assign  to  C :  for  the  first  will  remain  un- 
altered, and  the  second  will  change  its  sign,  upon  a  change 
of  the  sign  of  .v  from  -i-  to  —  or  conversely :  whilst  the 
third  condition 

COS-  .1'  +  sin'  .P  =  1 

is  ec|ually  satisfied  by  all  values  of  a,;  and  therefore  it  is 
indifferent  whether  we  replace  x  by  Cx,  or  conversdy,  m 
the  several  terms  of  those  series :  it  is  obvious,  therefore, 
that  the  determination  of  the  value  of  C,  if  its  determination 
be  required,  must  be  sought  for  upon  principles  which  are 
independent  of  the  definition  of  the  sine  and  oostne  of 
an  angle,  and  of  the  developement  which  is  founded  upon  i 
them. 

666.  The  fact  is,  that  n  given  value  of  the  sine  or  cosine 
corresponds  to  a  determinate  value  of  the  angle,  and  we  are 
thus  enabled  to  determine  the  ratio  which  this  angle  bears 
to  any  other  angle,  or  to  a  right  angle :  the  transition, 
however,  from  such  a  value  of  the  angle  (considered  as  a 
real  geometrical  quantity)  to  its  measure  is  perfectly  arbi- 
trary, inasmuch  as  any  quantity  may  be  a&sumed,  as  its 
meaanre,  which  increases  or  decreases  in  the  same  ratio  with 
it:  thus  the  arc  of  any  given  circle  whatever,  described 
round  the  angular  point,  which  is  interce{>tcd  by  the  lines 
which  form  the  angle,  may  he  assumed  as  its  measure,  if 
we  adhere  to  the  MMne  circle  for  differcot  values  of  the 


525 


angle :  if  we  should  assume  however  for  this  measure  the 
ratio  which  the  are  of  this  circle  bears  to  its  radius,  which 
would  give  us  the  same  quantity  as  the  measure  of  the 
same  angle,  whatever  was  the  radius  of  this  circle,  then  we 
should  possess  a  uniform  measure,  the  magnitude  of  which 
would  also  remain  the  same,  if  the  radius  of  this  circle  was 
equal  to  1. 

667.  But  if  we  ajssiune  the 
radius  of  this  circle  to  be  equal 
to  1,  then  if  ACB  be  any  angle 
represented  by  or,  the  sides  CP 
and  BP  of  the  right-angled  tri- 
angle BCP^  will  represent  the 
values  of  its  cosine  and  sine,  or 
will  be  arithmetically  represented 
by  cos  X  and  sin  ^,  and  the  arc 
AEB  will  similarly  represent 
the  angle  w\    for    under    such 

CP         -^^  -«-^x# 

circumstances,    the   ratios  -7-;;,    -rrr,    —: —  will  become 

AC     AC       AC 

arithmetically  equal  to  CP,  BP  and  AEB :  it  remains  to 

shew  in  what  manner  this  assumed  measure  of  an  angle 

will  enable  us  to  ascertain  the  value  of  C  in  the  series  for 

cos  Of  and  sin  «r.     (Art.  664). 

In  the  first  place,  the  ratio  of  the  sine  BP  to  the  arc 


Esaendal 
connection 
between  the 
assumed 
measure  of 
an  angle 
and  the 
value  of  C. 


BP     AEB 


AEB  or 


BP 


AEB 
pressed  by  the  series 

c-  '^'^ 


is  identical  with 


sin  w 


w 


and  therefore  ex- 


+ 


Cf'x' 


1.2.3       1.2.3.4.6 


—  &c, 


the  value  of  which,  when  x  is  zero,  is  C :  in  the  second  place, 
the  ratio  of  the  sine  BP  to  the  chord  AB  of  the  arc  AEB,,  or 


BP  ,  sin  X 

—rzL ,  which  is  identical  with 

AB'  ^   .    m 

asm- 


.      X  X 

2  sin  -  cos  - 
2        2 

,  or  or 

w 

2sin~ 

2 


thi 

I 


****  5  '*  greater  than  ^- — '—,  iuasmucK  as  the  choid  AB  is  less 

than  the  arc  JEB  or  j  :    in  the  third  place,  the  ratio  of  the 

sine  BP  to  the  tanirent  AT  or or '—  or  cos  a.;  is  lesa 

^  AT      tan* 

than   -   — ,  inasmuch  a.s  AT  is  greater  than  the  arc  AEB 

at  IV*:  it  follows,  therefore,  that  the  value  of is  in- 

ai  > 

eluded  between  those  of  cob  -  and  cos  ai  for  all  values  of  x; 
and  inasmuch  as  cos  -   and  cos  x  arc  hotli  of  them  equal 

to  1,  when  3^  =  0,  it  must  necessarily  follow,  that  is 

equal  to  1  under  the  same  circumstances,  which  is  likewise 
the  value  of  C:  or,  in  other  words,  the  value  of  C  which 
corresponds  to  the  hypothesis  which  we  have  made  respect- 
ing the  measure  of  angles,  and  which  is  determined  by  it, 
is  necessarily  unity\. 


'  ThU  may  be  eaiily  shewn  from  geaiuGtrical  consirlerstiona :  ii  from  Uie 
extremity  B  of  the  arc  AEB,  we  draw  Bt  a  tangeut  meetmg  AT  in  t,  tima 
'  we  have  At^=Bt:  hut  Tt  is  erexter  than  Bt,  being  opposite  to  a  freiter 
iUigleaflhe  triangle  fi 7*1 :  Oietclvve  AT  is  ^ilcr  tban  Al-^  Bt:  again,  if 
from  the  middle  point  E  of  AEB^  we  draw  a  lanRieut  to  the  ure,  meeting  At 
in  n,  and  Bl  in  />,  then  we  linve  at-^  bt  greater  than  ab,  and  therefore  At-\- 
Bt,  aad  a  fortiori  ^T  greater  tbui  Aa-\-ab-f  Bh:  in  a  similar  maimer,  if 
we  bisect  the  orei  AE  and  BE,  and  from  their  middle  points  draw  taugeata 
meeting  yf  a,  ah  and  Bb,  tbvn  Aa-\-ab-\-  Bb,  anil  therefore  aforliari  AT 
will  be  •■reater  than  the  num  of  the  last  formed  tangents  included  between 
A  and  B :  by  contiDinng  this  process,  we  ehould  increase  the  number,  and 
diminiib  the  tuagtiitude,  of  thete  small  tangents,  nntil  Uieir  sum  ahould  differ 
in  leugth  from  the  iirc  AEB  by  a  quantity  or  line  less  than  any  that  caaM  be 
assigned,  at  the  same  time  that  it  was  ncceSBaiily  less  than  AT:  or,  in  odier 
words,  the  arc  AEB  U  necessarily  lest  than  the  tangent  AT. 

t  The  conclniiou  in  Uie  text  may  likewise  be  considered  as  a  conaeiinencc 
of  the  fallowing  more  general  proportion,  and  may  be  deduced  in  tlie  same 

"  If  there  be  three  i|uantitiei  expreued  by  conveipng  series  proceeding 
according  to  powers  ot  the  some  symbol,  and  if  the  iirst  be  necessarily  i^valer 
than  the  second,  and  the  aecond  greater  Ibau  the  third,  foi  the  sane  value  of 
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668.     If  we  refer  to  Art.  660.,  we  find 

«»  =  l+5,ar  +  -i—  +  &c. 

,  .  ^    /—  C*a>*     Cyri  .ar*  .     C*x* 

^  1.2  1.2.3  1.2.3.4 

=1+  yri.,  ____  V___  +__+&c., 

since  C  =  l :  it  will  follow,  therefore,  from  the  equation 
given  in  Art.  663.,  that 


that  symbol,  then  if  the  first  and  third  series  have  the  same  first  term,  the  first 
term  of  the  second  series  will  be  necessarily  equal  to  it" 

Thus  if  the  converging  series  representing  soch  quantities  be 

Aq  -f  A^x  -f  A^a*  +  &c. ; 

B^  +  B^x  +  ^,x«  +  &c. ; 

A^  4-  Qxx  +  a,x»  +  *c.; 

then  Tahies  of  x  exui  which  will  make  their  respective  arithmetical  valnes 
diflfer  from  their  first  terms  by  quantities  less  than  any  which  can  be  assigned^ 

Art  326.  and  S2T. :  let  sudi  values  be  ^o  +  D,  ^o  +  ^  and  i4o  +  d.    Then, 
since  ^o  +  ^>^o  +  ^,  and  Bo  +  "^  >  than  ^« +  <<•  it  win  follow,  that 

^p-^oH-(I>-A),   and(B«-ilo)  +  (A-d) 

are  arithmetical  values,  having  the  same  positive  signs:   if  possible,  let 
B«  =:  ito  +  6  or  Aq^^i  in  the  first  case,  the  precedmg  expressions  become 

-64-(P— A),    and      6  +  (A— d), 

and  in  the  second 

6  +  (i>— A),    and -6-f  (A  — d): 


and  inasmuch  as  these  expressions  are  necessarily  positive,  it  will  follow  that 
in  the  first  case  P—  A  must  be  greater  than  6,  or  D  greater  than  6  +  At 
which  is  contrary  to  the  hypothesis,  inasmuch  as  /)  has  been  supposed  less 
than  any  quantity  which  can  be  assigned :  and,  in  the  second  case,  A  ~  d 
must  be  greater  than  6,  or  A  greater  dian  6  +  d,  which  is  contrary  to  the 
hypothesis,  since  A  has  been  supposed  less  than  any  quantity  that  can  be  as- 
si^ed :  it  followt,  therefore,  that  B^  is  necessarily  equal  to  A^  which  was  the 

proposition  to  be  proved. 

We 


an  equation  win'cli  expresses  the  relation  betwiscn  e  and  e 
which  is  the  base  of  Napierian  logarithms,  tlie  value  of 
which  has  already  heen  determined.     Art.  662. 

669.     It  will  follow  from  hence,  that 


the  form  under  which   the  exponential  cxpreasionB  i 
cosine  and  sine  are  commonly  exhibited. 


670.      lu  a 


similar  manner  it  will  appear,  that 

.-v^ /—;..... 


We  ihould  bave  aniiGd  immediateiy  at  die  e 
poied,  as  in  tlic  text,  that  r  was  equal  to  :cra,  or,  in  other  words,  if  we  bad 
auumed  :fm  aa  one  of  the  arithnMtkcal  tiIikb  of  x,  which  might  be  eqnalljr 
considered  with  iiny  othi^n :  such  I  rondusion,  in  fact,  may  be  coimdered  ai 
a  netessary  conseiincnce  of  the  proposition  whidi  we  have  just  demonstrated, 
and  ioBsiDiicb  as  this  couseqaence  is  nnialiy  the  ultimate  olyect  of  oar  iuvei- 
tisBtioas  when  this  propoaitian  is  made  use  of,  it  is  more  convenient  la  refer 
at  once  to  this  canieiineiicc  itself,  tlian  to  the  propoiition  upon  which  it  ile- 

It  is  very  easy,  however,  if  it  sliDUld  lie  reqoired,  to  dednce  tte  condnslim 


uthele 


,  immediately  from  this  propoaitioa :  for  sL 
I greater  than  coi  j,  and  lincc 


l.a^  lO'l.H.l.l 


ax' 


i.2.i 


cco«  ^  is  greater  lluD 

I 


it  follows  that  C  =  I :  we  equally  conform,  however,  to  the  spirit  of  tU*  pr»- 
poiition,  though  not  to  iu  fom.  if  we  begin  by  shewing  that  cos  ^  and  cos  j' 

are  superior  and  inferior  Kmtts  of  — — ,  which  become  equal  to  eKh  other, 
and  to  1,  when  x  =:  0,  and  thence  infer  that  the  lirat  lenn  ot  die  series  for 
,  proceeding  according  to  powers  of  x,  is  I. 


I 


m 

or  tile  sign  of  affection  e*  or  cos  .r  +  ^  —  1  sin  *  may  be  ■' 
replaced  by  e^  :  for  these  expressions  are  symbolically 

equivalent  to  each  other,  and  consequently  the  assumption 
of  the  identity  of  their  interpretation  will  give  the  Ktuue 
meaning  to  the  same  symbolical  result,  in  whatever  manner 
ve  may  arrive  at  it. 


The  preceding  investigations  involve  the  moat  im- 
portant elements  of  the  general  theory  of  the  develope- 
tnent  of  series,  and  lead  immediately  to  the  fundamental 
propositions  of  the  Differential  Calculus :  it  is  not  our 
intention,  however,  to  trace  this  connection  further,  and 
much  less  to  ventiire  upon  the  applications  of  a  branch 
of  algebraical  science,  of  all  others  the  most  comprehensive, 
inasmuch  as  it  completes  the  connection  of  Algebra  with 
Geometry  according  to  the  most  extensive  meaning  of  the 
term,  and  also  with  nearly  every  other  department  of 
Natural  Philosophy,  the  objects  of  which  can  be  brought 
under  the  dominion  of  syrolMiIica!  language. 

671-     When  a  quantity  or  symbol  is  expressed  in  a  Jt 
aeriea  proceeding  according  to  powers  of  any  other  quantity  " 
or  symbol,  then   the  series  is  said  to  be  reverted,  when 
the   second  quantity  or  symbol  is  expressed  in  a  series 
proceeding  according  to  powers  of  the  first :  thus,  if 

y  =  A^+  A,.t  +  A.r*+  J,.t^+  &c.. 

tthen  the  reversed  series  gives 

«  =  n^  +  a,ff  +  a,y'  +  a^p*  +  &c. : 

I  in  a  simitar  manner,  sin  .v  and  cos  ar  Have  been  expressed 

I  in  series  proceeding  according  to  powers  of  ,r,    and  the 

corresponding  reversed  series  would  express  the  value  of  .v 

[  in  terms  of  sin  .v  in  one  case,  and  of  cos  jc  in  the  other. 

2.     The  reverdnn  of  scries  may  be,  in  many  cases,  : 
'  effected  by  means  of  indeterminate  coefficients,  aided  by  ^^'*'-" 
I  the  polynomial  theorem:  thus,  since  > 

3X 
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sin  J?  =  a?  —  - — -— —  4-  z — r— t: — :: — z  —  &c. 

1.2.3       1.2.3.4.5 

tre  may  assume 

w  sz  J^  fin  w  -^  J^  sin*  «  +  -^6  sin*  x  +  &c. : 

for  it  is  obvious,  that  this  series  must  be  confined  to  odd 
powers  of  sin  Wj  for  the  same  reason  that  the  first  series  was 
confined  to  odd  powers  of  a  (Art.  645) :  therefore, 

Of  =i  A^sina  +  J,  sin'  a  +  A^  sin*  of  +  &c 
+  1.2.3.4.5'=  172^^476  ""'*  +  ^'^- 


Consequently, 

/  -^'    \        • 

sin  a?  =  i<^  sin  zp  +  M3—  f^o^/  '""*  * 

and  since  the  members  of  this  equation  are  identical  with 
each  other,  we  have 

A^  1 

^r'-z — "Sr^  =  0,     and  .-.  A.  =  - — --— - , 
'     1.2.3  ^      1.2.3 

'•*"T:2:3"*"1.2.3.4.6"^'    ^'''*'-^*""1.2.3.4.6' 


therefore, 

sin^  w  9  sin*  tr 

"  =  ^'"-"  +  t:2:3-^i.2.3.4.5  +  ^''- 


SSI 


673.     If  the  s 


whose  reversion  was  required,  in-  Cum  in 
'  -rolvnd  a  term  which  was  independent  of  the  symbol  or  '^^ 
combination  of  symbols  according  to  whose  powers  it  was  pro««»  for 
arranged,  then  it  would  be  found  that  a  direct  application  sj/n'of" 
of  the  method  of  indeterminate  coefficients,   such  as  has  *• 
been  made  use  of  in  the  preceding  example,  without  the 
aid  of  any  other  artifice,  would  fail  to  effect  it :  of  this 
kind  is  the  series 


s  «  =  I  —  - 


1.2       1  .2.3.4       1.2.3.4.5.6 


+  &e. 


which  may  he  reversed,  by  such  means,  in  a  scries  pro- 
ceeding according  to  powers  of  1  —  cos  ai,  or  vcrsin  a.;  but 
not  according  to  powers  of  cos  x :  of  the  same  kind  is  the 
L wries  considered  in  Art.  661. 


--1  +  J,+ 


1.2^  1.2. 


:  +  &c. 


I 

^B  which  has  been  already  reversed  by  an  artifice,  according 

^B  to  powers  of  (a  — I),  if  required  to  be  reversed  according 

^H  to  powers  of  a. 

^P  It  is  in  consequence  of  the  difficulty  of  determining 
the  law  of  formation  of  the  reversed  series,  by  this  method, 
in  those  cases  in  which  it  admits  of  application,  and  of  its 
failure  in  others,  that  it  is  very  rarely  resorted  to,  being 
superseded  by  methods  founded  upon  the  Differential  Cal- 
culus, the  consideration  of  which,  therefore,  we  feel  com- 
pelled to  omit. 

674.     There  are  many  other  applications  of  indetermi- 
nate coefficients,  not  immediately  connected  with  the  deve- 
lopement  of  series,  which  are  extremely  important,  and 
which  will  be  ret[uired  on  many  occasions  to  meet  the  very  p 
Various  wants  of  algebraieal  science  :  the  one  which  follows,  » 
IB  the  only  one  which  the  proper  limits  of  this  Chapter  f, 
will  allow  us  to  notice:  it  is  the  problem  in  which  ii  is 
required  to  resolve  an   algebraical  fraction  with   a  com- 
pound denominator  into  a  scries  of  partial  fractions  whose 
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oTralianil 
algcbnical 
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denominators  arc  factors  of  the  denominator  of  the  pri- 
mitive fraction. 

We  will  begin  with  the  consideration  of  one  or  two 
of  its  most  simple  cases. 

Ezttnpks.         To  resolve  the  fraction  r-^  into  two  others  whose 
denominators  are  1  +^  and  l—of  respectively. 

Assume, 

1  J  B 

Consequently,  if  we  add  the  two  partial  fractions  toge- 
ther, we  shall  get 

1  A-^Ax  +  B-ifBw 


l-a?«  l-a?2 

and  since  these  fractions  are  identical,  thdr  numerators 
are  identical,  and,  therefore, 

J  +  iB  =  l 


^  +  i»  =  l^ 

-  J  +  iB  =  or 


if  we  add  these  equations  together,  we  get  2jB  =:  1,  and, 

1 
therefore,  5  =  -  :  and  if  we  subtract  the  second  from 

the  first,  we  get  2-rf  =  l,  and,  therefore,  J  =  -:  conse- 

quently, 

1  1 

1  2,2 

+ 


1—0?^  l+»t7  1—0? 

Again,  let  it  be  required  to  resolve  the  fraction 

6cr'-2o?-6 
(r^+l)  (.r  +  2)(.r-3) 


into  partial  fractions,  whose  clcjiiomiiiaturs  are  ,i"  +  1 ,  .i-  +  2, 


6a^  -  2.r 


(,v'  +  l)(,r  +  2)(.i.-3)        V  +  1    ^  A'  +  St^  m-3' 

f  we  odd  together  the  partial  fractions,  and  compare  tlic 
several  terms  of  the  numerator  of  the  resulting  fraction 
witli  the  corresponding  and  identical  terms  of  the  primitive 
fraction,  we  shall  get 


B+    C  + 

D  = 

=  6, 

A-    B- 

SC  + 

20: 

A  +  iB- 

c- 

D 

iA+3C- 

22)  = 

6; 

r  Bud  by  solving  these  equations,  we  shall  find  J  =  l,  B  =  l, 
C=2,  and  7>  =  3;   and,  therefore,   the  partial  fractions. 
I  required  are 


676.     Fractions  which  are  rational,  and  the  terms  of  Aigcbniol 


[■  to  the  powers  of  a  symbol  such  as  .t,  have  sometimes  been  gui»li«il(iiii 
I  ^stioguished  into  two  classes,   according  as  the  hi^est  1^^,'.^* 
I  power  of  X  in  their  numerators  was  Twt  leits  or  less  than  the  »™  V"- 
I  tiighest  power  of  x  in  tlieir  denominators :  fractions  belong-  ' 
I  ing  to  the  first   class   have  been  called   spurious,   those 
I  belonging  to  the  second  proper,  clesignations  which,  though 
not  very  appropriate,  are  frequently  convenient,  from  su- 
perseding  the   necessity   of  a   more  s|)ccific   description ; 
all  apuHous  fractions  may  be  converted,  by  actual  division, 
into  a   rational  quotient  involving   no  inverse   power  of 
.p  and  a  remainder  which  is  a  pntfi-r  fraction,  inasmucii 
the    division   may   be  always    continued   without   tha 
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introduction  of  negative  powers  of  Xj  until  the  index  of 
the  highest  power  of  «v  in  the  remainder  is  less  than  the 
index  of  the  highest  power  of  a?  in  the  divisor. 

^^^^9  "^ — 15  DMiy  ^  converted  by  this  process  into 

the  equivalent  expression  a^« - 1  +  ^q-^^ :    ^_^g^_^g 

•        c^        22ar«  +  260d?  +  240         ^      .    .,    , 

into  ^'  +  20  + — --; --; — :    and,   similarly,  m 

ar  — 13a?  — 12 

other  cases. 

When,  therefore,  the  primitive  fraction  is  proper,  the 
partial  fractions,  whose  algebraical  sum  is  equal  to  it, 
must  be  proper  likewise :  and  when  the  primitive  fraction 
is  epuriouSf  we  commence  by  reducing  it  to  a  quotient  in- 
volving positive  powers  of  or,  and  a  remainder  which  is 
a  proper  fraction ;  and  this  remainder  is  subsequently  re- 
solved into  proper  partial  fractions  in  the  same  manner 
as  in  the  first  case. 

If,  therefore,  a  factor  of  the  denominator  of  the  pri- 
mitive proper  fraction  be  a  -f  bx,  the  corresponding  partial 

A 

fraction  is  -— .     If  this  factor  be  a  +  bw  +  ca^,   the 

a  +  bx 

A  +  Bw 
corresponding  partial  fraction  is,  or  tnay  be ^  . 

If  the  factor  be  (a-f  &^)%  the  corresponding  partial 
fraction  is 

which  may  be  transformed  into  the  equivalent  form 

{a  +  bccy  ' 

whose  numerator  may  be  made  to  involve  the  same  sue- 


cession  of  powers  of  .t  with  the  former : 


>  scparatii 


11  of 


its  several  terms,  strikiug  out  the  common  factors  in  each, 
^ves  us  the  n  partial  fractions 


(a  +  bx)"  ^  (a  +  bxy 


—>  + 


(a  +  b.vr- 


a  +  b.x- 


676.  The  examples  which  we  liave  given,  sufficiently  Procea  for 
shew  how  very  emharrassing  the  determination  of  such  in-  ini^^T^ 
determinate  coefficients  would  become  if  their  number  was  itnilj'  *e 
considerable,  from  the  number  and  complexity  of  the  aoa  ama^ 
equations  whose  solutions  are  required :  the  following  con-  ponding 
siderations  will  enable  us  to  determine  them  successively,  signed  fac. 
without  the  necessity  of  having  recourse  to  the  solution  "^'?* 
of  such  equations. 

Let  -—  be  a  proper  fraction,  of  the  kind  we  are  consi- 
dering,   and  let  one  of  the  factors  of  JV  be  a +/),»■,  or 
[  b  (vr  — o),  where  a=  —  -;  and  let  Ar=(a-1-A.E)  Q:  con- 
I  sequently  we  may  assume. 


M 

N  ~ 
j  Therefore 


1  +b.v 


N 


ia  +  bx)P  =  M-  JQ, 
M-JQ 
i  +  bx 


:  /»  =  - 


it  will  follow,  therefore,  that  M—  AQ  is  divisible  by 
a  +  hx  without  a  remainder,  inasmuch  as  f*  is  a  raticmal 
numerator  which  involves  no  inverse  power  of  *:  if  we 
make,  therefore,  a  +  bx=Oy  or  s=a,  we  shall  find 


(or  in  other  words,  jV— -4Q  =  0,  when  .r= 


Sis6 

pose,  thtojfore,  the  values  of  JtT'ani)  Q  when  4P=5dr,  to 
be  repres^tied  hy  m  and  q  resp^ivdy,  we  shaH' haVe 

m  —  Aq  =  0,     or  -4  =  —  , 

9 

which  18  the  value  of  the  hideterminate  quantity  Ay  Which 
was  required  to  be  found :  and  in  a  similar  manner,  the 
values  of  the  numerators  of  the  partial  fractions  corres- 
ponding to  the  other  simple  factors  of  the  denominator 
of  the  primitive  fraction  may  be  determined. 

^^'***^  As  an  example,  let  it  be   proposed  to  resolve  the 

fraction 

w 


into  partial  fractions. 
As^me 


\         r'  A,  P, 


In  this  case  M^sff  Q,  =  (a;  +  2)  (<r+3)  and  a^s  —1 : 
therefore, 

_m_  1  1 


q,      (2-1)  (3-1)       2 

Again,  assume 

(<r  +  l)(ar  +  2)(a?  +  3)       .r  +  2  "*"  Q^  *, 

In  this  case  M^a?^  Q^:=s,{x-^  1)  (jv  +3)  and  03=  —2: 
therefore, 

m,  4 

"'«=i^  =  (l-2)(3_2)  =  -*- 


Lastly,  assume 


(ct?  -f  1)  («»  +  2)  (^  +  3)       a?  +  3       Q3 

In  this  case,  M^!^^  Q3  =  (a?+])  (a?  +  2)  andajs  — 3: 
therefore, 

_m  _  9  _ 9 

^  ""(/,- (1-3)  (2-3)  ""2- 


5S7 


G^ntequently^ 


a?'+6««  +  llaf  +  6       2(a?  +  l)       2(ar  +  2)       2(ar  +  3)' 

677-     If  two  or  more  factors  of  the  denominator  of  the  SUniUr 
primitive  fraction  be  identical  with  each  other,   forming  for  deter- 
a  factor  of  the  form  (a  +  6«)",  we  shall  have  I!!^^  ^ 


M A^  A^  A^  .J     1^  conwpond- 


"  Qia  +  bofy  ' 

and,  therefore, 

Ar-.^^Q-^iQ(a+6j?)- -ii..,Q(a^M*"' 

-«   = -z ;; — r;; ' 7 iv 

(a  +  6  J?)** 

a  fraction  whose  numerator  is  cotnpletely  divisible  by 
(a  +  bxy ;  consequently,  in  the  first  place,  if  —  ^^Q  is  di- 
visible by  a  +  bwj"  since  every  other  term  of  the  nu^nerator 

fit 
involves  a  +  ba^:  therefore,  m  —  A^q  =  0,  and  jrf^  =  —  - 

q 

Again,  make  ~—  =  Afi,  and,  therefore. 


M    (a  +  bxy. 


(g  +  6^)*"' 


171. 


which  gives  us  A^=i  —  for  the  same  reason  as  before: 
if  we  proceed  in  a  similar  manner  to  make 

g  +  64?  ^       g-f6.r  *'      g  +  bd7 

and  so  on,  we  shall  find, 

3Y 


5S8 

and  BO  on,  until  the  successive  numerators  of  the  partial 
fractions  corresponding  to  (a  +  hw)^  are  all  of  them  de- 
termiDied. 

^Bumgk.  As  an  example,    let  it  be  required   to  resolve  the 

fraction 


(07-2)*  (07  +  4) 
into  partial  fractions. 

Assume 

««+2a7  +  l  ^0       ,      Ar       .  f 


(af-2)«(d?  +  4)       (a?-2)«       (ar-2)      Q 

In  this  case  iir=«^  +  2«  +  l,  Qsjr  +  4,  and  0=2 
therefore, 

m_  3 


Agaiuj 


and,  therefore, 


m,       3 
a       4 


9 
Lastly,  assuming 

(ar-2)»(iP  +  4)  "d?  +  4'^Q;' 

we  find  if  =  «^+  2d?  +  1,  Q,  =  (or  -.  2)*,  and  a  =  -  4 
therefore, 

^      w      1 
*  =  ~  =  i' 


589 

oonsequii^Uy, 

g»^8^+l  3  3  1 

ai'^Um  +  ie  ^  2  (^-2)«  "*"  4  (a?-2)  ^  4  (»  +  4) ' 

The  application  df  this  meAod  of  resolving  a  fraction 
with  a  compound  denominator  into  partial  and  more  simple 
fractions,  pre-supposes  a  knowledge  of  one  or  >  more  of 
the  component  factors  of  its  denominator ;  and  the  reso- 
lution will  be  complete  when  all  those  factors  are  gi^en 
or  discoverable :  if,  however,  the  denominator  of  the  pri- 
mitive fraction  be  given,  without  its  factors,  their  dis- 
covery, as  well  as  their  necessary  existence,  is  inseparably 
connected  with  the  general  theory  of  equatibns  and  of 
their  soliitioa 


CHAP.   XIV. 


On*  I.00ARITHM8  AND    LoOARITHMIC  TaBLBS,   AND  THSIB 

Applications. 


De^aitioa  673.     Ik  the  equation 

of  tfaetenn 


iogarUhm* 


a'ssn. 


it  is  usual  to  give  the  general  name  of  logariihmj  Art. 
364,  to  the  index  of  that  power  of  the  same  symbol  a, 
which  is  equal  to  another  symbol  or  quantity  n:  or  in 
other  words,  <v  is  called  the  logarithm  of  n  to  the  base  a. 

fl^^mm.  ^79-  -A.  system  of  logarithms  is  the  series  of  indices  of 
the  same  base  which  correspond  to  the  succession  of  values 
of  n. 

Napierian  680.     Thus,  if  the  base  be  e  =  2.7182818...,  then  the 

^**"  corresponding  indices  form  the  Napierian  system  of  loga- 

rithms, inasmuch  as  this  was  the  base  which  was  adopted 
by  the  inventor  of  logarithms,  Lord  Napier :  it  is  this 
system  which  is  almost  exclusively  used  in  algebraical 
formulae;  and  the  abbreviated  form  log  n,  always  means 
the  Napierian  logarithm  of  n,  unless  the  contrary  be  ex- 
pressed, or  be  inferred  from  its  position  and  usage. 

Tabular  681.    If  the  base  be  the  number  10,  which  is  the  radio; 

^^  '  or  base  of  our  scale  of  numeration  and  arithmetical  no- 
tation, then  the  corresponding  indices  are  called  tabular 
logarithms,  being  such  as  are  recorded  in  our  ordinary 
tables  of  logarithms,  and  which  arc  exclusively  used  in 
arithmetical  calculations. 


Mt 


I 


I 


G^i.     Tlic  tenn  log  tt,   when  used  in  »uch  tulculaliutis,  i^'n^  "i;       ' 
^uld  always  nicsn  lUe  Inbuiar  logaFithm  of  n,  unless  the  ublfur  lof 
contrary  was  expressed :   for  its  position  and  uxage  would,  S»riitini»- 
under  such  circumstances,  determine  its  meaning,  witliout 
the  aid  of  any  specific  designation  :  in  other  cases,  it  might 
be  conveniently  designated   by   t  log,  where  the  letter  t       ^^^M 
is  [H^xed  to  log,  to  indicate  that  it  is  the  tabular  loga-       ^^^^ 
ritbm  which  is  thus  denignated.  ^^^| 

CfiS.     The  quantities  e  and  10  are  the  only  bases  of  I'lvuliliiw 
li^arithtns  which  are  used  in  analytical  enquiries,   though  °„^,^ 
the  general  symbol  a  is  employed  to  designate  any  base 
irtiatever,  whether  different  from  e  and  10,  or  the  same. 
Hie  use  of  which   may  seem  more  adapted    to  the  gene- 
rality of  algebraical  investigationii. 

684.  If  in  the  cijuation  a'=-n,  there  are  more  sym-T!icrei» 
bolical  values  of  ,i'  than  one,  which  satisfy  the  required  BilJuiwird 
conditions,  they  are  equally  logarithms*  of  «:  it  is  very  v«iutofihe 
easily  shewn,  however,  that  there  is  only  one  arithmetical  "^■^  J^ 
value  of  .V  which  makes  a"  equal  to  an  arithmetical  value  number  or 
of  n:    for  if  !/  be  such  a  value,  different  from  *,   then  '''^^" 

&•=»  and  n*  = 


=  n,  and,  therefore,  —  =  fl'~'  =  l,  an  cqiia- 
n*  ' 

<n  which  can  only  be  arithmetically  satisfied  by  making 
.V— y=:0;  Of,  in  Other  words,  .v  is  equal  to  j/  and  identical 
with  it :  we  shall  confine  our  attention,  in  the  first  instance, 
entirely  to  such  arithmetical  It^arithms,  and  afterwards 
proceed  to  consider  symbolical  logarithms,  as  distinguished 
from  the  former. 

685.    The  properties  of  logarithms  ore  the  properties  of  ftop*«I« 
the  indices  of  ihcsamc  symbol:  thus  if  n'  =  «,  and  n^  =  i 


(IWni^MlM  ' 


then  tf*"  =  n 


^ftom  log  I 


i  faff. 
r  »,  we  shall  have 


;  — ,  ,  a"  =  n",  and  a'  =  «»  :   therc- 
n 
e  denoted  by  log'  m  (where  log'  in  different 
,  unless  tt==^e  m-  ncflO),  and   iv    by 


■  The  turn  lOEaritlim  l»  nwd  tlriolty  in  Ihi!  » 


IK  ul|[  willed  is  noticed  iu  An.  161. 


548 

(1)  Log  nvl  =  log'  n  +  log'  9»',  or  the  logarithm  of  the 
product  of  two  numbers  or  quantities,  is  equal  to  the  sum 
of  the  logarithms  of  the  two  factors,  and  conversely. 

(2)  Log'  —7  =  log'  n  — log'  n',  or  the  logarithm  of  the 

quotient  of  two  numbers  or  quantities,  is  the  logarithm  of 
the  dividend  diminished  by  the  logarithm  of  the  divisor, 
and  conversely* 

(3)  Log'  n^ =p  log'  n,  or  the  logarithm  of  the  p^,  or 
any  power  of  a  number  is  found  by  multiplying  p,  or  the 
index  of  the  power,  into  the  logarithm  of  the  number,  and 
conversely. 

-       1 

(4)  Log'  n'  =  ^  log'  n :  or  the  logarithm  of  the  p^, 

V 
or  any  rwt  of  a  number  is  found  by  dividing  the  logarithm 

of  the  number  by  the  number  which  expresses  the  deno- 
mination of  the  root,  and  conversely. 

Examples.  686.     Thus  if  n  =  37?  and  n'  =  185,  then  we  shall  find 

from  the  tables, 

(a)    t  log  37  X  185  =  t  log  37  4- 1  log  185 
=  1,5682017  +  2.2671717 
=  3.8353733 = t  log  6845. 

185 

(/3)   t  log  gy-  =  t  l°g  185  - 1  log  37 

=  . 6989700  =  t  log  5. 

(7)    tlog37'  =  2tlog37 

=  3.1364034 =t  log  1369. 
(5)   t  log  37»  =  3  t  log  37 = 4.7046051  s  t  log  50653. 


(0    I  log  ^185  =  ^  t  log  185 

=  1.1335858  =  1  log  13.611. 

(•d    t  log  ^185  =  4  t  log  185 

=  .7557239  =  t  log  5.6980. 

(D  tlog7l85=itlogl85 

=  .4534343  =  t  log  2.8408. 

687-  If  the  logarithms  of  all  numbers,  whether  whole 
or  decimal,  which  belong  to  the  some  system,  were  registered 
in  tables,  it  is  obvious  that  the  operations  of  the  multipli- 
cation and  division  of  such  numbers  would  be  performed 
by  means  of  the  addition  and  subtraction  of  their  logarithms, 
and  that  the  operations  of  raising  any  powers,  and  extract- 
ing any  roots  of  such  numbers,  would  be  performed  by 
means  of  multiplying  and  dividing  the  logarithms  of  the 
Dumbers  by  the  numbers  which  express  the  denominations 
of  the  powers  and  roots  required :  for  by  such  means  we 
obtain  the  logarithms  of  the  results,  and  consequently  by  a 
reference  to  such  tables  we  obtain  the  corresponding  results 
themselves. 

688,  A  very  little  consideration,  however,  would  shew 
that  the  extent  of  tables  which  would  be  required  to  com- 
prehend a  succession  of  the  logarithms  of  all  numbers,  both 
whole  and  decimal,  even  if  confined  within  the  narrowest 
limits  which  are  required  for  the  purposes  of  calculation,  ^ 
would  be  much  too  great  to  be  either  easily  registered  or 
referred  to :  and  this  is  an  objection  which  applies  to  the 
logarithms  in  all  systems  whose  bases  do  not  coincide  with 
the  radix  of  the  scale  of  notation :  if,  however,  the  base 

10,    the  logarithms  of  all  numbers  or  quantities  ex- 

[  pressed  by  the  formulae  10"  x  N  and  t^,  *'ill  be  at  once 
iwn  from  the  logarithm  of   N:    for  t  log  10' x  JV  « 


formtj  by 
Inguiihmii 


I 


conTenlcnee 
and  breticj 

of  log. 


LtloglO"+  t  log  jV=n  +  t  log  iV,    and   aisc 


If 


S44 

I  log  iV  —  t  log  10"  =  t  log  JV  —  «,  inasmuch  as  n  is  the 
logarithm  of  10"  to  the  Iwse  10:  it  follows  from  hence, 
that  we  are  required  in  this  system  to  re^ster  the  succession 
of  integral  numbers  only,  inasmuch  as  the  logarithms  of  all 
numbers,  whether  whole  or  decimal,  which  are  expressed  by 
the  same  significant  digits,  similarly  placed  with  respect  to 
each  other,  are  known  from  each  other. 


Thus  tlog      96+98  = 

t  h.g  96498  X  10  =t  log    964980  =  5.9845228, 

t  log  9G498  X  10=  =  t  log  9649800  =  6.984S2aj 

t  log  ^^^ = t  log     9049.8  =  3.984523 
t  iog^?^=t  log     964,98  =  2.9845221 


tlog?^=tlog     9.6*98=  .98452i 


I 


In  the  two  last  cases,  the  sign  —  is  placed  above  the 
number  1  in  one  case,  and  above  the  number  2  in  the  other, 
to  shew  that  it  must  be  subtracted  from  the  decimal  part 
of  the  logarithm :  in  other  words,  the  logarithms  of  decimal 
numbers  less  than  1  arc  negative,  but  are  expressed  in  this 
manner,  in  order  to  preserve  the  (decimal  part  of  the  loga- 
rithm the  same,  for  all  numbers  expressed  by  the  same  sig- 
nificaut  digits  in  the  same  oriler. 


u 


iiQ9.  The  dt'cimal  part  of  a  logarithm,  which  i 
unaltered  for  all  numbers  or  quantities  which  only  differ  from  k 
each  other  in  being  multiplied  or  divided  by  powers  of  10.  '^ 
has  been  denominated  by  authors  who  have  used  the  Latin 
language,  the  mantUva,  a  term  which  we  shall  retain,  in  the 
absence  of  any  simple  designation  which  could  be  supplied 
by  our  own  language :  the  integral  part  is  called  the  cha- 
racteristic: if  the  number  be  between  1  and  10,  its  loga- 
rithm is  between  0  and  1,  and  the  characteristic  is  0:  if 
the  number  be  between  10  and  10",  its  logarithm  is  be- 
tween 1  and  2,  and  its  characteristw  is  1 :  if  the  number 
be  between  10"  and  10',  its  logarithm  is  between  2  and  3, 
and  its  characteristic  is  2,  and  so  on,  the  number  which 
forms  the  characteristic  being  leas  by  unity  than  the  num- 
ber of  integral  places  in  the  number  of  whose  logarithm  it 


is  a  part:  if  the  number  is  Iretwcen   1   and 


,  the 


1 


racteristic  is  -  X :  if  the  niunber  is  Iietween  ^  and 

10  lu' 

.  itfl  characteristic  is    —3:  and  so   on  for  other   fractions 
Mr  equivalent  decimals  in  this  descending  scries. 

I"        690,     It  is  for  the  reasons  above-mentioned,  that  the  T 
tables  give   the   mantisstB   only    of  logarithms   with   the  ,i 
significant  digits  in  their  proper  order  of  tile  correspond-  "' 
ing  numbers,  inasmuch  as  the  characteristic  may  be  always  „, 
supplied  from  the  number  of  intcgrol  places  in  the  number  " 
whose  logarithm  is  sought  for,  or  in  ease  it  has  no  integral 
places,  from  the  number  of  zeros  (if  any)  wliich  succeed 
the   decimal   point,   the   negative  characteristic   exceeding 
by   1    the  numlwr   of  such   zeros :  thus   the  mantissa  of 
the  logarithm  of  53399  is  .7275331,  which  is  all  that  is 
given  by  the  tables:  the  complete  logarithm  is  4.7275331, 
where  4  is  less  by  1  than  the  number  of  integral  places  in 
the  corresponding  number:  in  a  similar  manner  the  com- 
pk-te  logarithm  of  .00053399  is  4.7275331  where  4  exceeds 
by  1    the  number  of  zeros  which  immediately   foHow  the 


cinia)  point. 


aZ 


^^^^^  546 

Tshtaiof  ggj      Inasmuch  as  the  aincs,  cosines,  tanf^nts,  secants. 

linn,  CO-  Etc.  of  angles  enter  into  forniulfie  whith  are  the  subjects  of 
uS^  (^  calculation  equally  with  otlier  symbnls  potise»aing  assigned 
numerical  values,  a  register  of  the  logarithms  of  their 
successive  numerical  values  becomes  equally  necessary 
with  that  of  the  logarithms  of  the  series  of  natural 
numbers:  tables  of  nntural  sines,  cosines,  tangents,  co- 
tangents, secants,  co-seconts,  &c.  will  contain  the  succes- 
sive numerical  values  of  the  sine,  cosine,  tangent,  co-tan- 
gent, secant,  co-secant  of  every  minute  (and  in  some  cases 
\of  every  second)  of  the  quadrant  from  1'  to  45",  and  con- 
sequentiy  as  far  as  90",  if  taken  in  an  inverse  order, 
when  the  sine  is  replaced  by  the  cosine,  the  tangent  by 
the  co-tangent,  and  the  secant  by  the  co-secant :  tables 
of  logarithmic  sines  and  cosines,  tangents  and  co-tan- 
gents, secants  and  co-secants,  will  contain  the  logarithms 
of  the  natural  values  increased  by  the  number  10,  arranged 
in  the  same  order,  each  page  of  the  natural  values  being 
opposed  to  a  corresponding  page  of  the  logarithmic  values. 

lAvriiT*"  ^^^'     ^  '^"y  ''"^*^  consideration  will  shew  the  great 

logKiihmg  convenience,  for  the  purposes  of  calculation,  of  increasing 

numerical  ^^^  logarithms  of  the  goniometrical  quantities,  as  recorded 

vbIuct  of  in  the  tables,  by  the  number  10:  for  the  natural  values  of 

coilnCT^&c  t*"^  8'"^s  ''"'i  cosines  are  included  between  0  and  1,  and 

"f  in-  the  characteristics  of  their  logarithms  are  therefore  neini- 

CKMcdby  ..         .,  *■  ° 

10.  tive:  thus: 

sin    l'  =  .OO02909:  its  natural  logarithm  5.4637261 

sin    1"=.0174524     2.24.18553 

sin  SO"  =  -7660444     T.S842540 

cos  30' =  .999961 9 T.9999836 

cos  30"  =,8660254 1.9375306 

cos  85"  =  .0871557    2.9402960 

If  such  logarithms  were  registered  in  tables,  their  cAaroc/er- 
iatics  and  mantissee  woidd  have  different  signs,  and  gieat 


I 


Lonfusion  would  be  thus  occasioned  in  the  caltulalion  liy 
pieans  of  them  of  the  values  of  thosnc  formula!  in  which  such 
ijuantities  occurred,  without  any  reference  to  the  apparent 
violation  of  propriety  in  the  necessary  introduction  of  ne- 
gative quantities  (with  independent  signs)  into  proccsi^es 
which  arc  strictly  arithmetical :  it  is  for  these  reasons,  that 
tht^ir  natural  logarithms  are  increased  by  10,  and  the  loga- 
rithms of  sin  1',  sin  r,  sin  50",  cos  30',  cos  30",  cos  85", 
present  themselves,  therefore,  in  the  tables  with  the  follow- 
ing values  : 

6.4637261,     8.2418553,     9.8842540, 
-  9.9999836,     9.9375306,     8.9402960. 

■  693.     Tlie  number  10  is  the  logarithm  of  10'",  and  the 

■  regUtered  logarithms  of  the  sines,  cosines,  and  other  goni- 
ometrical  quantities,  are  the  natural  logarithms  of  those 
quantities  multiplied  by  10'°:  we  might  consider  the 
tabular  sines,  cosines,  tangents,  &c.  as  the  natural  sines, 
cosines,  tangents,  &c.  multiplied  by  10'",  or  10000000000, 
as  ia  most  commonly  done*:  but  in  all  cases  we  may 
replace  the  natiu-ol  logarithms  of  such  quantities,  when 
ihcy  occur  in  fonnula?  reduced  to  logarithmic  computa- 
tion, by  the  tabular  logarithm  diminished  by  10:  thus 
the  natural  logarithm  of  cos  6  will  be  replaced  by 
(t  log  cos  0—10),  that  of  cos=  0  by  2  (t  log  cos  0  —  10), 
and  similarly  in  other  cases :  when  this  is  done,  the  for- 
mula may  be  afterwards  adjusted  to  arithmetical  com- 
jiutation,  in  any  manner  which  may  be  considered  most 
convenient. 


'  Surli  I  view  of  tlie  monini;  of  tabniar  siaet,  coiine*,  uu^enU,  &c. 
would  Ik:  adapted  to  the  ontLoary  deliuitions  of  tlioic  lermi:  if  we  refer  to  the 
Agaie  in  Art.  461..  JD  t»  defineil  lo  Ik  aaine,  and  CD  tbe  tine  u(  the  angle 
HAC,  iaa  circle  w how  radiiu  aAB:  in  a  similar  maimer  if  we  refer  tu  Ibc 
ligure  in  Art.  486,,  BT  ia  defined  to  be  the  tangent,  and  AT  tlicwcant  of  tlic 
ancle  BAC  in  a  circle  wIumc  radiuB  is  ^B:  if  [lie  radiui  of  thi>  circle  be  I. 
(he  nnes,  coiinei,  taagenis,  and  lecatiu  Ibui  ilefiiied  will  cfdnclde  with  the 
sioci,  cosinei,  lailgenU  and  (ccanu  of  tlie  tame  augle,  a>  detertnined  by  our 
deliniliuii  (Arl.46S.  and  466.);  if  the  radiO!!  be  10'°,  Ihr  ainei,  coaioct,  tan- 
eeati  and  tccallls  correipondinsi  will  coincide  with  the  tabutiir  linet,  cutioet, 
langenta  and  lucanU,  wImw  logarithiui  to  tin  baw  10,  ate  rcgittered  in  Iho 


Tianiiiion 

Uhular 
It^arithmit 

mrimw,  &C. 

tural  loga- 
rilhou,  and 


I 
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£zMDplM.  094,  The  following  are  examples  of  the  applil^itions 
of  logarithms  to  the  computation  of  fo]:muke  involving 
goniometrical  quantities. 

OWmUie  (1)     If  a:  =  893  cos  72^9',  and  y  =  393  sin  72^9',  to  find 

nSei^      the  values  o£  x  and  ^. 

**aIl!tL  log  x  =  log  393  + log  cos  72^.9' 

of  sitehu  =  log  S9S  +  (t  log  cos  72<>.9'-  10) 

!^S^^'  log  393=   2.5943926 

£^  t  log  cos  72<>.9'=   9.4864674 

12.0808600 
10 


log  120.467=    2.O8O86OO 
and,  therefore,        x  =  120.467 

log y  =  log  39s  +  (t  log  sin  72^.9-  10> 
log  393=   2.5943926 
t  log  sin  72<^.9'=  9-9786198 

12.5730124 
10 


log  374.13=    2.5730124 
and,  therefore,        y  =  374.13 

In  this  case  x  and  y  are  the  base  and  perpendicular  of 
a  right-angled  triangle  whose  hypolhenuse  is  393,  and  the  angle 
at  whose  base  is  72^^-9'  (Art  466.) 

Gifcn  two  (2)     The  sides  of  a  triangle  are  I7.O9  and  93.451,  and  the 

^^J*^*     angle  opposite  to  the  greater  of  them  is  93^.16':  to  find  the 
and  the        angle  opposite  to  the  less. 

site  to  the  In  this  case 

cvBMer:  to  -  aa  • 

nnd  the  •      j       a      •     i>         1|.09'  ^^Jk*^       li*09  ^r^  ,  ^f 

sJdew  (Alt,  523  and  473). 

Consequently, 

(t  log  sin  A  -  10)  =  log  17^ 
+  (t  log  sin  Se^.M-  10)  -  Ic^  J«.451 ; 
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or  striking  out  10  from  both  sides  of  the  equation, 

t  log  sin  il  s  log  17.09  +  t  log  on  8ei^.W-  log  93.451  : 

log  17.09=   1.2327421 
t  log  sin  86^.44'=:   9-9992938 

11.2320359 
log  93.451  =    1.9705840 

t  log  sin  100.3l'=r   9.2614519 

and^  therefore,  A  =  10^.31'. 
If  the  remaining  angle  and  side  of  the  triangle  be  required, 
we  shall  find  C  =  180»-  9S«'.l6'-  10».8l'=  76^.13'. 

Also  c  =  — s — -2 ,  and,  therefore, 
sm  if 

log  c  =  log  a  +  (t  log  sin  C  -  10)  -  (t  log  sin  J  -  10) 

s  log  a  -f- 1  log  sin  C  —  t  log  sin  A, 

log  17.09=:    1.2327421 

t  log  sin  76^.13'=   9-9873103 

11.2200524 
t  log  sin  10^.31's   9.2614519 

log  90.908=    1.9586005 
and,  therefore,  cs=  90(^908. 

(3)     If  two  sides  of  a  triangle  be  27-04  and  74.67,  and  ^^^ 
the  angle  induded  between  them  be  117^.20',  to  find  the  re-  the  in- 
maining  side  and  angles.  d^a*"' 

The  formulse  required  for  the  solution  of  this  example  are  triangle:  to 
given  Art  525.  wnainfag 

Since  P"*^ 

tan(lll^=(^tan(il±^^, 
2  a+b  2         ' 


•  If  tan  $  =  J,  then  tan  ($  -45»)  =  j-^^,  and,  therefore, tan  (^^^^) 

=:tBn(d  — 45®)  tan  ( — ^ — ]  ,  a  Tariation  of  form  which  has  sometimes 

been  given,  but  which  in  no  respect  shortens  the  calculation  of  the  remain- 
ing angles. 
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we  have 


or 


t  log  tan  J^^ll-?i  -  10  =  log  (a  -  &) 
+  |t  log  tan  ^^1±^  _  loj  -  log  (a  +  &). 

tlogt«n^i:=-^=log(o-6) 
+ 1  log  Un  ^^i±^  -  log  (a  +  6) : 


but 


a-b  =  47.63,  «  +  6  =  101.71,  ^-^  =l'-^=  SI^.ZO' 


and 

log  47.63=    1.6778806 
t  log  tan  31».20'=    9-7844784 

1 1 .4623590 
log  101.71=    2.00736S7 

t  log  tan  15^.55'=    9.4549953 

2  2 

2  2 

Also,  c  =  — ; — 3 ,  and,  therefore, 

log  c  =  log  a  +  t  log  sin  117^.20'—  t  log  sin  47^.15' 
=  log  74.67  +  t  log  sin  62«.40^-  t  log  sin  47«.15', 
log  74.67  =    1.8731462 
t  log  sin  62^.40'=    9-9485852 

11.8217314 
log  sin  47^.15' s    9.8658868 

log  90.333=    1.9558446 
and,  therefore,  c  =  90.333. 

(4)     The  three  sides  of  a  triangle  arc  107-9,  193.4,  anct 
217*12:  to  find  the  three  angles  o£  the  triangle. 
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It  appears  from  the  formuU  given  in  Art.  547,  that  S'^of''^ 

^  \/\^-^)  (^^)  (^^*)  X-^)\  ^" 


sin  y|  =  — ~ 1 three  an- 

be  gles. 

be Te  ~ '  2 

Consequently, 
t\og9mA^\0=:\  {log#+log(*-a)+lqg(*-6)4-log(*-c)| 

+  log  2  —  log  h  —  log  c 

log  s  =r  log  259.21  =  2.4136518 

log  (#-«)  =  log  151.31  =  2.1798676 

log  {s  -  b)  =  log   65.81  =:  1.8182919 

log  (*  -  c)  =  log    42.09  =  1.6241789 

2)8.0359902 

4.0179951 
log  2  « 3010300 

adding  10         14.3190251 

log  6  :=  log  193.4    = 2.28645657 

log  c  =  log  217.12  = 2.336(59983 

log  6+ log  cs   4.6231563 

t  log  sin  yl  =  t  log  sin  29^.46^^    9.6958688 

or  i<  =  29^.46*. 

2^ 
Again,  sin  J3  =  — ,  and,  therefore,  as  before, 
^  ae 

log  2  +  log  iyr  +  10  =  14.3190251 

log  a  slog  107.  9 2.03302147 

log  c=  log  21712 2.3366998$ 

log  a  +  log  c  =    4.3697212 
t  log  sin  J3  s  t  log  sin  62<>.51's    9*9498039  or  JS  ss  62<'.5l'. 

The  third  angle  C,  may  be  determined  by  the  formula 

2iV 
sin  C  =  — r  >  in  the  same  manner  as  the  two  others :  but  more 
ab 

immediately  by   subtracting  A  -^^  B  from  180^,    which   gives 
C  =  87^.56'. 


695.     The  three  angles  of  tlif  triangle  in  tliis  problem 
'  adipiolor   niiglit  be  determined  likewise  from  the  fundamental  £oi- 


'inulic,  (Art.  527.) 

b'  +  c'-a'           „       o'  +  c'-6' 

b 

1                              '"'^           2ab      ■ 

but  inasmuch  as  the  squares  of  a,  b,  c,  must  be  determined 
separately  (logaj-ithmically  or  otherwise)  before  we  can 
determine  the  numerical  values  of  the  numerators  of  those 
fractions,  and  consequently  before  we  can  proceed  with  the 
logarithmic  computation  of  the  fractions  themselves,  such 
formulae  are  said  not  to  present  themselves  in  a.  state  which 
is  equally  adapted  to  logarithmic  computation  with  those 
which  have  been  made  use  of  above. 

Formula;  generally  are  said  to  be  adapted  to  logarithmic 
computation,  when  they  consist  of  producis,  quotients, 
roots  or  powers  of  easily  calculated  terms:  it  is  in  this 
2V-\s(s-a){8~b){8-c)\    . 


sense  that   the   formula 


be 


said  to  be  adapted  to  logarithmic  computation :  but  if  the 
component  members  of  this  or  any  other  formula  required 
a  mixed  application  of  logarithmic  and  numerical  compu- 
tation, in  order  to  determine  their  values,  they  might  be 
said  to  be  7wt  adapted  to  logarithmic  computation:  the 
phrase,  however,  and  its  usage,  is  very  vague  and  indefinite, 
inasmuch  as  it  does  not  determine  absolutely  the  conditions 
of  greatent  convenience :  in  other  words,  a  formula  which 
is  not  adapted  to  logarithmic  computation,  according  to 
the  technical  meaning  of  the  term,  may  admit,  in  many 
cases,  of  more  rapid  computation,  by  mixed  or  even  by 
merely  arithmetical  means,  than  one  which  is  so:  the 
selection,  therefore,  of  one  or  of  the  other,  when  both 
are  within  our  reach,  must  be  determined  by  the  judge- 
ment and  experience,  and  someliracs  by  the  ftmle,  of  the- 
computer. 


S6d 

696.     A  fonnula,  like  a  +  6^  consisting  of  two  terms,  FoimuU 
one  or  both  of  which  are  powers  or  roots,  or  composed  i^Lridunj 
of  factors  in  any  way  whatever,  so  as  to  admit  of  or  require  computa- 
logarithmic  cmnputation,  may  be  itself  likewise  reduced  to  ^  ^  5. 
logarithmic  computation  in  the  following  manner :  since 


if  we  make  tan*  0  =  -  ,  we  get 

a 


a 


a^b^s^a  (l  +  tan*0)=sa8ec'd  or  — r-^r 

cos'0 

. '  *       ■ 

the  process  of  computation  will  th^n  be  as  follows : 
t  log  tan  d=:^(20  +  log  6-rIog  a), 
log  (a-f  fr)^loga  +  2t  log  sec  0  —  20, 
or  =  Iog  a  +  20  — 2  t  log  cos  ft  * 

697.    An  example  of  the  application  ^^  this  fermula  Inay  £iuuhple« 
be  derived  from  the  solution  of  the  following  problem. 

If  the  two  sides  of  a  triangle  be  729  and  S40.S,  and  the 
included  angle  76P*24s',  to  find  the  third  side  without  the  in- 
tcnroitimi  of  the  two  angles. 

Since 

(^szc?  +  V -  2a5  cos  C  (Art  527) 

«^-l  Saft4.6^4*2ai-S«^cosC 

a=  (fl  -  6y  +  2a6  (1  -  cos  C) 

«(a.&)«{l+^^^.sirf|}:(Art482.) 

make  tan*  6  =  (    ^  k>A  *  **"*  "J '  "*^»  thcrefcie, 

t  log  Un  0  s  i  (log  a  4-  log  6) 

C 

+  log  2  + 1  log  sin  ^  -  Iqg  (a  -  h). 

4A 
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loga=k)g7S9    «    2.8627S75 
log  6  =  log  S4a5  B    2.5521171       ' 

2)5^948446 

2.6974823 
t  .  log2         .8010300 

t  log  sin  ~  =  t  log  sin  38*^.12'=    9-7912754 

12.7807277 
log  (a  -  6)  =  log  388.5  s    2.5893910 

t  log  tan  57^.49 «  ia2003367 

Also  log  c  =  log  (a  -  6)  + 1  log  sec  0  —  10 

log  (a  -  6)  =    2.5893910 
t  log  sec  57^.46*-  10  =    0.2729727 

log  728.4=    2.8623637 
mdy  therefor^  c  s  728.4 

^^™^  698.    A  formula,  such  as  a— 6,  where  a  is  greater 

logttithmic  o        •      .  o  ^ 

compnta-     than  6,  may  be  reduced  to  the  form  a  cotr  d,  if  sin  d  s=  -  : 
tkm  of  ^  a 

for  (o  -  6)  =s  a  (1  -  -)  =  o  (1  -  sin'  fl)  =  a  corf^  fl: 

consequently,  if  computed  logarithmically,  we  get 

t  log  sin  0:=^  {20+log  6— log  a}, 
and 

log  (d— 6)  aclog  o  + 1  log  cos  fl— 10*. 


*  The  fonnaU  in  the.  proUem  just  solved  may  be  very  easily  adapted  to 
the  case  under  consideration :  for 

c«  =  a«-f  6*  — 2a6 cos  C 

=  a»  -f  2aft  -f  62  —  2fl&  -  2o 6  cos  C 


699.     The  same  formula  a-b  is  likewise  reducible  to  JXfa'J; 
the  form  a  (rin*  0— sin*  e')=a  sin  (0  +  ^)  sin  (fl— 0')f,  It^ariihmie 
which  is  also  adapted  to  logarithmic  computation :   such  ^^'^ 
a  formula   would  be  extremely   convenient,   when  one  of  a  —  6. 
the  terms  a  or  fc  of  fl  — 6,  presented  itself  under  the  form 
a  sin'  0 :  of  this  kind  is  the  formula 


,c 


3' 


,C 


sin*  d  =  sin  a  sin  &  cos* 


700.     More  generally,  any  series  of  terms,  such  as    Fonnul* 
„_t  +  c-d+e-8.c.  S^f 

connected   by    the  signs  +  and  — ,   may   be    calculated  •i™"^ 

□ected  bj 


U  we  iDakc  llietefore  —, — x^t;"  =  '"''  *•  "^  f' 

c'  =  (a  +  t)'ci»'«, 
and  tbenhwe  h«  c  =  log  (a  +  i)  + 1  log  cm  «  —  10. 
t  For  rid'  9  -  .in'  C  =(.in  e  +  sin  80  <dD  )  —  lin  #•) 

=.^C-±r).»(!=i:)x,»('±i:) -.(!=!). 

=  »in  (6  +  f)  lin  f 9  -  8'). 


herigni 


logBrithntically  by  thv  aid  of  expedients  Gimilar  to  thoK 
above~DQticed  i  for  the  sum  of  two,  three,  four,  &c.  tetnu 
may  be  put  under  the  successive  forms, 

o  — 6  =  o|l l^** 


;  where  Bin-  0  =  - 


b  +  r  =  (a-b)h  +  ^-^\  =  asec'ff, 


a  —  b  +  c  —  d  =  (a~b  +  c)  ]l 


=  a  cos*  ff',  where  b 


a—b+c  ' 


and  so  on,  in  the  same  oiaoQer,  as  far  as  we  may  choose  to 
proceed :  and  inasmuch  as  the  process  in  each  case  gives 
the  logarithmic  value  of  the  sum  of  the  terms  already 
determined,  no  more  openings  of  the  tables  would  be 
required  than  such  as  are  necessary  for  the  logarithmic 
computation  of  the  additional  term  of  the  series  which 
is  successively  introduced. 

It  is  by  means  of  expedients  such  as  those  described 
above,  that  all  formulae,  whose  symbols  or  component  terms 
have  specific  arithmetical  values,  may  be  brought  under 
the  dominion  of  strictly  logarithmic  computation :  it  is 
neither  our  object,  however,  nor  would  our  limits  allow 
us,  if  it  was,  to  notice  in  detail  the  different  artifices 
which  are  made  use  of  for  the  purpose  of  adapting  for- 
mula; to  the  most  rapid  logarithmic  computation,  which 
must  vary  according  to  the  circumstances  of  their  appli- 
cation :  it  is  in  such  artifices  that  the  skill  of  an  analyst 
who  constructs  formulae  with  a  view  to  their  practical 
application,  will  be  chiefly  exercised. 

701.  Having  explained  the  nature  and  use  of  loga- 
rithmic tables,  it  remains  to  notice  some  of  ihe  series  by 
which  logarithms  are  expressed,  and  from  which  their 
arithmetical  values  may  be  calciUated. 


We  have  investigated  in  tJie  laal  Chapter,  the  series  »"*=*  f" 

„,,,  ,,,  A,  1     ^  '  r    '^  iilculn. 

lor  a  and  e  ,  and  also  the  equations  e  '=«,  and  e  '  =o  ,  ^onof  die 
by  which  the  logarithms  corresponding  to  those  different  "■""  "^  -*! 
bases  are  connected  with  each  other:  it  remains  to  in- JJ^„  *'^'"' 
vestigate  a  series  by  wliich  the  arithmetical  value  of  A, 
may  be  calculated  for  any  assigned  value  of  a,  and  par- 
ticularly for  the  case  of  tabular  logarithms,  when  a  =  10. 

The  series  in  Art.  663. 


=  (a-l). 


(a-iy       (o-l)»       (fl-iy 


&c....(a). 


is  not  convergent,  when  «  exceeds  2,  and  under  such 
a  form  possesses  no  arithmetical  value :  it  may  be  easily 
modified,  however,  so  as  to  be  convergent  and  rapidly 
60,  in  all  cases  whatsoever. 


Since  «'''  = 
quently, 

log.=  (,-l). 


,  it   follows  that    log  a  =  .^,,  and   conse- 


(a -If  ,  (g-lr      (0-1)' 


+  8.c...(ffl, 


or  the  series  for  A,  expresses  likewise  the  Napierian  loga- 
rithm of  a  number  or  quantity  a  in  terms  of  the  number  or 
quantity  itself. 


Also  s 


.  (a-r 


,  and,  therefor 


log  (a=)-=m  log  («=)=loga  =  v*,. 
it  will  follow  from  the  form  of  the  scries  (j3)  that 


and,  therefore. 


3 


■■(7). 


(«--l)'       (a^- 1)' 
3  4 


+i.c.t ., 


..(i). 


If  ve  suppose  a  greater  than  tuiity,  it  is  alw; 
possible,  by  assuming  m  sufficiently  large,  to  make  oS 
ditFer  from  1  by  a  quantity  aa  small  ea  we  choose:  thus 
if  a  =  10  and  m  =  ^*,  it  has  been  Ehewn  that 


10*    =  1.00000000000000013781914932003235: 


w  =  2*'  =  18014398550948198*, 


m{a"-l)  =  2.3025851...., 

which  is  likewise  the  accurate  value,  as  far  as  it  goes, 
of  Aj  or  of  log  10:  for  tlie  second  term  of  the  series  (-y) 


15  places  of  decimals. 

702.  The  preceding  calculation  gives  us  the  Napierian 
logarithm  of  10,  and  it  is  very  obvious  that  a  similar 
process  will  enable  us  to  calculate  the  Napierian  loga- 
rithm of  any  other  number,  by  means  of  a  series  which 
will  possess  any  required  degree  of  convergency :  but  the 
Napierian  logarithm  being  calculated  or  known.  It  remains 
to  determine  in  what  manner  we  may  pass  from  it  to  the 
corresponding  logarithm  of  the  same  number  or  quan- 
tity in  any  other  system,  and  particularly  in  that,  whose 
logarithms  are  registered  in  tables. 

In  the  first  place,  it  follows  from  the  equation  e''''=o", 
that  the  logarithms  of  any  assigned  base  a  wilt  be  found 
by  dividing  the  corresponding  Napierian  logaritlims  by  A^ 


■  by  multiplying  them  by   —  or 


logo 


703.     It  is  this   invariable   multiplier,   for   the  same 
syBtetn,  which  is  called  the  modalue  of  that  system,  and 
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which  is  always  equal  to  tho  reciprocal  of  the  Napierian 
logarithm  of  its  base :  consequently,  in  the  case  of  tabular 
-  Isgarithms,  we  stull  find  the  modulus  or 

r 

=  .434294481. 


log  10       2.3025851 

704.     The  preceding  method  of  calculating  tables  of  '^ 
logarithms  is  theoretically  perfect :  but  it  is  obvious  that  « 
the  operations  which  it  involves  (of  multiplication,  division,  " 
and  extraction  of  roots,)  are  extremely  tedious  and  em-  to 
barrassing,   and   such   as  must   necessarily   prevent   their 
practical    application   to    any   considerable   extent :    it  is 
for  such  reasons,  that  it  is  usual,  in  the  calculation  of 
the  logarithms  of  aitccessive  numbers,  to  resort  to  arti- 
fices of  analysis,   which   furnish    methods   founded   upon 
the  differences  of  successive  logarithms,  or   to  series  in* 

^VolTiDg  rational  terms  only,  such  as  th<^  which  follow. 
I       705.     Since  J 

,„,„=(„_„_<^,^l)!.<»^.s,....„," 


1 


•■(S): 


li  are  teplaee  a  by  —  a  in  this  series,  we  get 

„        *                  a'       o'       O'*      , 
,{1_.)=-.-       __---«,c 


...(3). 


If  we  subtract  the  last  of  thes 
(2),  we  find 


M"^)- 


..(4). 


•ince  log  (1  +  n)  -  log  (1  —  «)  =.  ]og  (j^yj  - 
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Serkf  for  ^06.  -   If  we  make =  —  >   we  get   a  =  '*- , 

,    m  1  —  an  •!».+  n 

and,  therefore. 

If  we  make  m sn  +  1,  we  shidl  have 


m  +  n      2n  + 1  * 
and,  therefore. 


„+l       „C     1  1 

log— 2j^^^+--j^^ 


1")' 


6(2n  +  iy 
or 


+  &c5 (6), 


CI                    1 
log  («  + 1)  =log  n +2  <x r  +  TTT^i 


ly 


+  6(2^  +  H ^'^- 

This  is  a  formula,  adapted  to  the  calculation  of  suc- 
cessive numbers,  which  involves  a  series  which  is  rapidly 
convergent  in  all  cases,  and  more  particularly  so  when 
the  numbers  are  large. 

Whenw  jf  ^  ^^^  n.are   resolvible  into  simple  factors,  then 

ana  n  arc  * 

of  aimple     log  —  will  be  equal  to  the  sum  of  the  logarithms  of  the 

iactow.  ^ 

factors  of  m  diminished  by  the  sum  of  the  logaritjims^ 
of  the  factors  of  w :  if  we  assume  p  to  express  the  loga- 
rithm of  the  largest  factor,  and  —  g  to  express  the  alge- 
braical suTh  of  all  the  others^  connected  with  their  proper 
signs,  then  we  shall  have 


Ml 


-li^) 


+  kc. 


..(8), 


logarithm  of  the  number  denoted  by  the  largest 
will  be  espressed  in  terms  of  the  Logarithms  of 
inferior  numbers  which  are  already  determined,  and  the 
terms  of  an  indefinite  series  which  arc  more  or  less  con- 
vergent :  if  we  could  assume  m  and  n  so  that  m—n  should 
be  equal  to  1,  or  even  to  an  invariable  number,  then  the 
convergency  of  the  terms  of  this  series  would  increase 
rapidly  with  the  increase  of  the  number  whose  loga- 
rithm was  required  to  be  determined. 


Thos  if  m  =>  «*  and  w  =«  *'—  1  = 
»en  p  =  log  (.r  +1),  q  =  2  log  .v  —  1 

d,  therefore. 


(.V  +  1)  {.V  -~  1),  Eiunplei. 


~v 


log(,r-l-l)  =  2  1. 


-log(.r-l) 


+  2 


2,c«_l  ■*'3'(2.r'-l)'       5' (2a:'- If 


determination   of   the   logarithm   of  any    number   is 
XiDS  made  to  be  dependent  upon  thai  of  the  two   num- 
immediately    preceding  it- 

Again,  ifm  =  {.r-l)M^  +  2).  n  =  (*  +  ir(^-3) 
»  lojr  (j:  +  3),   9  =  3  log  (,r  +  1)  +  log  (,r  -  9)  -  9 

hen  we  shall  get 
-2)-21og(*-i) 

which  gives  the  logarithm  of  a  number,   in 
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terms  dependent  upon  the  logarithms  of  three  out  of  four 
immediately  preceding  numbers. 

1  /      2     \' 
If  «= 100,  the  second  term  of  this  series  —  ( ITZT") 

would  have  no  significant  digit  in  the  first  16  places: 
it  is  its  first  term  only,  therefore,  which  it  is  necessary, 
in  the  case  of  considerable  numbers,  to  notice  in  the  csl- 
culation  of  their  logarithms  by  the  formula  just  given. 

If  we  assume 
f»  =  dP«  (a?-7)«  (vr+7)-  =  d?^-98«*  +  2401«^ 
n  =  (a^-3)  (a7  +  3)  (^-6)  (*  +  6)  (*-8)  (^  +  g)  =  «^ 

-  98/p*  +  2401  x"  - 14400, 
we  shall  find 

log  (a?  +  8)  =  2  log  (^  +  7)  +  2  1<^  *i?  +  2  log  (4? — 7) 
—  log  (a?  +  5)  — log  (^  +  3)  — log  (a?  — 3) 

—  log  (j?  —  6)  --  log  (4?  —  8) 
7200 


-1^ 


98af*  + 2401  ^-7200 


+  &c. 


If  ^  =  100,  the  first  term  of  this  series  has  no  sig- 
nificant  digit  in  the  first  7  places  of  decimals :  if  or  =  1000, 
it  has  no  significant  digit  in  the  first  13  places  of  decimals : 
in  such  cases,  therefore,  it  may  be  altogether  neglected, 
and  the  calculation  of  the  logarithm  of  a  number  would 
be  effected  by  means  of  the  logarithms  of  8  preceding  num- 
bers alone. 

707.  Tables  of  logarithms  are  constructed  for  num- 
bers of  five  places  of  figures  only,  but  the  logarithms  of 
numbers  consisting  of  six  or  even  a  greater  number  of 
places  of  figures  are  sometimes  required:   for  this  pur- 


pose,   a   column  of  differences,   to  each  value  of  which  Cdi 
a   small   auxiliary   column   of  proportional   parts  corres- 
ponds,  accoDipanies  each  page  of  tabular   logarithms  of 
numbers  to  five  places,  the  principle  of  whose  construc- 
tion is  as  foUowii. 


In  the  first  place,  1 

t  log  (n  +  l)-t  log  «  =  t  log  (^~) 

=  tlog(l-Hl)  =  .«(l-^,  +  &c)  =  ^nearly. 

where  m  is  the  modulus  or  .434294481 :  let  this  difference 
of  two  successive  logarithms  be  called  A :  in  a  simitar 
'  we  shall  find 

-  nearly : 


I 


log(«  +  2)-tIog(n-H)  = 
let  this  be  called  A':  consequently 
A-A'=m?- 


n  +  I.S       n(M  +  l) 


nearly, 


a  quantity  which  has  no  significant  digit  iu  the  first 
9  places  of  decimals,  when  «  is  a  number  of  five  places 
of  figures:  consequently,  the  first  differences  of  a  con- 
siderable number  of  successive  logarithms  will  remain  the 
same*  i  their  successive  values  are  registered  in  a  column 
pVbich  is  usually  headed  by  the  letter  D. 


piidif. 

I 

uoddir. 

1 


105("  +  l)  — loe"=  A  =«.  J; 
cuDd  difference 

fi_  A'  =  log(«  +  8)-8l»t(i 


=—  *«ry  ncirly. 


or  in  other  words,  the  difference  A  of  the  two  s 
logarithms  of  n  +  1  and  n  must  be  multiplied  by  x, 
the  additional  digit  and  dividc-d  by  10:  the  result  ob- 
tained, when  added  to  the  logarithm  of  m  increased  by  1, 
will  give  the  logarithm  required :  this  operation  is  per- 
formed to  the  nearest  whole  number  for  all  the  nine  values 
of  j^,  in  the  amall  tabic  of  proportional  parts  which 
accompanies  every  different  value  of  the  difference. 

Thus,  let  it  be  required  to  find  from  the  tables,  the 
logarithm  of  338188, 


it  will  itdiow  tbit 

1«(" 

+  0  = 

log 

,      +A- 

-lia- 

-A'jncariv 

,                     1W(- 

+J)= 

loilC" 

+  I)  +  i- 

-1(A- 

-a') 

Iok(«-|-i)  =  1obC"  +  :>:-1)  +  A_1(A-A)., 


log  (»  +  I)  =  1<^  1.  +  t  A  -  j  (  A  -  A  ); 

ai  long,  therefore,  as  ^  ( A  —  A')  i»  m  smaU  ax  Dot  to  Dtfecl  tlie  lost  ttiffil  uf 
A,  the  first  differeoce  lemaina  the  same,  and  the  logarilhins  are  compbted 
accardin^ly :  but  wlien  Hie  firsl  digit  of  |  (A  —  A')  iiifliirncca  tlio  tasi  di^t 
of  A,  then  A  niuit  he  climinishcd  hy  1,  and  b  new  «crie>  of  Taluet  of  A  nmt 
be  recommeDced ;  iti  the  conilruFlion  of  tables  of  loj^rithms  by  Ihii  metlwd, 
which  is  of  all  others  Ihe  mot  cxpeditiou,  and  the  aaly  one  which  ii  niide 
lue  of  in  praclicv,  it  will  he  merely  necewary  to  ronipntc  accurately,  by 
Independent  methods,  the  logarilluna  of  three  Euccefsive  nuiubera,  at  eon- 
•idcrable  intervals,  in  order  to  avind  the  influence  which  lemu  of  the  teriei 
may  exercise,  when  -t  becomes  a  Im|^ 


(or  log  (t  +  i;  )  heyond  Ihe  second. 


log    33819  =  4.5291608 
log    33818=4.5291479 

a=  129 

log  338180  =  5.5291479 

8A 


10 


103 


log  338188  =  5.5291582 


Prop.  Pvn. 

D 

isq 

I 

13 

t 

2f) 

S 

3Q 

4- 

.-> 

65 

K 

77 

7 

00 

a 

103 

9 

709.     If  the  logarithm  of  a  number  of  7  places  of  LDgarithm 
tfig^rcs  be   required,   whose  two  last   digits  are  .t  and  y,  ber""]™! 
must  add   to   the  logarithm  of  the   first   five  places  pUcn  or 

1  by  S,  &om  the  table  of  proportional  parts,  - 


,  »i. 


:  tbu^ 


it  was  requiml   to  find  the  logarithm  of  3381886. 


Log 

3381800- 
8A 
10   ~ 

6.5291479 
103 

6A 
100 

8 

log 

3381886  = 

6.S291S90 

'.  The  problem  whJcli  is  the  converse  of  the  one  To  find  the 
i  considered,  would  be  "to  find  the  number  correspond-  ^I^md^" 
a  logarithm  not  in  the  tables :"  for  that  purpose,  *?  ■  log"- 
!et  ^  be  the  difference  between  the  given  logarithm  and  ^hidi  i« 
the  nest  inferior  logarithm  in  the  tables,  and  A  the  cor-  "'''''>*" 
responding  difference  of  the  logarithms  of  the  two  sue-  ^^ 
cessivv  nearest  whole  numbers;  then  wc  should  have 


;  (n+,r)~Iogfl 


,rA  nearly. 
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log  1  =  log  e^"  ^'^=  2rir  .J^, 
and 

therefore  also 

log  a  =s  2rir  /^  —  1  +  Wg  a, 

log  —  o  =  (2r  + 1)  x  ^  — 1  +  Irfg  a. 

715.    In  a  similar  manner,  since  €^=  cos 0+  \/— ^  sin 0 


Sr    „  ."+.     ,«"+.lVrT, 


log  €^  =  log  (co8^  +  ^/^  8in0)  =  (2rir  +  e)  ^/"^, 
where  r  is  a  whole  number  or  sero :  therefore  also 

log  €^0 =log  (cos  B  +  ^  — 1  sin  9)  a 

=  (2nr  +  e)V^+lc5ga. 

Symbolical  7I6.     Also,  since 

logarithms 

'''^"  1~=  cos  2rm7^  +  ^/^l  sin  2rm7r=€^"*'''  =  e^'"'"' ^■^, 

we  get 

log  o*"  =  2mr7r  ^^  —  1  +  w  Idg  a. 

If  r  =  0,  2wr7r;i^  — 1  =0,  and  therefore  one  value  bf 
log  1**  is  always  zero. 

^''^^'^  717'      If  m   be    a   whole   number,    the  values    of 

ii  a  ^whoie  »  ^  1  i»  i   '  " 

xramber.       2wr7r  v  —  I  are  included  amongst  those  of  2rw  v   —  1, 


but  not  conversely:    or,  in  other  words,  the  values  of 
log  1"  are  included-  in  those  of  log  1,  but  not  conversely. 

When  7I8.    If  m  =  ^,  then  ^mTir  t^J  --I  becomes  r^r^  —  1, 

i„--l^     and,  therefore, 

2 


log  \/ « = *•«•  \/  —  I  +  i  l<*g  «• 
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When 
111=:  8. 


Tbeloga- 
litfamiof 
a' are  not 
•U  of  them 


719.  Again,  since  s^^ 

_ of(-^a)". 

(-l)*=co8(2r  +  l)mir  +  V--l  sin  (2r  + 1)  witt, 
we  get^ 

log  (  — a)*  =  log  (  — l)"*a* 

=  (2r  +  l)w7r.y^+mldga, 

720.  Ifm  =  2,  we  get 
log  ( -.a)«  =  (2r  +  1)  27r  s/^  +  2  Idga 

=!(4r +  2)  ir  .y^ +  2  IcJga. 

721.  Inasmuch  as 

log  a'  =  2r7r  ^  — 1  +  2  16g  a, 

the 

it  follows  that  the  values  of  log  (  —  df  are  always  included  thow  of 
amongst  those  of  log  o*,  but  not  conversely.  (—«")•• 

722.  Since   -.1?^  =  (-1)1- 
=  |cos  (2r  +  l)9r-f  V"^  8in(2r  +  l)ir|  x 

|cos  2m/9r  +  V  —  1  sin2mrV} 

=  cos  (2r+2mr +1)  «-+\/^  sin  (2r+2w/+l)  tt, 
we  get 

log  —  o*  =  (2r  +  2mr'  + 1)  ir  ^  — 1  +  m  Wg  o. 

723.  Let  ms^,  then  if  r=0,  /»  —1,  we  get  Wh« 

log-  l/arx^ldgo, 
which  is  also  the  arithmetical  value  of  log  V^a.  (Art.  7170 

724.  More  generally,  if  m  =  ^,  where  p  is  an  odd  Wheo 

number  prime  to  n,  and  if  r  =  — n,  and  r  =s  ^        ,  then 

2r-f  2m/-i-l=0, 
4C 


Symbolical 
lomiithmi 
01  —  1^, 


STD 


4 


and  the  corresponding  value  of  log  —  n"  becomes  the 
arithmetical  value  of  log  a" :  such  arithmetical  values  of 
the  logaritlimBof  negative  quantities  are  confined  to  tbo»e 
powers  of  a  symbol  preceded  by  a  negative  sign,  whose 
indices  are  fractiona  with  even  denominators. 


725.     Since 


where  $ 


'^ 


arc    whose   cosine 


therefore  have 
^"nbolical         ^26,     If  we  take  the  more  general  formula 


I 


I 


*  This  DotalioD,  whidi  is  extremely  convenicDt,  is  a  Tcry  nalaral  ex- 
lenaionof  ihe  use  of  ppgative  indicei:  if  we  cniuitler  cos  bdi)  cos~'  as  simple 
symboUlike  a  and  u~',  or  V^  I  and  (v  — 1)~'  <  viliich  indicate  ■  pecn- 
liar  atid  definable  moditicatioD  cf,  or  quaniity  dcpendeoi  upon,  Ihe  quantity 
or  Bjinbol  wbii^h  fallows  lliem,  tlicn  llie  eqaation  i  —  coe- '  x,  wilt  neceuarily 
lead  lo  the  equation  eos8  =  r,  in  ilie  lame  mHoner  that  9=:{v'  —  l)-'i 
necesiarily  leads  to  j-  ^  v  —  I  9:  in  other  words,  we  consider  cm-  ■  and 
— -  a>  equivalent  symbolical  represenlationi,  and  the  operatioii  of  multi|A. 
cation  by  one  or  the  other  of  them,  as  impoung  upon  tlie  oilier  factor  the  pe- 
culiar modification  of  value  which  il  ii  asinmed  to  indicate :  the  same  obwr- 
Tatwns  apply  lo  other  and  limiJar  lyinboUcal  representations,  such  ■«  sln~ ', 
t»D— ',  see-',  &c.  and  ^nerally  to  /- ',  when  BMiuued  lo  represent  the 
inTerie  operation  or  modification  of  vbIik  which  may  he  [lenolcd  by/,  wlieo 
prefixetl  lo  a  symbol. 


I 
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its  logarithm 
=  (a  +  i3V^)log(a  +  6.y^ri) 


=  (a  +  i3^/^){(2r7r  +  e)y^  +  lcJgp}, 
(replacing  cos*^    ■,  ^  by  2r7r+d,  and  j^a^-rb^  by  p) 

«{(2r7r  +  0)a  +  i3l6gp}^-l+aWgp-(2r7r+e)i3. 

The  examination  of  this  formula  would  shew  that  it  would 
possess  arithmetical  values,  under  the  cir^iunstances  which 
have  been  noticed  above,  and  under  no  other. 

727.    If  we  suppose  6  =  0,  then0=:O,  p  =  a,  and         When 

log  a"+^^^^-^  =  (2arw  +  /3  Idg  a)  s./^^ 

+  a  I6g  a  — 2/3r7r. 


"■     When 


728.    Ifwe  suppose  0  =  0,  then  cds'*  0  =  (2r +  1)  - ,  ^^^ 
and,  therefore, 

log  (6^— !)«+'' ^' 
=  |(2r  + 1)  a  I  +  ^  Wg  ftl  -y^. 

+  aldg6-(2r  +  l)^|. 

729-     If  we  suppose  assO,  and  a=0,  then  we  should  ^^^Ixn 
find  "=i"r* 


log  (6  ^  - 1)"^^^*  =  0 16g  6  yri  -  (2r  + 1)  ^  ^ . 


730.     If  ire  further  suppose  h  =  fi  =  \,  weshaQget 
l°g  (>/^''^  =  y^  log  v/^l  =  -  (2r  +  l)5, 


and,  therefore, 


1        21og^-l 


2r  +  l  2r  +  l' 

a  very  remarkable  result,  which  is  essentially  symbolical. 

'    Si^'^h''^         ISV.    Napierian  logarithms,  which  are  denoted  by  log- 

[0  any  buic  *™  ^^  oilj  logarithms  which  occur  in  general  analytical 

diffEwni       enquiries,  and  the  only   logarithms   therefore,  which  can 

properly  present  themselves  in  those  cases  in  which  thdr 

I  symbolical  values  are  required ;  but  the  preceding  formuln 

will  admit  of  very  easy  adaptation  to  any  other  base,  whose 
modulus  is  M:   for  if  e^  be  the  sign  of  affection  of  a  quan- 


log'  , 


V- 


log  e'  +  log'  a  ; 

rT+ejV^i  iog'« 

since  log'  e  =  Jl/: 


e)J- 


f  log'  D 


732.  The  preceding  formuls  for  symbolical  logarithms 
have  been  obtained,  without  the  aid  of  any  enlarged  defini- 
tion of  a  logarithm,  by  considering  all  quantities  as  the 
continued  products  of  the  sign  of  affection  by  which  they 
are  preceded,  of  the  signs  of  affection  which  are  involved 
in  them,  whether  from  roots,  or  powers,  or  otherwise,  and 
of  their  arithmetical  values:  we  have  thus  been  enabled  to  ex- 
hibit the  symbolical  distinction  between  log  o',  and  log  {—«)', 
and  to   refute   the  argument   which   has   sometimes  been 


578 

founded  upon  the  asserted  identity  of  their  logarithms*:  we 
have  thus,  likewise,  been  enabled  to  determine  that  there  is 

a  symbolical  value  of  log  —  a*,  and  likewise  of  log  —a*", 
which  is  identical  with  the  corresponding  arithmetical 
logarithm,  a  conclusion  which  might  naturally  be  expected 
to  follow  from  the  definition  of  a  logarithm. 


*  Since  a*  =  (— a)*,  it  was  concluded  that  their  iofcarithms  were  also 
equal,  and  therefore  81oga  =  21oK— a  or  log  a  :=  log  — a:  this  was  one 
of  the  priDcipal  argmneiitB  advanced  to  prove  that  the  logarithms  of  a  and  ^  a 
were  tiie  same. 


f  oTthenn 

1   cquidon. 


(  Simple,  Qcasratic,  and  otheb  Equations,  which 
involve  okb  unknown  qvantitv. 

733,  The  term  Equation  is  generally  applied  to  any 
expressions  including  zero,  which  are  connected  by  the 
sign  =  ,  in  whatever  manner  that  sign  may  be  interpreted: 
but  an  essential  distinction,  as  we  have  shewn  on  a  former 
occasion,  (Art.  128,  129,  130.),  exists  between  those  equa- 
tions whose  members  are  reducible  to  identity  with  each 
other,  and  those  which  are  not  so:  it  is  with  the  latter  class 
of  equations  only  that  we  are  concerned,  when  we  speak  of 
the   Theory  and   Solution  of  Equations", 

734,  If  we  assume  A  and  B  to  represent  the  two  mem- 
bers of  an  equation  in  its  primitive  or  unreduced  form,  or 


then  the  equation  will  continue  to  exist,  if  J  and  S  are 
both  of  them  increased  or  diminished,  or  multiplied  or 
divided  by  the  same  quantity,  or  by  any  two  quantities 


■  We  owe  some  apology  to  onr  readers  for  not  intioduciDj;  the  lultject  of 
tliis  Chapter  at  a  much  earlier  part  oi  tliis  Tohime,  iuasmiicli  as  the  proceuei 
which  it  teachei  have  been  more  or  leu  required  in  all  the  five  last  Chapten. 
We  were  unwUUuK,  however,  to  interrupt,  by  »  dtHng,  the  course  of  sor 
inveitigatimis  concerning  the  discovery  and  transformaljoii  of  equivalent 
forma,  and  we  felt  le&a  scruple  in  thus  deferring  the  coiisideratioQ  of  thit 
very  important  niluect,  inaunnch  as  the  applications  of  it  which  were 
reqoiced,  were,  with  very  few  exceptions,  so  very  simple  and  obvious, 
■s  to  occasion  no  difficulty  to  those  students  who  would  be  capable  of  readnig. 
and  otherwise  understanding  the  Chapters  in  qnestion. 
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which  nrc  reducible  to  identity  with  each  other :  and  in- 
asmuch as  Buch  processes  constitute  the  chief  part  of  the 
ialwur  of  reducing  equations  to  the  form  which  is  pre- 
paratory to  their  solution,  or  to  the  consideration  of  their 
theory,  we  shall  notice  them  and  their  consequences  in  detail. 


735.         (a) 


If  J  = 

J  +  C  = 


and  J- 


B,  then 
B+C, 
B~C. 


Itythr  Ki- 
ll idun  or 
aubDsclioii 

or  die  tunc 

qUMItitj  10, 

bothiu' 


^     It  is  in  consequence  of  this  proposition,  that  quantities  " 
may  be  transferred  from  one  member  of  an   equation   to 
the  other  by  merely  changing  their  signs  from  -4-  to  —  , 
or  from  —  to  4- :  thus  if  the  primitive  equation  be 


I 


A-C  =  B, 

adding  C  to  hoth  its  members,  we  get 

A-C+C=B  +  C, 

or  A=^B  +  C. 


In  a  similar  manner,  if  the  primitive  equation  be 
J  +  C  =  B, 

then  by  subtracting  C  from  both  its  members,  we  get 

■  A+C-C=B-C, 

m  ar  A  =  B-C. 

This  is  a  moat  important  principle  in  the  reduction  o. 
equations  to  new  and  more  commodious  forms,  inasmuch  as  temu  from 
it  enables  us  to  transfer  any  or  all  the  terms  of  one  of  the 
members  of  an  equation  to  the  other,  and  conversely :  and 
it  follows  as  an  immediate  consequence  of  it,  that  every 
equation  may  admit  of  such  a  modification  of  its  form  that 
1^  ill  its  significant  terms  may  be  made  to  form  one  of  its 
rs,  and  zero  the  other :    for  if 

A  =  B, 


u>  the  other- 
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and  if  we  subtract  B  from  both  its  member8, 

rf'^l^.         7^'     "^^^  following  are  examples : 

sitioiu 

(1)  Let  7— 3^  =  5— 2^:  and  let  it  be  required  to  transfer 

2 X.    Add  2f  to  both  sides^  and  we  get 

or  7—^  =  5. 

(2)  Let  a^hx^c-^  dx:  it  is  required  to  transfer  the 
terms  involving  x  to*  one  side,  and  those  which  do  not  involve  x 
to  the  other. 

Add  dx  to,  and  subtract  a  from,  both  sides^  and  we  get 

a  —  a  —  6  j:  +  rfx  =  c  —  a, 

or  —  (6  —  rf)  ar  =  c  —  a, 

or,  changing  the  signs  on  both  sides, 

(6  —  rf)  ar  s=  a  —  c. 

(3)  Let  aa^  -^bx  ^  c:  it  is  required  to  transfer  all  the 
significant  terms  to  one  side. 

Subtract  c  from  both  sides,  and  we  get 

aa^  —  6x--c?=c  —  c  =  0. 

(4)  Letaj^ -bji^  +  cx^d^zax^-'IBa^  +  yx-^^. 
It  is  required  to  transfer  all  the  significant  terms  to  one  side. 

Subtract  aa^  —  fia^  +  7X  —  3  from  both  sides,  and  we  get 

ai^  —  aa^  —  ba^  +  fta^  +  car  —  7*  — .  rf  -f  S  =  0, 
or 

(a^a)x^  -  (b  _/3)a:»  +  (c-7)«-  (<f-o)  =  0. 

By  multi-  737.     03)    If  J  =  jB,  then 

plication  or 

^^^^  AC  =  BC, 

and  —  =  — . 
C       C 
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■ 

If  one  or  both  of  the  members  of  an  equation  involve 
fractional  terms,  they  may  be  exterminated,  in  conformity 
with  the  preceding  proposition,  by  multipljring  those  mem- 
bers either  successively  by  the  several  denominators  of  the 
fractions  involved,  or  at  once  by  their  least  or  lowest  com- 
mon multiple :  the  following  are  examples. 

738.     (1)    Let  1  +  8=8 -«:  it  is  required  to  dear  this  l^pl« 

2  of  detring 

equation  from  fractions.  SS£Sf^ 

Multiply  both  sides  by  the  only  denominator  2,  and  we  get 

jr        X        jc 

(2)    Let  2  +  -Q  +  ::  =  18  •  it  is  required  to  dear  this  equa- 

*         3        4? 

tion  from  fractional  terms. 

Multiply  both  iides  of  the  equation  by  12,  the  least  common 
multiple  a£  the  denominators,  and  we  get 

6*  +  4*  +  3*  =  156. 
(8)    Let  -  =  jr^  . 

Multiply  both  sides  of  this  equation/ first  by  x,  and  secondly 

by  6  +  '>  '^  ^^  8^ 

bx 
^  =  6+7' 

a  (b '^  jr)  zs  bx  or  ab  '{•ax  ss  bx. 
(4)    Leti?-      «  »« 


X       x  +  2      x  +  l' 

Multiply  both  sides  of  the  equation  successivdy  by  ^>  «  +  2 
and  X  -(- 1,  and  we  shall  get 

Sx  lOjT 

10  — 


jr  +  2       x+1' 

lOof  +20  —  8jr  s ^ —  . 

«  +  1 

lOj;*  +  10 jr  +  20 jr  +  20  -  8 jt*  -  8x  s  10«*  +  20^. 

4D 
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Multiply  both  sides  of  the  equation  by 

28  J*  —  56x  or  4  X  7  X  J^  X  (i?  —  2), 

which  is  the  lowest  common  multiple  of  the  denominators,  and 
we  get 

7  X  28x  -  10  X  7^  —  32  X  4, 

or  igGx  -  70ar  =  128. 

//;n     f    *     20x      ,    140-20*        _. 

(6)    Let =  580. 

^  ^  7  —  Jf  J^ 

Divide  both  sides  of  the  equation  by  20,  and  we  get 


7  ^  X  X 

Multiply  both  sides  of  this  equation  by  x{7-'x),  and  we  get 

^+(7-^)*  =  29i:(7-*), 
or  4:*  +  49  —  14a:  +  a^  =  203 a:  -  29ar*. 

^J|*J^j^        739-  When  equations  under  a  rational  form  are  proposed 
whether       for  solutiou,  or  for  any  examination  which  may  be  connected 

Ssldcmtical  ^^^^  ^^^  discussion  of  their  properties,  we  commence  by 
or  not  iden-  clearing  them  of  products  and  fractional  terms,  in  the  manner 
*  taught  in  the  preceding  examples,  and  we  then  proceed  to 

transfer  all  the  significant  terms  to  one  side,  and  to  arrange 
them  according  to  the  powers  of  some  one  letter :  if,  after 
such  reductions,  the  significant  terms  disappear  by  oppo- 
sition of  signs,  the  equation  is  identical^  and  all  its  general 
symbols,  as  far  as  the  equation  is  concerned,  are  equally 
indeterminate:  but  if  those  terms,  under  such  circum- 
stances, do  not  disappear,  then  there  is  one  symbol  which 
must  be  dependent  upon  the  other  symbols  or  quantities 
which  the  equation  involves:  for  if  not,  the  symbol  in 
question  must  be  equally  indeterminate  and  arbitrary  with 
all  the  others,  and  the  equation  itself  must  be  identical, 
inasmuch  as  it  would,  under  no  other  circumstances,  be  in- 
dependent of  the  particular  value  of  any  one  of  its  symbols, 
when  all  the  rest  were  assigned. 
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740.  In  all  equations,  therefore,  which  are  not  ideolicalj 
there  is  one  symbol  which  is  dependent  upon  all  the  others, 
and  which  is  said  to  be  determined  by  them,  whi^n  their 
values  are  assigned  or  assignable  :  but  as  the  determination 
of  this  symbol  is  consequent  upon  the  solution  of  the  equa- 
tion, it  is  said  to  be  unknown,  antecedently  to  that  solution, 
and  of  course  it  may  be  considered  as  unknown,  whether 
such  solution  be  practicable  or  not :  it  is  according  to  the 
powers  of  this  unknown  quantity  usually  designated  by*,  that 
the  terms  of  the  reduced  equation  are  arranged,  and  it  is  by 
the  indices  of  the  highest  powers  of  tlus  unknown  quantity 
that  the  different  classes  and  degrees  of  equations  are  deter- 
mined :  thus,  if  the  simple  or  first  power  only  of  ,r  or  of  the 
tmknown  quantity  be  involved  in  it,  the  equation  is  termed  a 
Simple  Equation:  if  the  second  power  of  the  unknown 
quantity  be  involved  in  it,  with  or  without  its  simple  power, 
it  is  termed  a  quadratu-  equation,  or  an  equation  of  the 
second  degree :  if  the  third  power  of  the  unknown  quantity 
be  involved  in  it,  with  or  without  the  inferior  powers,  it  is 
termed  a  ctibic  equation,  or  an  equation  of  the  third  degree ; 
if  the  fourth  power  of  ,r  be  involved  in  it,  with  or  without 
the  inferior  powers,  it  is  termed  a  biquadrntU-  equation,  or 
an  equation  of  the  fimrth  degree;  and  so  on,  as  far  as  an 
equation  of  the  n"'  degree,  involving  the  n'"  power  of  the 
unknown  quantity  (where  m  is  a  whole  number)  with  or 
without  the  inferior  powers. 

74!.  It  would  follow  from  the  preceding  definitions  Ome™! 
equations  of  different  degrees,  that  they  are  severally  ,^^" 
■ucible  to  the  following  general  forms :  qujdrMii 

(a)     Simple  equations  are  reducible  to  the  form  ciiuatiom 


dividing  by  a,  and  replacing  -  by    —  «, 

,i-a=0. 
(fi)     Qua<lrntic  cfjuations  arc  reducible  to  tlie  f 


or,  dividing  by  a  (the  coefficient  of  a7*)  and  replacing  -  and 
-  by  p  and  g  respectively,  to  the  form 

(y)     Cubic  equations  are  reducible  to  the  form 

where  the  coefHctent  of  the  liighcst  power  of  ,t  is  1. 

(£)     Biquadratic  equations  are  reducible  to  the  form 

m*  +  pit'  +  q.v-  -i-  TO!  +  a  =  0, 

where  the  coefficient  of  the  highest  power  of  .t  i 
the  former  cases. 


(e)     Generally,   an  equation  of  «  di 
ducible  to  the  form 


VP"+Pl^"  +pg*"" 


.p„  =  0, 


where  the  coefficient  of  the  highest  power  of  x  is  1,  and 
where  the  subscript  numbers  determine  the  order  of  suc- 
cession of  the  other  terms  of  the  equation. 

Inasmuch  as  the  degree  of  an  equation  is  determined  bj- 
the  higliest  power  of  the  unknown  quantity  involved  in  it,  it 
will  follow,  that  .i'^  +  q  =  0  is  equally  a  quadratic  equation 
with  m^  +  px  +  q!=0:  ^'  +  r  =  0  is  equally  a  cubic  equa- 
tion with  a^+qa'+r  =  0  or  ar^+p-v^  +  q3!  +  r  =  0:  and 
a"  +p^  =  0  is  equally  an  equation  of  n  dimensions  with  the 
general  form  of  the  equation  which  is  given  above,  where 
any  of  the  coefficients  between  p,  and  p„_i  inclusive  may 
become  equal  to  zero. 

Meaning  of         ^42.     An  equation  is  said  to  be  solved,  when  the  value 

ofanequ>-  Of  values  of  the  unknown  quantity  are  determined,   which 

*''"'■  being  substituted  for  it  in   the  original  equation,  would 

make  its  two  men\beT5  identical  with  each  other,  or  if  zero 


was  one  member,  would  make  the  other  identically  equal  R 
to  zero  likewise :  the  general  theory  of  equations  would  *^ 
shew  that  the  number  of  values  (or  roo/«,  as  they  are  com- 
monly called)  would  be  equal  to  the  degree  of  the  equation  : 
but  without  venturing  upon  the  discussion  of  this  question, 
which  is  one  of  very  considerable  difficulty,  we  shall  confine 
our  attention  in  this  and  the  following  Chapters  to  Simple 
Equations,  which  obviously  admit  but  of  one  value  of  J', 
and  to  such  other  equations  as  admit  of  being  easily  trans- 
formed into  binomial  equations,  whose  theory  has  already 
been  completely  investigated,  and  their  solutions  determined- 
(Art.  456). 

743.     Resuming  therefore  the  conuderation  of  simple  ^ 
equations,  it  will  be  very  easy  to  form  a  rule  for  their  solu-  „ 
tion:  for  the  preparatory  reductions  which  liave  been  ex- 
emplified above,  would  bring  the  equation  to  the  form 

'  vhich  assumes,  upon  transferring  b  to  the  other  side  of  the 
tequation,  the  form 

)  ax=  —b, 

,  md  becomes,  therefore,  by  dividing  both  sides  of  the  equa- 
tion by  a  or  by  the  coefficient  of  the  unknown  quantity. 


which  is  the  solution  required. 

744'-     The  process  above-mentioned  may  be   at   once  B 
translated  into  the  following  rule. 

"Clear  the  equation  of  fractions  (1):  tr^msfer  the 
terms  involving  the  unknown  quantity  to  one  side,  and 
those  which  do  not  involve  it  to  the  other  (2) :  collect  the 
separate  terms,  in  that  member  of  the  equation  which  in- 
volves the  unknown  quantity,  into  one  (3) :  divide  both 
members  of  the  equation  by  the  coefficient  of  the  unknown 
quantity  (4),  which  gives  the  solution  required." 
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745.  In  the  following  examples,  reference  will  be  made 
to  the  different  steps  of  this  process,  by  means  of  the 
numbers  (1),  (2),  (3),  and  (4). 

1.  Let  9  —  a:  =  3x  —  7. 

By  (2),     9  +  7=Sjr+ar: 
or  by  (3),         4fX  =  l6. 
By  (4),  a:  =    4. 

2.  Let|  +  ^  =  |+9. 

(1)  3x  +  lOx  =  4j  +  108, 

(2)  3x  +  lOx  -  4ar  =  108, 

(3)  9jc  =  108, 

(4)  J-  =  12, 

3.  Let-^+    *:^=-^. 

a— 6      6  —  c      a  -^  c 

(1)    (a-c)  (6-c)aj:  +  (a-6)  (a-c)  6j:  =  (a— 6)  (6-c)A 
(3)    {(fl-c)(6-c)fl  +  (a-6)  (fl-c)&}jr  =  (fl-6)(6-c)rf. 

(4)  .  =  , (^z:A)_(^).  ^ 


(a-c)(6-c)a  +  (a-6)(a  -c)6* 

A      ^   ^      cx  c-^bcx  d  —  ex 

4.  Let 3 ? — T~=c 3-. 

c  —  rfj:       a  —  ox  c  —  aor 

(1)  acjr  —  bcj^  -  c^  -  6c^x  +  cdx  +  hcdx*' 

=  ac*  —  accfj:  —  ftc^x  +  bcda^  —  arf  +  acj:  +  6rfj:  —  6c4r^ 

(2)  cdx -{-acdx  —  bdx  ss  c^-^- ac^ -^  ad, 

omitting  all  those  terms  which  disappear  by  opposition  of  signs. 

(3)  (cd  +  acd-bd)x=:  (P  +  ai^  —  ad. 

^  ^  {(1  +«)c-  6}rf' 

5.  (7  +  J:)(8-.a:)-^=17x  +  l-.r^. 
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We  oommence  in  this  and  all  similar  cases,  with  performing 
the  operatifms  which  are  indicated,  if  they  lead  to  a  result  which 
terminates :  we  thus  get 

56  +  x— j:«  — ~^=  17X  +  1  — jr*. 

(1)  l68  +  Sjr  — Sjr«  — 7^=  Six +  3 —  3:!^. 

(2)  51j:+7*  — 3*  =  l68  —  S, 

(3)  55x  =  165. 

(4)  x=3. 

6.     3  +  \/x  =  10. 

(2)    V^x  =  10-3=7, 
and,  therefore, 

i?  =  49. 

The  process  of  solution,  in  the  first  instance,  determines  the 
value  of  \/x'.  it  requires  an  additional  step  to  determine  from 
thence  the  value  of  x. 

Generally,  if  the  equation,  when  reduced,  is  a  simple  equaticm  Equatkmi 

with  respect  to  the  n^  root  of  x,  where  n  is  a  whole  number,  it  i^**^^^    . 

is  a  simple  equation  also,  with  respect  to  x :  for  it  is  a  matter  of  **  <">l79 

1  ue  simple 

indifference  which  of  the  n  values  of  or",  the  value  determined  equAdons 
may  be  assumed  to  represent,  inasmuch  as  they  will  all  of  them  ^  ^^  '^'P^^ 
equally  lead  to  the  same  value  of  x:   the  case  is  altogether 
different,  when  it  is  sought  to  determine  the  value  of  x,  from  the 
assigned  value  of  x",  where  n  is  a  whole  number. 

7.  S  V^x  +  4  =  24  -  2  V^x. 

(2)  3  V^x  +  2V^x  =  20. 

(3)  5  V^x  =  20. 

(4)  V^x  =  4, 

and,  therefore, 

X  =5  64. 

8.  y'x  +  y'(a  +  x)  =  1/6. 

This  equation  may  be  freed  from  the  expression  |/(a  +  x),  as 
follows: 

^(a  4-  x)  ss  1/6  —  y'x. 
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Squaring  both  mdeB,  we  get 

(2)    2  ^/bx  szh-a, 

46*  =  (6  -  a)«  =  (a  -  *)• 

W  *  =  — 4J 

If  the  equation  had  been 

\/x  +  \/(a  -  a?)  =  t/6, 

the  same  process  of  reduction  would  have  led  to  the  equation 

a  quadratic  equation  whidi  will  be  noticed  hereafter. 
The  same  remarks  apply  to  the  equations 


\/{a  +  «)' 


and  l/a  —  x^+  ^x  = 


h 


^{a^xy 

the  first  of  which  leads  to  a  simple,  and  the  second  to  a  quadratic, 
equation. 


9.  V^(a  +  «)  =  ^{^  +  lax  +  V). 

Both  members  of  this  equation  being  raised  to  the  2  m*  power, 
will  give  us 

(a  -h  «)«  =  x2  +  Tax  +  l^ 
a^  +  2ax  ^  j^  =  j^  +  7ax  +  b^. 
(3)     Sax  =  a«  -  6«, 

5a 

10.  t/{a«  + j:v'(*'  +  ^)}  =  a  +  ^. 
Squaring  both  sides,  we  get 

or  X  ^{}^  +  ar«)  =  %ax  +  *«, 


585 
or,  dividing  bj  x. 

If  we  square  both  sides  again,  we  get 

6«  +  jr«  =  4fl«  +  Aiax  +  sf. 

* 


(4) 


4a 


The  original  equation  is  satisfied  by  making  x  =  0,  which  is 
therefore  one  of  its  roots. 

II.    ar'i"  =  c. 
This  equation  is  redudble  by  means  of  logarithms  to  the  fc^rm' 

mx  log  a  +  MX  log  b  s  log  c« 

(3)  (ill  log  a  4-  "  log  6)  or  =  log  c. 

(4)  j=  ^^^  ^    ^^^    . 
^  '           «iloga  + nlog^      loga"6^ 

lliis  result  is  true,  whatever  be  the  base  <nr  moduliis  of  t)ie  I(%a^ 
rithms  expressed  by  log:  it  is  obvious  that  arithmetical  values 
oidy  of  the  logarithms  are  considered. 

13.  s«-^x5"-*  =  r-'xii'-^, 

8«  log  S  +  (S«-  4)  log  5  =  («-  I)  \ogl  +  («  -  «)logli 

(2)    2x  log  3  +  Sx  log  5  *  X  log  7  4-  X  log  II 

=  4log5-log7  +  2logIl. 

r4^    ^  4log5-log7  +  2logll 

^^  2  log  3  +  3  log  5  -  log  7  +  log  11 

=  1.24^^)76 

746.     Binomial  equations  are  those  which,  in  their  Binomial 
reduced  form,  consist  of  two  terms  only,  one  of  which  is  •9'*****>"*' 
a  power  of  the  unknown  quantity,  and  the  other  does  not 
involve  it:    such  equations  may  be  referred  therefore  to 
the  general  forms 

a?"  — a  =  0, 
4£ 


586 

2J^  iolii.        fj4fj^    The  general  solution  of  the  first  of  these  equsr 
tions,  as  we  have  already  shewn,  (Art.  497*  ^n^  499.)  is 

*=(i)V 

/       2rir  i — =•   .    2rir\ 

and  of  the  second 

I 
af=(  — l)'5p 

f       (2r  +  l)ir         y-^  .    (2r  +  l)ir\ 
=  {cos-^ ^—  -f  V  —  1  sin ^— >  p, 

where  p  is  the  arithmetical  value  of  a*. 
The  nmn.         ^48.    If  n  be  a  fraction,  whose  numerator  is  1,  there  is 

beroftlicir       '    *  i  '  i 

only  one  value  of  (1)"  or  of  (•—!)*,  and  the  equation,  under 
such  circumstances,  is  essentially  a  simple  equation :  but  if  n 
be  a  whole  number  or  a  fraction  (in  its  lowest  terms)  whose 
numerator  is  j9,  then  the  equation  is  one  of  the  n^  degree 
in  one  case,  and  of  the  p^  degree  in  the  other :  and  in  all 
cases  the  number  of  values  of  of  will  be  the  same  as  the 
number  which  expresses  the  degree  of  the  equation. 


roots. 


Examples  ^749.     The  followinfir  are  examples  of  bmomial  equa- 

of  binomial    .  j-       ^u    £    .    1 

equations,    tions  exceeding  the  first  degree. 

(1)    a^=:36, 

a:  =  (1)*6=  ±6:  for  (I)*  =  +  1,  or  -  1. 

X  -  -/(g  -  ^2)  +  «  +  v/(2  -  x^)  =  ax  (2x«  -  2), 
2j  =ax  (2a:*  — 2), 
1  =    a  (a:*  —  1)  =  ax^  —  a, 
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-  '4-'- 

--  *  v/m  • 

(S) 

Ji*  +  a*  +  ic  _ 

a 

(1) 

6«*  +  a&x  +  i*cs 

s  ajfl  4-  a&«  -f  o'dL 

(«)  (3)         (o  -  6)  *«  : 

=  4»e- 

tfd. 

(♦) 

«»i 

■    «- 

ifd 

28  (x  -  18)  _        6Sx 


^*^    '"^i  4(«-18)' 

7>  we  get 

4(x-  18)  _        9* 
«         ""4(«-.  18)* 

(1)    16(«-18)«  =  9«*. 
(a:-18)»       9 

— ?~"iB- 

«  -  18        .3 

4«  —  72  =  ±  S«, 

and,  thcreftff^ 

72 
x=  72  or  -— -• 

7 
750.     This  may  be  considered  as  a  broper  example  of  Aqundnde 

/»— 18  emiadon 

a  binomial  equation,  inasmuch  as is  treated,  in  the  {SlSfi!?* 

first  instance,  as  a  simple  symbol :  in  other  words,  if  we 

,    ^-18  ,  .     ^ 

make =  ti,  the  equation  becomes 


u*  = 
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9 


16' 


gad,  replacing  u  by  its  value,  we  get 

w-lS  3 

a  4 

forming  in  this  manner,  two  simple  equations,  firom  eadi  of 
which  a  value  of  w  may  be  obtained.  i 

If  the  original  e^uatiQii  had  been  reduced,  by  the  ordi- 
nary process,  without  resorting  to  the  aid  of  any  artifice 
4br  its  simplification,  we  should  have  obtained 

.      676         5184      ^ 
or  or =-#  H — =—  =  0, 

7         7  . 

which  is  a  quadratic  equation  under  its  general  form :  it 
would  thus  appear  that  such  equations  may  sometimes  at 
least  be  solved  by  means  of  a  binomial  equation :  and  we 
shall  now  proceed  to  shew  in  what  manner  all  quadratic 
equations  whatever  may  be  thus  transformed  into  binomial 
equations,  and  solved  accordingly. 

OeDcyal  ^51,     The  general  form  of  quadratic  equations  as  we 

^uadndc     have  already  shewn  Art.  'JWy  is 

tobino.  a/'+pw  +  q^O, 

where  p  and  q  are  any  known  quantities  whatever :  if  we 
inake  ^  +  ^  =  ««,  we  get 


miids. 
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therefore 


P* 


and  a^-^pw  +  qszu*  ^^  +  ^  =  0, 

and  the  quadratic  equation  is  thus  reduced  to  the  binomial 
equation 

"t 

or  t^*  S5  £-  —  9. 

4 

•  -  * 

759.     If  we  solve  this  equation,  we  get 


Their  lolii. 


u-W{^-J\- 


imd  if  we  replace  u  by  its  value  originally  assumed,  we 
/obtain 


#• 


which  are  the  roots  of  the  quadratic  equation 

753.     If  we  denote  these  roots  by  a  and  /3,  it  will  Formation 
appear  that  ^Lffident 

ofthe 
^  O  /(V^  1         V  /fp*  1  •eoondtenn 

.+0— l+v/{l-4-l-v{^-»}=-p,-i-^ 

in  temiB  of 


I  consequently,    t 

quadratic  equal 
their  signs  chai 
product. 
Acton  of  754.     Aeai 


consequently,  the  coefficient  of  the  second  term  of  the 
quadratic  equation  is  equal  to  the  aum  of  its  roots  with 
their  signs  changed,  and  the  last  term  is  equal  to  their 
product. 


(he  qumdm.  "  ,  /  /  m"  \  1 


hv/a'-')}= 


x'+px  +  q 


i 

isidered  { 


consequently  the  binomial  ai'  +p3!  +q  may  be  considered  { 
as  formed  by  the  multi plication  of  the  two  simple  binomial 
factors  ar  —  a  and  x  —  ^,  where  a  and  (i  are  the  roots  of  the 
equation  iE'+px  +  ij  =  0:  in  other  words,  the  quadratic  ; 
equation  ji^+pai  +  q  =  0,  maybe  considered  as  composed  ' 
of  the  two  simple  equations  a;  — a  =  0  and  a;  — /3  =  0,  and 
as  expressing  or  involving  simultaneously  the  two  values  of 
w  by  which  those  simple  equations  are  separately  satisfied. 

umocttlon  "JSS.  A  very  little  examination  would  shew  Ukewiw  ; 
riims'^Mf'"  *''^  nature  of  the  roots  corresponding  to  diflerent  forms  ofl 
fonnofthc  the  equation  \ 

Tooia  and  ^  i 

the  form  of  X'  +  p.V  +  q  =  V. 

ihc  quiuln. 

■I™  If  9  be  positive,  and  also  -^  —  q  positive,  then  a  and  /3  are 

both  negative  or  both  positivs,  according  as  p  is  positive  or  ] 

o^iative.     If  q  be  positive  and  -7-  —  9  negative,  then  a  and  ' 

* I 

/3  are  of  the  form    -  a  +  6 ^  —  \,    —  a—  h ^  — 1,   or  | 

a  +  btj  — 1,  a  — 6  1^  — !»  according  as  p  is  positive  or 
negative. 


If  7  be  positive,   and  —  ~  q  =  Q,  then  a  and  ji  are 
equal  to  cacli  other,  and  to  —J~-     If  q  be  negative,  then 


^ 
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a  and  /3  have  different  signs,  the  greater  of  which  (arith- 
metically q)eaking)  is  positive  or  negative,  according  as  p 
is  negative  or  positive.  If  9  be  negative,  the  roots  of  the 
quadratic  equation  can  never  assume  the  form 

a  ±b  \/  "1  or  —  a  ±  6  ^  —  1. 

756.    The  steps  of  the  process  usually  adopted  in  the  R^  ^ 
solution  of  the  equation  of  a  qvukl- 

and  the  rule  into  which  they  are  translated,  are  as  follows : 

(1)  «?+}iar=  —  ^. 

(2)  .r«+p*+^  =  ^-,. 

(3)  '+|  =  ±\/(?-9)- 

(4)  ,  =  -?      ±\/(?-?). 

Rule.  *^  Clear  the  original  equation  from  those  frac- 
tions, products  or  radicals,  which  involve  a ;  transfer  the 
terms  which  involve  x  to  one  side  of  the  equation,  and  the 
terms  which  do  not  involve  it  to  the  other  (1);  divide  both 
sides  of  the  equation  by  the  coefficient  of  a/^  if  it  differs 
from  1 :  add  to  both  sides  of  the  equation  thus  prepared 
the  square  of  half  the  coefficient  cf  or  (9) :  extract  the 
square  roots  of  the  resulting  members  (3),  and  the  values  of 
m  are  determined  from  the  resulting  simple  equations  (4).^ 

757-     The  following  are  examples.  ExMnpk*. 

1.    «•  -  7*  +  12  «  0. 

(1)  J*  — 7«=-  12. 

(2)  ^-7x  +  ^  =  ^-12=.J. 

(3)  '-h±l 

(4)  jr  s  4  or  3. 
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The  roots  of  the  equation 

a«  +  7*  +  12  =s  0. 

are  —  4  and  -  3,  differing  from  the  former  fai  thor  aigns  of 
affection  only. 

2.  a*+10jr+ 29  =  0. 

(1)  ««  +  10*  =  -29- 

(2)  a*  +  10*  +  25  =  25  -  29=  -  4^ 
(S)    «  + 5  =  ±1/1:^4=  ±«t/3T. 

(4)    4r  =  -5±2l/^. 

The   algebraical   sum   and  product  of   —  5  4-  2  V—  1  uiA 

—  5^2 1/— 1  are  —  10  and  29  respectively.    Art  752. 

3.  J*  +  Jr  -  90  =  0. 

(1)  J*  +  «  =  90. 

(2)  .:«  +  x+J  =  i+90=^. 

(4)    or  =  9  or  — 10. 

The  algebraical  sum  and  product  of  9  &nd  —  10  are  —  1  and 

—  90  respectively. 

The  roots  of  the  equation 

ai*  — ar  —  90  =  0 

would  be  found  to  be  —  9  and  10,   differing  from  those  of 

j:2  + jr  — 90  =  0, 

in  their  signs  of  affection  only. 

-     a?  +  20_  J  —  5       5 
x  20— ar'*"2' 

800—  2a:*  =  2aj*  -  10*  +  100*  —  5a^. 

(1)  ar*  -  90x  =  -  800. 

(2)  j:«  —  90ar  +  2025  =:  1225. 

(3)  .r  -  45  =  ±  35. 

(4)  a-  =  80  or  10. 
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a*  +  Sai  4-  6« "~  ii'  +  a6  +  6' ' 
(^)    ' a^  +  ab  +  S^'^^      ^' 

,^.  a  +  V^+6        a—Vai  +  b 

(4)    X  =  — ! — 7=-^ —  or , — . 

a-Vab+b        a+VUb  +  b 

6.    \/x  +  Va  —  x^\/b. 
Square  both  sides  of  the  equatioD,  and  ive  get 


jr  +  2  Vax  —  jfi  ^  a  —  X  s=  b, 

or  2  V^<ix  —  4f*  =  6  _  a. 
Consequently 

flx  —  **  =  —  — r-^-  • 

4 

,_v       9              .  tr      9ob  —  A' 
(9)    **-a*  +  -» ^^ 

Ifx=-  +^^    g ^,  th«nal80fl-4c=:- -^1A_ i, 

and  conversely:  it  follows^  tharefore,  firom  the  substitution  of 

'    4F 


594 

either  one  or  the  other  of  these  values  in  the  original  equation, 
that 

7.    ^(«»-fl>)  =  «-6. 

Therefore,  taking  the  cube  of  both  sides,  we  get, 

jr»  —  a»as  ac»  -  Sbx*  +  3b*x  —  &», 


(1)    *«-.6x 


Sb 


S'^mT*  ^^^'     ^^  ^'^^  equation  is  not  reducible,  or  not  conveni- 

the  form  of  ently  reducible,  to  the  form 

equations.  ^   +^^  +  ^  =  0, 

but  presents  itself,  or  may  be  reduced  so  as  to  present  itself, 
under  the  form 

where  u  is  an  expression  different  from  x,  but  involving  it 
with  or  without  known  quantities,  then  its  complete  solution 
may  be  obtained,  if  we  can  solve  the  equation  or  equations. 


u 


.-^v/{?-«}  =  ». 


For  whatever  values  of  x  satisfy  the  equation  or  equations 
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must  satisfy  the  equation 

«•  +  Ptt  -h  Q  =  0, 

which  may  be  considered  as  the  primitive  equation. 
759-'     The  following  are  examples : 

(1)    «3-6x*=l6. 

In  this  case^  if  ii=  a;%  the  equation  becomes 

««  —  6ii  =  16, 

««  -.  en  +  9  =  25, 
tt  -  3  =  ±  5, 
tf  =  8  or  —  2. 

If  we  take  the  first  value,  we  have 

**  =  8, 

jr'=:64, 

x  =  (l)*.4, 
where  4  is  the  arithmetical  cube  root  of  64. 

But  (l)i  =  1,  or  ~^+v-^  or  -  1  ^^li^  (^rt.  49«) : 

therefore*  =  4  or  -2+2V/~Sor  -  2-  2i/^. 

If  we  take  the  second  value  of  u,  we  get 

jf*  =  -  2, 

.r*  =  4, 
and  therefore 

,  .  <„.,  (^ii^)  .  (.,.,  (^li^^)  X  «.. 

The  three  first  values  of  x  correspond  to  the  binomial  equa- 
tion or*  —  64  =  0 :  the  three  last  values  correspond  to  the 
binomial  equation  or*  —  4  =  0:  but  aU  the  six  values  equally  cor- 
respond to  the  equation 

(r»  -  64)  (r*-  4)  =  4:«-  68*»  +  it56  =  0, 


596 

which  is  likewise  the  product  of 

ar»  -  6x*  -  16  =  0,  and  Jf*  +  6«*  -  l6  =  0, 

the  first  of  which  is  the  primitive  equation. 

It  is  obvious^  therefore^  that  unless  we  suppose  6x'  to  possess 
the  double  sign  -|-  and  —  I,  which  is  proper  to  it^  or  the  equation 

or*  -  6ar*  -  16  =  0, 

to  involve  necessarily  the  equation 

or*  +  6x*  -  16  =  0, 

that  we  must  reject  the  second  set  of  values^  as  altogether  foreign 
to  the  original  equation  proposed. 

The  same  observations  apply  to  an  extensive  class  of  equa- 
tions>  which  involve  implicilfy  or  expUcUfy  fractional  powers  of 
the  unknown  quantity:  in  such  cases,  we  generally  pass,  by  the 
process  of  solution,  from  the  least  fractional  power  of  the  un- 
known quantity  or  of  the  expression  which  involves  it,  to  a 
higher  power  of  the  same  quantity,  whether  integral  or  not,  and 
subsequently,  upon  the  reduction  and  solution  of  the  resulting 
equation,  we  return  to  a  lower  power  again :  under  such  cirvmn- 
stances,  we  are  not  at  liberty  to  assign  a  greater  number  of  values 
to  the  power  which  we  thus  arrive  at,  when  this  process  is  con- 
cluded, than  it  possessed,  or  was  supposed  to  possess,  at  the 
commencement  of  it 

Proper  The  roots  of  equations,  which  are  introduced  in  this  manner, 

roots  ud  jnay  be  termed  roots  of  soluiiofi,  to  distinguish  them  from  the 
solution,  ^proper  roots,  which  satisfy  the  equation  in  its  primitive  form :  the 
introduction  of  them  may  be  generally  avoided,  by  confining  our- 
selves to  the  arithmetical  roots  of  those  powers  of  the  new  un- 
known quantity  which  is,  or  may  be,  employed  to  designate 
a  fractional  power  of  the  primitive  unknown  quantity  or  a  radical 
expression  involving  it,  and  which  is  supposed  to  possess  an 
arithmetical  value  only. 

(2)    aar  =  6  +  \/cx. 

If  wc  make  V/cx  —  u,  we  shall  find  j:  =  — ,  and  the  equation 

c 

will  become 


sm 


fi»- 

cu 
a 

Ac 

7' 

«»- 

■T  + 

4a6c-|-  c* 
4a»     ^ 

M  — 

c 

V(4a&c+c^ 
*            2tf 

tl  =: 

2a 

Consequently^ 

X 

C 

-W 

2a               1 

2ai 

b+C 

d=  \/(^abc  +  c») 

2a 

It  is  the  first  of  these  values  only  which  properly  belongs  to  the 
primitive  equation^  the  second  being  a  root  of  golution :  in  other 

words,  n,  and  therefore  u  —  -^  can  possess  no  more  values  than 

\/cle,  and  if  we  are  confined  to  an  arithmetical  value  or  square 
root  of  ex,  we  must  be  confined   likewise  to  an  arithmetical 

value  of  the  square  root  of -r-^ . 

If  we  had  begun  by  ratumalizing  the  primitive  equation^  we 
should  have  got 

a«j:«-  (2a6  +  c)x  +  6«  =  0, 

whose  roots  are  the  values  of  x  which  are  given  above,  and  which 
correspond  respectively,  but  not  indifferently,  to  its  two  Actors 
ax  —  \^Vx  —  ft  =  0  and  ax  +  ^cx  —  6  =  0,  the  first  of  which 
is  the  primitive  equation. 

The  index  of  the  highest  power  of  the  unknown  quantity  in- 
volved in  this  equation  is  unity ,  and  in  all  such  equations,  there  is 
only  one  proper  root  or  value  of  it :  lor  under  such  circorastances, 
we  are  confined  in  all  other  terms,  which  may  involve  its  fractional 
powers,  to  their  arithmetical  values  only,  inasmuch  as  we  should 
otherwise  alter  the  absolute  form  of  the  primitive  equation  which 
is  presented  for  solution :  all  such  equations,  therefore,  may  be 


Gcmsidered  as  simple  equations^  if  their  order  is  to  be  deCemiined 
by  the  number  of  their  roots :  but  if  roots  of  solution  are  allowed 
to  be  considered  as  roots  of  the  equation^  equally  with  the 
proper  roots^  then  the  degree  of  the  equation  must  be  determined 
by  the  highest  power  of  the  unknown  quantity  which  occurs  in 
the  equation  when  rationalized  with  respect  to  it^  or  when  entirely 
freed  from  its  fractional  powers. 

(3)    7i/(3x-6)  =  3i/(7x  +  l)  +  3. 

Make  i/(Sx  -  6)  =  «,  and  therefore  x  =  — - — :   we  thus 
get 


,.=V('-^)+,, 


(7«-  3y=2lu*+l35, 
.2        2 

•^      2  ^16      16* 
3       .9 

3 
tt  =  3  or  —  -  . 
2 

If  we  take  the  first  value  of  u,  we  get 

\/(Sx  --  6)  =S,     Sx-^  6=9,    and  J  =  5, 
which  is  the  proper  root  of  the  primitive  equation. 
If  we  take  the  second  value  of  u,  we  get 

t/(Sx-6)=-|,     S:r-6  =  ?,     and;r=ll, 

which  is  a  root  of  solution  only,  and  satisfies  the  equation 

St/(7JF+  l)  —  7\/{Sx  -6) +  3  =  0, 

which  differs  from  the  primitive  equation,  in  the  signs  of  its 
radicals. 
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If  we  had  begun  by  freeing  the  primitive  equation  from 
radicals,  without  the  aid  of  any  substitution,  we  should  have 
obtained,  after  making  the  proper  reductions,  the  equation 

whose  proper  roots  are  5  and  -7-:  under  such  circumstances,  the 

proper  root  of  the  primitive  equation,  would  be  obtained,  by  con- 

X —  j 

81 
and  of  ^  which  is  equal  to  it,  in  the  process  of  solution  of  the 

equation. 

(4)    3  i/(ll2  -  8x)  =  19  +  \/(Sx  +  7). 

The  proper  root  o^this  equation  is  6:  the  root  of  solution  is 

7SQ8 
A^  ,  which  satisfies  the  equation 

3  v/(l  12  -  8ar)  =  \/(Sx  +  7)  -  19- 
BoA  these  roots  are  proper  rooU  of  the  raikmaUxed  equation 

o       11148      ,  44388  _^ 

Similar  obserA-ations  apply  to  the  equations 

t/(2«  +  7)  +  •(S*  -  18)  =  v'(7x  +  1), 
and 

whose  proper  roots  are  9  and  20,  and  whose  roots  of  solution  are 
18      J  14568980         _^.    , 

(5)    x»+6*»  =891. 

3 

Make  u  =  x^,  and  we  get 

»>  -i-  6«  =  891» 
ii«  +  6t*  +  9  =  900, 
w  +  S  =  ±  SO, 
«  s  27  or  -r  83. 
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Consequently, 

jj^r «.  27  or  -  33. 

jr5  =  (i)i  X  3  or  (  -  1)*  X  (33)*, 
x=  (1)5  X  243  or  (  -  1)^  X  (33)5, 
=  (1)*  X  243  or  (-1)*  X  (33)i 

for  (1)5  =  (1)*,  and  (-  1)5  =  (-  1)»,  (Art.  455). 

The  num.  The  number  of  proper  solutions  of  an  equation  is  not  affected 

ber  of  pro-  by  a  covmnon  denominator  of  the  index  of  the  unknown  quantity, 
an  equation  nor  by  any  denominator  of  the  index  of  its  highest  power:  for  if 
by^a^o^  the  highest  power  of  this  unknown  quantity  was  «-,  the  process 

minator  of  ^f  solution  could  ffive  us  the  value  of  x-,  and  no  new  value 
theindexof  ®  i 

the  highest  would  be  introduced  in  the  transition  from  the  value  of  x"  to  that 

^mi^       ofx:  thus  the  equation 

known"  v«  +  6t?3  =  891 

quantity. 

would  have   the  same  number  of  proper  solutions  with  the 

equation 

x^  +  6x5  =  891, 

and  the  solutions  themselves  would  only  differ  in  the  second 
series  of  values  being  the  fifth  powers  of  those  in  the  first 

If,  however,  we  should  suppose  the  equation 

xT,  +6x*  =  891 
to  admit  equally  of  all  the  forms  which  were  proper  to  the  dif- 

6  3 

ferent  values  of  the  quantities  x^  and  x^ ,  which  are  25  in  num- 
ber, we  should  have  6  roots  corresponding  to  each  of  them,  and 
the  whole  number  of  roots  of  solution  and  proper  roots  would  be 
150,  of  which  6  only  would  belong  to  the  second  class:  such  an 
example  would  sufficiently  shew  the  importance  and  necessity,  in 
a  practical  point  of  view,  of  such  a  limitation  of  the  roots  which 
are  the  proper  objects  of  research,  when  equations  of  this  kind 
are  proposed  for  solution. 

From  similar  considerations,  it  will  likewise  follow,  that  the 
reduction  of  the  indices  of  the  unknown  quantity  in  an  equation 
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to  a  common  denommator,  will  convert  roots  of  solution  into 
proper  roots^  unless  the  change  from  one  form  to  the  other  is 
accompanied  by  a  limitation  of  the  roots  which  are  to  be  ex- 
tracted^ in  consequence  of  such  a  change,  to  their  arithmetical 
values  only :  thus  the  proper  root  of  the  equation 

x  +  i/j?  =  6 (1) 

is  4t,  and  9  is  the  root  of  solution:  but  4  and  9  are  equally  proper 
roots  of  the  equation 

ar«"+a:*  =  6 (2), 

unless  we  are  equally  restricted  to  the  arithmetical  value  of  jr  in 
the  two  equations  (1)  and  (2). 

In  a  similar  manner,  there  are  only  three  proper  roots  of  the 
equation 

oJ  _  6j?*  —  16  =  0 (1), 

but  there  are  six  proper  roots  of  the  equation 

dfl  -  6«*^l6  =  0 (2), 

which  include  the  roots  of  solution  of  the  fixrmer  equati(m  (1). 

(6)  ji«+l5  +  4\/jr«+15  =  96. 
Make  i/C^b*  +  15)  ==  u,  and,  therefore, 

«a^4Ms96. 

«>  4.  4m  4.  4  =  100. 

«+S  =^  10. 

u^8  or  — 12. 
Therefore 

V/(««  +  15)  =  8  or  —  12, 

0^+15    s  64  or  144^ 

«*  s  49  or  129> 

«  =  ±  7  or  dt  1/129. 

The  two  first  values  of  x  are  the  proper  roots  of  the  equation: 
the  two  last  are  merely  roots  of  solution. 

(7)  6ar-«»  +  3t/(jr«-6a?  +  l6)  =:  12. 

Make  ^/(jr*  -  6x  4-  I6)  =  tr,  and  therefore  ««  -  6*  + 16  =  w*, 
and  6x  --  s^  =  16  —  f^:  ccmsequently 

46 
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3        .5 

M  s  4  or  —  ], 

the  first  of  which  values  only  is  the  proper  value  of  «  or  of 
t/j*  -  6x  +  16. 

Again>  since 

v/(««  -  6x  + 16)  =  4, 

we  get 

j:*-6j?  +  i6=  16, 

and  therefore 

j;*-6jr=0, 

the  roots  of  whidi  equation  are  0  and  6,  which  are  the  proper 
roots  of  the  original  equation. 

The  values  of  x  deduced  bom.  the  second  value  of  u  are  roots 
of  solution  only. 

Multiply  both  sides  of  the  equation  by  x,  and  we  get 

*■  5*  116 


25 


5  3S 

•'  +  2  =  *ro' 

4       -29 
„=-or--. 


sot 

It'  we  take  the  (iriit  value  of  u,  we  get 


_,       16*      80 


These  ore  tlie  proper  roots  of  the  original  equation :  the  roots 
derived  froni  the  second  value  of  u  are  roots  of  solution  only. 

It  is  extremely  easy  to  construct  equations  presenting 
forms  apparently  the  most  dissimHar  from  each  other,  but 
involving  radical  expressions  or  Pactional  powers  of  the 
unknown  (jiiantity  whose  indices  are  in  the  proportion  of 
2  to  1,  which  may  be  solved  by  methods  similar  to  those 
above  given :  and  the  observations  which  we  have  made 
will  enable  us  in  all  such  cases  to  separate  the  proper  roots 
from  the  roots  of  solution:  all  such  equations  may  be  cod- 
udered  as  individual  members  of  the  corresponding  radonal- 
ized  equations. 

760.  It  remains  now  to  consider  some  cases  of  equa- 
tions, which  present  themselves  under  a  rational  form,  and 
involve  powers  of  the  unknown  quantity  or  of  expressions 
involving  it,  whose  indices  are  also  in  the  proportion  of 
a  to  1. 


■Make  a' 


(!)     X*  +  10j'  =  2B91. 
=  u,  and  we  get 

u'  +  10(*  =  2891, 
ii*  +  10ii  +S5sS9l6, 
i«  +  5  =  i:  54. 
«  =  J*  =  +9  or  -  59, 
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and  therefore 

«  =  ±7or(-l)*(59)*. 
All  these  values  are  equally  proper  roots  of  the  original  equation. 

(2)    {(*  +  S)»  +  or  +  S}»-  7  («  +  S)«=  711  +  7*. 
Therefore  {(«  +  S)»  +  or  -f  S}«-  7  («  +  S)'+*  +  «}  =690; 
make  (x  +  3)*  +  (x  +  3)  =s  «,  and  we  get 

ii«  -  7«  =  690, 
2      ^     .  49      2«09 

7      ^53 
2       ^2 

tt  s  30  or  —  23. 

If  we  take  the  first  value  of  «,  we  get 

(«  +  3)^  +  (x  +  8)  =  S0. 
which  becomes,  when  «  +  3  is  replaced  by  v, 

t^  +  v  =  30, 

1       ^11 

^2  2 

t;  =  j:  +  3  =  5  or—  6, 
and  therefore  x  =  2  or  -^  9. 

If  we  take  the  second  value  of  u,  we  shall  find,  in  a  similar 
manner, 

which  are  equally  proper  roots  of  the  original  equation  with 
those  already  determined. 

The  primitive  equation,  when  reduced  in  the  ordinary  man- 
ner, and  its  terms  arranged  according  to  the  powers  of  the  un- 
known quantity,  becomes  the  biquadratic  equation 

X*  +  14x«  +  66x2  +  119x  -  630  =  0. 
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(3)  x*-2x3_2jj^3jf  — 108  =  0. 
This  biquadratic  equaticm  is  reducible  to  the  form 

(jt»  -  ar)«-  8 (J5*-  «)  «  108, 

and  therefore  may  be  sidved  by  the  methods  under  consideration : 
make  o:^  —  a:  =  «,  and  We  get 

w*  -  3»  =  108, 

8       ^«1 

II  =  IS  or  -i  9. 
If  we  take  the  first  value  of  «,  we  get 

jf«  -  «  =  12 

«  B  4  or  -  3. 
If  we  take  the  second  value  of  «,  we  get 

4f»  -  «  =  --  9, 

X  =:  — — —  . 

2 
We  thus  get  the  four  proper  roots  of  the  (uriginal  equation. 

(4)  X*  -h  ^  -  2*'  -  256  «=  0. 

This  is  an  example  of  a  biquadratic  equation,  which  is  the 
difference  of  two  squares,  and  which  may  be  resolved  as  follows : 
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««  +  ?^  s=  84*  +  256, 

*        ■ 


8x  /3jr 


'•+t-*(t*-«) 


If  we  take  the  positive  sign^  weget 

«»=  16, 
«s±4. 
If  we  take  the  negative  sign,  we  get 

«•  +  ^  =  —16, 
o  ,3*   ,    9  _      24|7 


X  +  -r 


3       ^i/-g47 
-3±  V-247 


ar=: 


(4)     a:^  -  3x  =  2. 

This  is  a  cubic  equation,  which  may  be  put  under  a  biquadrati 
form  by  multiplying  all  its  terms  by  x :  we  should  thus  get 

ar*  -  So:*  =  2ar, 

.r*  -  2a:*  +  1  =  J^  -♦-  2a:  +  i, 
(a:«-l)2  =  (x  +  l)«, 
0:2-  1  -.^(j.^  ly 


if  we  take  the  negative  sign,  we  get 


and  therefore  x  =  0  or  —  1. 

We  thus  get  four  values  o(  x,  at  which  0  is  a  root  of  K^ution, 
and  two  of  the  other  and  proper  roots  are  equal  to  each  other, 
andto  —1. 

The  various  expedients  which  havf  been  noticed  in  the 
preceding  examples,  and  many  others  of  a  similar  kind 
which  experience  in  such  solutions  will  suggest,  enable  us  to 
solve  cubic  and  biquadratic  equations  under  particular  cir- 
cumstances :  but  inasmuch  as  such  solutions  are  dependent 
either  upon  the  peculiar  form  under  which  the  original  equa- 
tion presents  itself  or  to  which  it  is  immediately  reducible, 
or  upon  u  peculiar  relation  of  the  coefficients  of  the  equa- 
tion wlien  completely  reduced,  they  contribute  in  no  respect 
to  guide  us  to  the  methods  which  arc  necessary  for  their 
general  solution :  it  is  to  the  theory  and  investigation  of 
such  methods,  that  wc  shall  now  proceed  to  direct  our  at- 
^Ucntion. 


761.     A   complete  cubic  equation  ^ 
nring  imder  the  form 

.r'  +  p,,T=-|-p,.r  +  p,  =  ( 


ith  all  its  terms,  TnuiiEar. 

csUc.vqiu- 
tkmuw 
to  vulilt 


may  be  transformed  into  an  eq^uation  of  the  same  degree  " 
wanting  its  second  term,  by  a  niethud  similar  to  that  which 
1  employed  for  the  transformation  of  a  complete  Irino- 
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mial  into  a  binomial  quadratic  equation:  for  if  we  make 

p  p. 

ar  +  —  =  t#,  and  therefore  /r=M  —  %>  we  shall  get 

2p,*         p.* 


27 

=  «*  — 5r«  +  rs=0, 


if  we  make 


9  =  -3--P«.  «»**'■  =  ^--3- +P»- 

in  considering,  therefore,  the  general  solution  of  a  cubic 
equation,  we  should  be  thus  authorized  in  confining  our 
attention  to  the  equation 

tt'  —  ^M  4-  r  =  0, 

or  .r'  — ^i»  +  r  =  0, 

the  in6st  simple  form  to  which  a  cubic  equation  is  redu- 
cible by  the  preceding  process. 

theequA.       equation,  can  be  no  simple  term  like  a  or  ^a,  but  of  such 
3A^Qx4^=0  *  compound  form  that  we  may  have  a^^qa^ri  such  a 
compound    term  is   ^a  -f  ^/3:   for  if  we  make  /r  = 
\/a  +  ^fi,  we  get 

.t' =  a  4- /3+3  ;/;;^  (4/a  +  V^/3), 
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a  result  which  will  be  identical  with 

x^^qx^T (1), 

if  we  make  3^^/^  =  ^,  and  a  +  /3  =  -  r :  but  if 
3  y/afi  =s  qj  and  therefore  a/3  =  -^  and  a  +  /3  =  — r, 
then  a  and  /3  are  the  roots  of  the  quadratic  equation 

u^  +  ru  +  ^  ==  0 (2),    (Art.  763). 

and  may  be  determined  from  it :  if  we  solve  this  equation, 
therefore,  we  shall  get 

«  =  -5±\/(^'-0=aand^, 
and  consequently,  a?  =  a/ a  -f  ^fi 

={-iV(^gV{-;-x/G"-a' 

763.    It  thus  appears  that  the  roots  of  the  cubic  equa-  SqNffmtion 

4?,„^  of  the  pio- 

^»™  perio^of 

ar^-.^a?+r  =  0 (1)  "^J^ 

ftom  the 

are  dependent  upon  the  roots  of  the  reducing  quadratic  {^  ^  *>- 
equation 

.3 


u^  +  TU  +  ^=0 (2): 

it  remains  to  determine  the  proper  roots  of  the  cubic 
equation  as  distinguished  from  those  values  of  .v  which  are 
introduced  by  tbe  process  of  solution. 

If  we  assume  p  and  p  to  represent  the  arithmetical 
values  of  ^a  and  ^/S,  when  the  sigtt  i^  — 1  does  not 

present  itself  in  a  and  )3>  or  in  other  words,  when  ^  is 

4H 


U7 
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\irhen  -     greater  than  — •,  then  we  shall  have  (prefixing  to  a  and /J 
"*^       the  ambiguous  sign  +), 

^=(±i)V+(  +  w- 

The  three  values  of  (  ±  1)*,  are  + 1 ,  +  (— q    ~  ) » 

Hh  ( ~- ),  which  differ  from  each  other  in  the 

signs  +  or  —  only :  if  we  agree,  therefore,  to  denote  +  p 
by  p, ,  and  +  p  by  p/,  the  preceding  expression  will 
become 

*=(i)Vi+(i)V.'- 

If  we  should  combine  the  three  values  of  (1)  pi  with  the 

three  values  of  (1)  p/,  we  should  get  nine  different  com- 
binations, and  therefore  nine  diflferent  values  of  a?,  which 
may  all  of  them  be  considered  as  roots  of  solution  of  the 
primitive  equation :  but  if  we  refer  to  the  process  of  solu- 
tion, we  find  3  \J a^  assumed  to  be  equal  to  ^ :  if,  there- 
fore the  sign  \/~--\  does  not  exist  in  ^,  it  can  have  no 
existence  in  sj  afi :  or,  in  other  words,  we  shall  be  confined 
to  those  combinations  of  (l)*pi   and  (l)*pi,  which  produce 

a  result  independent  of  ^  —\  :  we  thus  get  the  three 
proper  values  of  ^r,  or  roots  of  the  equation  x^  —  ^.r  -f  r  =  0, 
which  are 

,v  =  pi  +  p/ 


"-V  2     -    >^-^V 2 )P^ 

__       ipi  +  pi)    ,    (pi  -  Pi)  s/  -^ 
2  2 

-=  {—^—)P^  +  ( ^ )P^ 

__(/>!+ pi)    (pi - pi) sT^ 


o 
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It  thus  appears,  that  the  three  roots  of  the  cubic  cqua-  HTicn-^ 
tion  are  of  the  form  2  a,  ~^a  +  b^^  1,    —a  —  h^^  i   bless  than 
when  the  roots  of  the  reducing  quadratic  equation  a  and  /3  27* 
are  independent  of  the  sign  >^  — 1 :  but  if  the  values  of 
a  and  )3  be  of  the  form  c  +  d^  -^1  and  c--d  ^  —  1, 

and  therefore  —-  less  than  — ,  we  shall  have,  if  we  make 


r 


c  2 

and  0  =  cos ~  *  — ^    —  =  c*>s"  *  — /^  ,    (Art.  725). 

V   27 


/       2m7r  +  e    .       y — -    .    2wiir  +  0\ 
a?=  ^cos +  V -1  «n 3 ) 


4-  (cos ^  —  1  sm \ p.   (Art.  624). 

In  this  expression,  the  values  of  m  and  m  must  be  the 
same,  inasmuch  as  ^a/3  must  be  independent  of  ^  —  1 : 
and  also  the  values  of  m  may  be  confined  to  0, 1,  2,  inasmuch 

,,  I  .        2m7r  +  e  ^       y r    .    2mw  +  9 

as  the  same  values  of  cos +  .^  —  1  sm ;- 

recur  for  other  values  of  m  in  the  same  series :  we  are  thus 
confined  to  the  three  values  of  .r,  which  are 

e  /q     0 

when  m  =  0,  «v=    2^  cos  -  =  ^  y/  -  cos  -  . 

when  m  =  1 ,  .r  =  2^  cos     -  - —  =  2  \/  -  cos  — ~ — , 


3  ^    3  3 


*^  +  ^     ^  *  A/      ^^ 

when  tn  ss  2,  .i*  =s  2^)  cos  — - —  =  2  w  -  cos  — . 


3 
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Tile  toon  of        It  appears,  therefore,  that  the  three  roots  of  the  cubic 

eqnAtiooaie  ^uation  are  independent  of  the  sign  ^  — 1,    when  the 
iode^ifdeai  roots   a  and  /3   of  the  reducing  quadratic   equation  in- 

!!!l!"iJ!u    volve  it:    and  inasmuch   as   cos  :r +  cos ^r — 

'"**"^^  o  ^1  a 

infolve  it.     =3  ^^^  ~^  COS  ^  =  —  COS  ^  ,   it  also   follows   that   one 

root  is  equal  to  the  sum  of  the  other  two,  with  their  signs 
changed  from  -H    to  —  1  or  conversely. 

EjumpW.  764.    The  following  are  examples : 

(1)    Let  x*  -  Sx  -  2  =  0. 

In  this  case  -  =  -  1,  |  =  1,  and  therefore 

a  s  1,    fi=^l,    and 
(1)    x=  1  +  1  =2. 


-  l+\/^S  .   --1-V^^_       , 


(S).    ^=  __-_     .+ _ -1. 

(2)    Let.r--    —  +-_.  =  0, 

-  581  +  v/(337311) 

"  = i ' 

-  581  -  V'CSSTSll) 

-  7  +  V^39 

/"=  "  ir~  • 

,      -7-1/39 
Therefore 

,  =,  _  kL+V)  +  o^LZi:0  ^/33  ^  III  ^  ^^^3^^ 
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In  this  example,  we  have  put  down  the  values  of  p,  and  o/  EztnM^tioa 
under  a  finite  fonn^  as  determuied  by  a  tentative  process  of  the  of  the  cube 

foUowing  kind.  S^Lf  "' 

If  it  be  suspected  from  the  nature  of  the  case  or  otherwise 
that  a  numerical  expression  of  the  form 

whose  cube  root  is  required^  as  in  the  case  of  a  and  /?  in  the  pre- 
ceding esuan^,  is  the  complete  cube  of  an  expression  such  as 

where  x  and  y  are  one  or  both  of  them  quadratic  surds^  whose 
sum  is  not  reducible  to  the  form  ax,  where  a  is  a  whole  number 
or  rational  fraction,  then  we  shall  also  have 

for  if  a  -f*  V^b  result  from  the  cube  of  — ^ — ^ » then  a  -  a/B  must 
result  likewise  from  the  cube  of  -7"'^ :  it  wiU  follow,  therefore, 

VR 

that 

an  expression,  in  which  R  may  be  always  so  assumed,  that 
(a'  —  6)  72  may  be  a  perfect  cube*  or  or'  —  y  a  whole  number. 

Again,  since 

V'iCa  +  \/byR]  =  *»  +  2«,  +  y, 

v^{(a  -  v'byR}  =  «» -  2x,  +  y, 

*  If  a*—  6  be  not  a  perfect  cnbe  or  not  resol? ible  IdIo  factors  which  are 
repeated,  then  the  least  valoe  of  JS  is  («*— 6)*;  thus  if 

««  — 6:=64,  A  =  1  ami  or*  -yS=4: 

if  €*—  6  =  54  =  !i  X  9T  =  2  X  S',  then  I{:=4and4r>  —  yS=i»: 

batif  a'-/^  =  68  =  SX  39,  then  KsWand  x^-^y^sW. 
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we  get 

and  iimsmuch  as  it  would  follow  from  the  h3rpothe8i8  whidi  we 
have  made,  that  x^  and  ^*  are  whole  numbers,  the  value  of 
2«*  -f"  ^y  would  be  equal  to  the  sum  of  the  two  nearest  integral 

values  I,  /  of  ^{{a+^hyR}  and  \/ {{a  -  \/hy  R} ,  one  of 
them  being  taken  in  excess,  and  the  other  in  defect :  for  their 
sum  could  not  be  a  whole  number  unless  one  of  these  cube  roots 
differed  as  much  from  one  of  the  numbers  i  and  /  in  excess,  as 
from  the  other  in  defect :  we  should  thus  find 

x«  —  ^'^  =  (• 
Adding  these  expressions  together,  we  get 

2  2  ' 

and  subtracting  them  from  each  other,  we  get 

2/ =-^^^2 —  ^^y^^^ — 2 • 

X  ^  t/ 
If,  upon  trial,  the  cube  of  -^ — -  which  is  thus  determined,  be 

^R 
found  to  be  equal  to  a  4-  \/b,  the  problem  is  solved,  and  one  of 
the  roots  of  the  equation  is  a  whole  number,  or  a  finite  rational 
fraction ;  if  not,  there  is  no  such  root  of  the  equation,  and  its 
approximate  value  must  be  determined  by  the  actual  extraction 
of  the  roots  which  are  involved  in  it,  for  which  purpose  loga- 
rithms may  be  applied,  if  required,  through  the  medium  of  the 
formula  considered  in  Art.  69*^' 

(3)    Let  ar'  +  8j-  — 9  =  0, 

"*  "■  2  "^  V     108  ""  "~  18 

^  __  9  _        /4235  _  81  -  -/( 12705) 
'         2        V    108  18  ' 

_  3  +  1/105        ,     S  —  x/l05 

r.  -       j^.       ,  Pi  -  — ^ 
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Therefore 

'^  pi+px=^  1, 

2  "*■         2  •^  2 

j:  -  -  (Pi  +  Pi)       (pi  -  Pi)^y—Z^  -l-,v^-35 
"12  2         ^-^-  2  • 

(4)  Let  «3 -  9jt«  +  26x  -  24=  0. 

If  we  make  jr  —  3=:«  or  jr=fi4.3,  this  equation  is  trans- 
formed into 

IT*  —  tt  ==  0, 

and  therefore  u  s  0^  or  1    or  —  1 :  the  roots  of  the  primitive 
equation  are^  therefore,  2,  S,  4. 

In  this  case,  the  transformation  leads  to  the  solution  of  the 
equation^  without  the  aid  of  any  formulae  of  solution. 

(5)  Let  jr»- 18af +  87*  -  70  =  0. 

If  we  make  x  —  6  =  tf>  or  x  =  ti  +  6^  we  get  the  transformed 
equation 

From  this  equation^  we  find 

o=-  10  +  V^-243  =  a  +  5i/^^, 
/?=— 10-\/-24S  =  a-5V-  1. 

a -10  _  -  10 


and  therefore 


cos(ir-  6)  =  —, 

7» 


t  log  cos  (ir  -  6)  =  10  +  log  10  -  -  log  7 

=  11  -|  log7  =  11  -  I  (.8450980) 

=  9.7323530  =  t  log  cos  57^.  19^.  12'', 
and  therefore  a  =  180  -  57^.  19'.  12"=  l^O'.  40^.  48". 
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Also,    since  «  =  2  i^|  X  cos  -  or  2  a/|  x  cos  ^^  ^ 

2  \/ I  X  cos — - — ,  we  have,  for  the  first  value 

log  2  =     .3010300 
I  log  7  =     .4225490 

.7235790 
t  log  cos  40^.  5S'.  ser  =  .9.8784812 


or 


10.6020602 
10 


log  »,  =  log  4  =     .6020602 
and  til  =  4. 

Again,    ance    ^'^  ^  ^  =  l60».  Bi.  36"  =  180»  -  19".  6'.  24", 

we  have 

t  log  cos  19".  ff.  24''  =  99753910 
log  2  v^7  =    .7235790 


log  —  t*t  =  log  5  =    .6989700,  omitting  10, 
and  therefore  ti,  =  —  5. 

Lastly,  since ^^  =  79°-  6'.  24",  we  have 

t  log  cos  79".  6'.  24"  =  9.2764210 
log2v'7=    .7235790 

log  Us  =  log  1  =    .0000000,    omitting  10, 
and  therefore  ti,  =  1. 

Consequently  the  values  of  x,  or  the  roots  of  the  original  equation 
are  10,  1  and  7- 

Composi-  ^65.    It  appears  from  the  preceding  investigations,  that 

coefficients    every  cubic  equation,  whether  wanting  its  second  term  or 
of  a  cubic     ^ot,  will  have  three  roots,  and  no  more :  and  it  will  be  very 
easy,  with  the  aid  of  this  conclusion,  to  determine  the  com- 
position of  the  coefficients  of  the  general  cubic  equation 

«' +  jOi  a?"  + />2  J? +7)3  =  0, 


equadoo. 


617 

in  terms  of  its  roots :  for  if  diese  roots  be  a,  6,  c,  then 
or  —  a,  of-^by  w-^c,  are  its  factors*,  and  therefore 

«^  +pX  ■f'P2^  +  Ps  =  (*  —  «)  (^  +  P^+Q) 

=B  (cT  — a)  (^—6)  (.r  — c) 

=  ar*  —  (a  +  6  4-  c)  «*  +  (a6  +  ac  +  6c)  jf^abc: 
or 

p,=  — (a  +  6  +  c), 

P2=      ab  +  ac  +  bcy 
p5=  —  afec. 

766.  It  follows,  therefore,  that  if  p,  =  0,  the  sum  of  the  if  ^  =:0, 
roots  of  the  equation  is  equal  to  zero,  a  conclusion  which  *^  !^*^^ 
likewise  follows  from  the  formulae  which  express  the  roots  lero. 
themselves  under  the  same  circumstances. 

767.  The  general  form  of  a  biquadratic  equation  9^"*^^ 

fonn  of  in- 

may  be  transformed  into  an  equation  of  the  same  degree, 

without  its  second  term,  if  we  make  or  -|-  -^  =r  u :  in  con- 

4 


*  If  a  be  a  root  off  the  equation  If  a  be  a 

«»  +  Pi««  +  P.«  +  |»,=0,  root  of  an 

*  equation, 

then  a'  +  Pia*  +  p«a  +  fi^  =  0»  r  — aisa 

and  therefore 
«'  +  Pif'  +  P«Jf  +  ft  =  *»  +  P,*'+P.*  +  J»i-{a'  +  P,a»4-p,a-fp,) 

=:x>«-as  +  p,(;c>  —  a*)  +  l>t  ('  —  «): 
coDteqnently 

^L+J!l|±££±&  =  ^ +  „  +  ..  + p,  (X +  .)  + p.. 

or  X  —  a  divides  x'  +  p.  x'  4-  P,  ^  +  ps  without  a  remainder. 

The  same  proresft  of  rearming  would  equally  shew,  that  if  a  be  a  root  of  an 
equation  of  n  dimensionit,  then  x  —  a  roust  be  one  of  its  facton. 

4l 


which  results  from  such  a  transformation,  whenever  the  ex-  i 
istence  of  a  second  term   in  the  primitive  equation  may 
render  its  application  necessary :  and  as  we  have  seen  that 
the  roots  of  a  cubic  equation  were  expressible  by  means  of 
the  roots  of  a    quadratic   equation,    whose   coefficients  or 
terms  were  determinable  from  it,  so  likewise  we  shall  find  I 
that  the  roots  of  the  biquadratic  equation  (6)  are  similarly 
expressible  by  means  of  the  roots  of  a  cubic  equation  whose   ' 
coefficients  or  terms  are  determinable  from  it. 

768.     Let    us    suppose,  therefore,  a,  /3,  7  to    be   the 
1.  roots  of  a  cubic  equation 

^  u'  +  Pu*  +  Qu+R  =  0 (c), 

,   which  is  connected  with  the  biquadratic  equation 

.T*  —  qx''  —  ra!  —  s  =  0 (6), 

in  such  a  manner,  that 

,r  =  1/a  -(■  \^i3  +  Vy: 

it  remains  to  shew  that  such  an  hypothesis  will  lead  to  the 
determination  of  P,  Q,  R  in  the  cubic  equation  (c),  and 
therefore  to  the  knowledge  of  its  roots  a,  fi,  y- 


I 


For,   in  the  first  place, 
sumed  value  of  ,r, 


;  get,  by  squaring  the  as- 


and  therefore 
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If  we  square  both  sides  of  this  equation,  we  get 

4-  8  Vo/37  \^a  +  ^fi  +  ^7} 

since  afi+ay -i-fiy^Q,  afiy=^Ry 

and  ^a  + ^3+^/7  =  a?. 

If  we  now  transpose  all  the  significant  terms  to  one  side  of 
the  equation,  we  get 

a   biquadratic  equation,  which   will  have  the  same  roots 
with  the  original  equation 

j?^  —  ^0?^  —  r  J?  —  «  =  0, 
if2Ps=9, 
Sy/R  =  r, 

:  '  orifP  =  |, 


16 


r* 


*"64- 

Consequently,  the  cubic  equation,  whose  roots,  answer  the 
required  conditions,  is 

2      ^       16  64 


*  If  we  suppose  Ibe  roots,  if  any  exist,  of  the  blqaadratic  equation,  to  be 
expressible  by  means  of  tbiMe  of  a  cubic  equation,. then  it  is  obvious,  in  thr 

first 


Sepuation  yfiQ.    jf  „e  were  at  liberty  to  assume  indifferently  any 

pcTRwu  '  combination  of  the  negative  and  positive  values  of   V'a, 


first  instancr,  dial  Ihcy  mmi  lonu  tonie  symmetrical  comlriiutioii  of  tbem,  in- 
lumiich  as  wbcn  Uiey  are  ex|)r«ued  by  general  symbols,  whatvTtr  cooilUuni 
affecta  one  u(  tliem  must  c(|iiully  aSccttbe  olbcr  Iwa:  and  inaunucb  at 

it  will  likewise  follow,  that  whatcier  be  llic  syinmctrlial  exptessioD  of  tlir 
roou  of  the  rtduring  cnbie  eqiinlioa  which  U  equal  to  x,  iti  fotirth  power  mnM 
iavoWe  x*  and  x  with  coefficients  and  a  term  inJepeDikat  of  x,  which  way  be 
made  to  coincide  with  j,  r  nnd  »  respectively ;  if  we  iboold  snpimse 

X=„+B  +  y, 

where  a,  S,  y  are  the  rooU  ut  Ihe  reiludti)'  cubic  equaboo 

^•  —  PH'+Qa—n=0. 
Oten  we  might  replace  x  by  P,  and  therefore  Ibe  delemunatioD  of  the  valuct 
ol  oiie  and  ol  ths  other,  would  depend  npon  llie  solution  of  the  same  <?quMioii. 

I  =  V'= +  1^6  +  1^7. 
we  should  find 

■Dd  unleu  we  should  be  able  to  express  V**  + 1/^  +  V^v  in  terms  of  P, 
Q,  or  R,  wc  should  make  no  progress  towards  the  lormntiun  of  a  tutiuailTatic 
eqoabon  which  may  be  made  ta  coincide  with 


•fanilar  observations  would  apply  to  the  aiiumptlon  of  the  sum  of  auy  niAcr 
e*eDi  or  to  the  sum  of  any  odd,  roots  of  n,  B,  y,  to  express  the  valne  ol  x :  and 
similar  considerations  would  enable  ui  to  shew  the  impossibility  of  extendio; 
tlie  same  or  any  similar  mediod  to  establish  the  dependence  of  the  rooti  of  an 
equaliaD  of  the  fifth  or  of  a  litgher  degree  upon  any  snch  symmetrical  combi- 
nation of  Ihe  roots  of  an  ei|Uation  of  the  next  inferior  degree. 
Sidullona  Most  of  the  methods  which  have  been  proposed  for  the  rcsolntioa  of  a  bi- 

of  biqUB-  quadratic  equation,  have  assumed  the  composition  of  the  equaiiaii  itself,  and 
diBticeqnn-  \,„^  proceeded  to  the  determination  of  the  terms  ol  an  equation  of  ioferior 
lions  wnicn  ^p„pp  whose  roots  were  symmetrical  combinations  of  the  routs  of  (he  uli- 
Bssiimc  ihc      ,.  ,.-,.,  1     .1  ,  L  •■11.  p.. 

cxlslfnce  sf  '"""^  equation :  thus,  if  a,  e,  c,  d,  be  the  roots  of  the  equation 


binadons  of 

which  arc 

f^wciin 
numbn 
than  ihc 


;  n  +  fi  +  c-t-d  =  0,  llierc  are  only  three  differtnl  values  of 
(n  +  6)',  (a  +  c)",  <o  +  d)S  (6  +  «)',  (6  +  d)' aiKl  (c  +  d)*,  since  (a  +  *)' 
=  (e  +  d)',  (u  +  c)' =  (/.  +  c>>  and  (a +  d)'  =  (/-  +  ()=;  if  we  assume, 
therefore,  a,  £,  y  to  represent  those  three  different  values,  and  tu  be  also 
the  roots  ol  the  cubic  equatioii 

Tluii 


V'^,  V''y,  wcshoulc)  Ond  eighf  different  combmntions  which 
would  express  values  of  iv :    but  inasmuch  as  the  procesn 


then  aoy  methods  which  acrvc  (a  ilclermine  the  vslaea  of  :t +  $  +  ■/, 
ae  +  aY^^^ $y  and  nSy  ID  term*  of  ;,r  audi,  will  drtermiDe  Ihevalnesof 
P.  Q  uid  R,  and,  Iherefore,  the  valnes  of  i,  S  and  y :  Ibe  traDiitinn  from  the 
values  of  a,  fi,  y  to  Ibtue  of  a,  b,  c  aai  d  insy  be  effected  u  followa : 


\ 


•-  +  •<;  +  t/y  =  (a  +  *)  +  (a  +  *)  +  a  +  t 

=  l«  +  (a  +  6  +  ir  +  d)  =  aj. 
l/a  -  t/e—  l/j  =  86  -  (a  +  6  +  e  +  d)  =  a  A, 

l/e  —  l/c  _  v/,  =  2c  -  (a  +  ft  + 1  +  J)  =  at, 

■(/,-•<■-  V'fl  =  ad  — {a  + 6 +  «  +  '!)  =  2d. 


opare  the  expresaioni  tlius  ahtained  lor  n,  6,  c,  d,  with  those  whicfa 
the  method  of  solutUni  which  a  fallowed  in  the  text,  it  will  readily 
apiiear  tliat  the  valnei  of  s,  ij  oDd  y  are  quadruple  o(  the  roots  ol  the  rcdudnK 
i-ubic  which  a  there  deduced,  inaunuch  as  tlie  values  of  certain  coralii nations 
of  their  3i|uare  roots  ia  one  case  are  double  of  those  of  corresponding  comU- 
nuions  ol  Uiem  id  the  other:  if,  therefore. 


'-«="' 


"^    8    ^     la 

■  the  reducing  cuUc  equation  in  one  case,  then 

_..Jj..,.,,(3i±ii).._...^  =  .. 

or  b' -  a^u +■  (fl'H- I.}  ■  -  r' =  0 

It  be  the  rednciog  cubic  equation  to  tlie  otlier;  and  this  is  tlii^  enusiioii 
ikh  is  obluoed  hy  iae  artifice  of  ttausfonnatioD,  oi  which  Dvst'Urtcs  was  the 

Again,  in  the  complete  biquadratic  equation 

I' _  paJ  +  ,  .r' -  FT  +  s  =  0, 
y   three   differtnt   values  of  rouihiaatioiis  sudi   at,  "^  +  ri- 

(  =  abrd.  it  follows  lliat  the  first  and  last,  the  second  and  fildi,  Uic  tlurd  and 
tiilh,  art  eqnal  to  each  other:  if  we  assume,  therefore,  »,  fi.y  to  reprwwl 
Umwc  ttirec  different  combinalloDs,  where  .,  S,  7  are  Hit  rooU  of  the  rqaation 


wc  (ball  be  enabled  to  eipius  P,  Q  and  It  in  liinis  uf  tbu  coeliidcDts  r>>  1. 
■t  and  I  of  the  orlgiunl  biquadralii:  ciiiiutlon :  for 
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of    solution   makes   8  VJI  =z  8  \/a  X^fi  \^y  ^\^f-'  ^  * 
necessary  that  the  continued  product  of  those  square  rooli 


:=zab -^ed-^ae-^- bd-^-ad +•  be 

Q  =r  (afr  +  bd)  {ac  ^bdy-^^ab-^cd)  {ad  -{- bey  ' 

'^iae  +  bd){ad'\'bc) 
.  =(a  +  6  +  «  +  d)  (abe  -h  abd  +  med  +  bed)  ^  4abed 

=  pr  — 4#. 
12  =  (a6  +  cd)  (ac  4- 6d)  (ad  4- 6c) 

=  a6cd(a«  +  ft*-fO  +  d«)  +  «»6Vd«(l+^  +  i4,^J 

=  (p«-.49)#  +  r»; 

and  therefore  the  redodng  cubic  eqaation  required  is 

«»  — 9ii«  +  (pr  — 4«)ii-.  (>*»  —  4g)  J— r«  =  0, 

which  becomes,  when  p  =  0, 

tt'^gtt'  — 4»tt  -f-  49«  — r'rrO. 

The  nature  of  the  value  of  the  root  of  the  reduciOf^  cubic  equation  in  this  case 
would  shew  that  it  was  equally  applicable  to  tlie  solution  of  a  biquadratic  equa- 
tion with  or  without  its  second  term :  and  it  will  be  very  easy  likewise  to  pass 

fromthevaluesof  a,/9,y,orofa6-|— — ,  ac -{ — ,  ad  + —j,  to  those  of  a 6, -r. 

do  tfc  tfd  '  a6 

acy  —  t   ady  —J,  and  from  them  to  the  values  of  a,  b,  c,  d,  or  the  roots  of  the 
AC  aa 

primitive  equation :  for  since 


if  y  =  a6,  we  have 


a  =  a6-|-  —r  =  y  4-  -, 
ab  y 


.2 


y*— «y  =— S, 


or  if 


then 


In 
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should  always  have  the  same  sign,  and  therefore  they  must 
change  their  signs  by  pairs :  we  are  thus  restricted  to  the 
following  values  of  n : 


Id  a  similar  manner,  we  should  find,  if 

♦•«-;^="=i-\/(?-)='.' 

wid,  if  ad  =  I  +  y^(J_,)  =«"'. 

*«>i^=*'=f-\/(f-)='»- 

Anin,  since 

a6  =  /, 


«c  =  t*. 


a6cd  =  «, 

if  we  multiply  the  three  first  equations  together,  we  get 

ancd  =5  «'/«"' 

1 


•—=\/(^)' 


In  a  similar  manner  we  should  find 


We  Bust  confine  onrtel? es  to  the  podti? e  values  of  these  sqoare  roots,  the 
other  vahMS  off  a,  6,  e,  d  being  vahies  of  sohitioQ  merely. 

Since  a=:y-f~/jfwe  rephice  «  by  this  value  in  the  equation 

i|S-.Pii«4.Q«.A=:0, 

we 


(1)  «,  =  !/«+ v'/J+l/7' 

(2)  ,i-,=  t/a-v'/3-V'7, 

(3)  j:,=  v'/3-l/«-\/7, 

(4)  .v,  =  ^/y-v'a-^/0, 

which  are  the  proper  roots  of  the  biquadratic  equation. 

770.    We  thoa  determine  both  the  existence  and  value*  ' 
e  of  the  four  roots  of  the  bu^uadratic  equation  J 

and  it  is  evident,  from  the  expressions  which  we  have  I 
obtiuncd  for  them,  that  their  sum  is  equal  to  zero:  and  , 
it  would  likewise  appear,  that  if 

J/'  —  gar  ~  r,r  —  «  =  0, 
was  the  result  of  the  transformation  of  the  equation 
■V*  +  pi-ir*  +  jHor  +  p^x  +p,  =  0. 


i 


we  ibaU  gel 

(.+;)■--(.+=)■+«(,+=)-«=». 

ar  muttiplying  by  ^,  nnd  eipsndiug,  we  •tull  get 

in  equHtion  of  six  dimentions,  wliere  the  valnei  of  g  are  ab,  ae,  ad,  ht,  bd, 
?d,  or  aft,  at,  ad  and  -7,  — ,  — -:  the  converse  process  for  the  reduction  o( 


4 


luiian  not 
applicable 
to  cqua- 


by  p',  and  to  replace  y  +  - ,  i»' + -^  and  s' + -j  by  u,  «'  — a  and  it'  —  iit, 

Tbe  methods  of  eolutiou  of  InquadrBlic  equations  whlcb  are  fomtdcd  apon 

*   the  existence  of  lytnmctrical  combiualioiu  of  their  roots,  nhich  ore  fenerui 

'*  number  (ban  tbe  roots  tbenuelves,  are  clearly  not  ^uerally  appbcabic  to 

equations  of  higber  dimensions:  thus  an  cqaation  of  si 


second  term  woald  admit  of  10  different  values  of  llie  squares  of  (he  imn  of 
■oy  three  ot  its  roots,  and  also  of  10  different  values  of  the  sum  of  the  prodoct 
of  any  three  of  ila  root*  and  of  the  last  term  divided  by  it,  and  tlie  metbods  ot 
solution  founded  upon  such  tranifermatiowt  of  the  primitive  equation  wouU 
lead  to  gmtral  eqnutioni  of  10  dimension) :  and  nucli  »)-niineliical  conibiBa- 
tions  of  tlie  roots  ate  of  all  others  the  most  favourable,  Uiasroucb  as  the  trann- 
fornied  tiqualiou  in  all  other  cnies  would  be  at  least  of  15  di 


^ 
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so  as  to  want  its  second  term,  that  the  roots  of  the-^pri- 

mitive    and    complete    equation    would    be  +   <ri, 

"~pi  "~Pi  ""Pi 

—J-  +  a?g,  — —  4-  a?3,    — —  +  x^:  if,  again,  we  agree  to 

denote  these  four  roots  by  o,  6,  c,  d,  then   since  a?  — a, 
a?  —  6,  a?  —  c,  ti?  —  d,  are  severally  factors  of 

we  must  have 

^^  +Piar  -^p^ar  -\' p^w  -f  P4  =  (a?  —  a)  (a?  —  6)  (^  —  c)  (a*  —  d) 

rsa**  —  (a  +  6  +  r  4-  d)  a?*  +  (a6  +  ac  +  ad  -h  bc-\-bd  +cd)  or 

—  (o6c  -i-  abd  +  acd  +  6cd)  a?  +  abcdj 
and,  therefore, 

Pi=  -(a  +  6+c  +  d), 
^2  =  ^6  +  ac  +  ad-i-6r +  6d  +  cd, 
7)3  =  —  (a6r  H-  aftd  +  ff  cd  +  6cd), 
p^  =  a6cd. 

771-    "^he  following  are  examples  of  the  solution  of  Ezamplet. 
biquadratic  equations: 

(1)    j:*- 25x«+ 60j- -  16=0. 
The  reducing  cubic  equation  is 

whose  roots  determined  as  in  Ex.  7^5.  Art.  5.  are 

9     ,    25 
i '  *'    4  ' 

4K 


6S6 


Consequentlj 


jr,  s  X/ui  -H  \/ttf  +  l/«i. 


=  1+8+1=6. 


Xm  SB  •"    -—  X  ^"  •"    SS  ■"    3> 

•      2  2 


3  _5 
i       2 


Jrs  =  2- --::  =— 2. 


*      2  2 

(2)    X*  -  20jr»  +  1484P«  +  464*  +  480  =  0. 

The  transformed  equation  (wanting  its  second  term)  is 

jr'4—2x^+  lear'-  15  =  0. 

The  reducing  cubic  equation  is 

K»  — n^  +  4»'-4s=0, 

whose  roots  are  1,  2  V^  — 1  •and  —  2  V^— 1. 

The  values  of  x  are  1,  -  3,  1  +  2 1/^  and  1  —  2  V^^. 

The  values  of  x  are  6,  2,  6  +  2  V^,  6-2  l/^^. 

DrpieuioD  772.     In   the  absence  of  general  methods  of  solving 

equaUoQtS  equations  of  degrees  superior  to  the  fourth,  there  are  many 
crende.      cases  where  equations  present  themselves  with  particuUur 

i||jigg  to 

Other  equa-  relations  of  their  coefficients,  which  admit  of  reduction  to 

hSf^       binomial  or  other  equations,  whose  degrees  are  within  the 

number  of    limits  of  general  solution :  of  this  kind  are  the  equations 
dimenilons. 

ay^-fpo?^  +7.r*  +  ra?'  -^gx'*  +  px  +  1=0, 
and 

ci7*  +  pop  +  qa;^  +  rx^  +  «  j?*  +  rx^  +  qar  +pw  +  1=0, 

called  recurring  equations,   where  the   coefficients  of  the 
powers  of  x  taken  from  the  beginning  and  the  end  are  the 
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same:  if  in  the  second  of  these  equations,  (and  the  same 
may  be  done  in  all  other  recurring  equations  of  even 
d^rees)  we  combine  together  the  terms  with  the  same 
coefficients,  and  divide  by  ai*^  we  shall  get 

if  we  assume  j;  +  -  =  t^,  we  shaU  also  find 

x*  +  -.  =  w«-2, 


,r« 


,        1 


or 


1 

a*^  +  -4  ==  w^  -  4t««  +  2 ; 

and  the  substitution  of  these  values  will  give  the  biqua^ 
dratic  equation 

i*Vpw*  +  (7— 4)tt-  4-  (r  — 3/))  u+«  — 27  +  2  =  0. 

773*  ^e  have  thus  reduced  the  primitive  recurring  Redprocil 
equation  to  one  of  half  the  number  of  dimensions,  and  ^  ^'' 
a  similar  reduction  may  be  e£Fected  in  all  r^urring  equa- 

1 

tions  of  even  degrees :  and  inasmuch  as  a?  +  '^  =  t^,  there 

iff 

are  two  values  of  w  for  every  value  of  u,  which  are  clearly 
the  reciprocals  of  each  other :  or,  in  other  words,  if  a  be  a 

value  of  dr,  or  a  root  of  the  recurring  equation,  -•   must 

also  be  a  root,  and  similarly  for  all  the  other  roots  of  the 
equation*:  it  is  for  this  reason  that  such  equations  are 
sometimes  called  reciprocal  equations. 


ii.+!=^a»..  =  ;±Y/{^-i)  »<|+y^{J-i) 


i-v/lJ-! 


,  aud  convertely. 
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Sreemrtoir  ^7*'  '^  ^^^  recuniog  equation  be  of  odd  dimensioK, 
Miudootof  it  can  have  no  middle  term,  and  there  can  exist  no  coeS* 
^**'**^  cjent  of  the  equation  without  an  equal  coefficient  cone- 
sponding  to  it,  which  are  severally  attached  to  powers  of  jr, 
of  which  one  is  odd,  and  the  other  even :  under  such  cir* 
cumstances  +  1  or  —  1  must  necessarily  be  a  root,  and 
therefore  cT  +  1  a  factor  of  the  equation,  inasmuch  as  the 
substitution  of  —  1  or  +1  for  /r,  must  make  the  pairs  of 
terms  with  equal  coefficients,  destroy  each  other,  according 
as  they  have  the  same  or  different  signs :  if  the  equation 
be  divided  by  tliis  factor,  the  quotient  will  form  a  recurring 
equation  of  even  dimensions,  which  may  therefore  be  re* 
duced  to  one  of  half  of  the  remaining  dimensions,  as  in  the 
case  of  such  equations  which  we  have  considered  above. 

ISxamjilef.  77^  •     Thus  1  is  a  root  of  the  equation 

which  becomes,  when  divided  by  jr  —  1, 

j^  --  (p  -  I)  x^  -k-  {q  -  p  -^  I)  x^  -  ip  -  l)^  ^  I  =  O, 

which  is  H  biquadratic  recurring  equation,  and  which  may  be 
solved  therefore  by  means  of  a  quadratic  equation. 

Again,  —  1  is  a  root  o£  the  e([uatioii 

4p7  -\-pjfi  —  qx^  4-  raf*.*!-  ''^^  -*  q^  +  P**  +  1  =0, 
which  becomes,  when  divided  by  x  +  1, 

4-  (p-  1)^  +  I  =  0, 

a  recurring  equation  of  nx  dimensions,  which  may  be  solved, 
therefore,  by  means  of  a  cubic  equation. 

QuaHn-  776.    A   very    remarkable  case  of  a   quasi   recurring: 

cumng  ..  J     .     .  /.        1        .  .     1       .     .^  . 

equations,  equation,  admitting  ot  reductions  precisely  similar  to,  and 
co-extensive  with,  the  recurring  equations  which  we  have 
just  been  considering,  has  been  noticed  and  solved  in  the 
Note  to  Art.  768.   page  624. 


629 

777-    Other  equations,  which  are  not  quctsi  recurring  Equ»tioii» 
equations,  but  whose  coemcients  possess  a  particular  re-  by  formula 
lation  to  each  other,  may  be  solved  by  formulae  similar  SSI^Vch 
to  that  which   occurs   in  the  general  solution  of  a  cubic  are  em- 
equation.     Thus,  if  g^3;^JS; 

o^  of  a  cubic 

0?^  +  -^  =  a,  equation. 

then  J7^^  — o,r^=s  —  «^ 


"^  '-{l±  Ai  -  •'))' 


and  therefore 


But,  if  we  make  tt  =  a?  +  -  ,  we  get 

ft 

«*=(^  +  D' =  ■"*  +  $  +  ^«  (•'''+ ^0+  ^^'K"-^;') 

which  becomes,  by  transferring  all  the  terms  to  one  side, 

u^  —  Bsu^  4-  Ss'u  —  a  =  0, 

an   equation  of  the  fifth  degree,    whose  roots  have  been 
determined. 

Again,  the  formula 

^v/(^«f^^v/(^.f 
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will  express  the  roots  of  the  equation 

and  in  a  similar  manner  we  may  proceed  to  determine 
generally,  the  form  of  the  equation  whose  rcx>ts  are  ex- 
pressed by  the  formula 

{I  ^  v/(f  -  -)f  ^  {I  -  n/{|  -  -)}'. 

both  when  n  is  an  odd  and  an  even  number. 


CHAP.   XVI. 


On  thb  Solution  op  Simultanrous  Equations. 

778.  The  object  proposed  in  the  solution  of  those  Dependent 
equations  which  have  been  considered  in  the  preceding  pendent ' 
Chapter,  has  been  to  express  one  of  the  symbols  in  terms  «ymboli. 
of  all  the  other  symbols  of  the  equation,  upon  whose  values 
therefore  whether  assigned  or  assignable,  the  value  of  this 
symbol  is  dependent,  and  by  means  of  which  it  is  de- 
termined :  and  the  same  necessary  dependence  between  one 
symbol  and  all  the  others  is  presumed  to  exist  in  all  equa- 
tions whatsoever,  whether  the  law  and  nature  of  that  de- 
pendence is  assignable  or  not :  it  is  for  this  reason  that'  such 
a  symbol  is  termed  the  unknoton  quantity  in  the  primitive 
equation,  when  all  the  other  symbols  are  assigned  or  as- 
signable, and  when  its  determination  is  the  object  proposed 
by  the  solution  of  the  equation ;  or  the  dependent  symbol, 
when  the  other  symbols  are  not  assigned,  but  are  perfectly 
arbitrary  and  independent  of  each  other :  in  other  words, 
the  dependent  symbol  can  only  beclbme  known  and  deter- 
mined, upon  the  assignation  of  specific  values  of  the  arbi- 
trary and  independent  symbols,   in  terms  of  which  it   is 

expressed.  Connection 

of  the  chft- 

779-     Thus  the  equation  racterof 

*  dependent 

symbob 

when  solved  with  respect  to  .r,  gives  us  with  the 

solution  of 
,  the  equa- 

_  C'-by  tion  which 

*  »  involTet 

"  them. 


where  .r  is  dependent  upon  y  and  the  symbols  a,  h  and  c, 
which  are  all  of  them  equally  arbitrary  and  independent^  so 
far  as  the  conditions  of  the  equation  determine  them :  but 
if  we  suppose  (as  is  most  commonly  the  case),  that  the  first 
letters  of  the  alphabet  a,  6,  c,  denote  quantities  which  are 
known  or  determinate,  then  <r  is  the  dependent^  and  y  the 
independent  symbol :  if,  however,  we  should  solve  the 
primitive  equation  (1)  with  respect  to  ^,  we  should  get 

when  y  will  become  the  dependent,  and'<r  the  independent 
symbol:  the  character  of  dependence  and  independence^ 
therefore,  as  distinguishing  one  symbol  of  an  equation  from 
the  others,  which  are  unknown  and  indeterminate,  is  deter- 
mined by  the  solution,  or  presumed  solution,  of  the  equa^ 
tion  with  respect  to  one  or  other  of  those  symbols*. 


Meaning  of  *  The  dependence  of  one  symbol  upon  an  independent  symbol  or  symbok, 
the  term  whether  accompanied  by  known  and  determinate  symbols  or  not,  is  osoally 
function :  expressed  by  the  term  function;  and  the  function  (for  the  term  is  used  abso- 
^^d'^nl'  't  '"^^'y)  is  s&id  to  be  explicit  or  implicit^  according  as  the  equation  which  in- 
functions,  volves  the  dependent  and  independent  symbols,  is  solved  with  respect  to  the 
dependent  symbol  or  not :  thus  x  is  an  explicit  function  of  t^,  in  the  eqaatioo 

•r  __ — - — , 

and  y  is  an  explicit  function  of  .r,  in  the  equation 

c^  ax 


but  X  is  an  implicit  function  of  y,  or  y  of  .t,  (for  those  relations,  as  we  have 
shevm  in  the  text,  are  convertible),  in  the  equation 

ax  -\-  by  —  r  =  0. 

Pxesuroed  '^^^  term  function  is  not  only  used  to  denote  the  dependence  of  one  s>inbol 

functions,  or  quantity  upon  another  or  otliers,  when  their  dependence  is  completely  ex- 
hibited in  a  symbolical  equation,  whether  in^icitly  or  explicitly ^  but  also 
when  such  dependence  is  presumed  to  exist,  from  the  nature  of  the  case, 
anteriorly  to  the  investigation  of  any  equation  by  which  it  may  be  expressed : 
thus  if  we  should  wish  to  express  tlie  dependence  of  the  space  described  by 
a  body  when  acted  upon  by  determinate  forces  according  to  determinate  laws, 
upon  the  time  of  its  motion,  we  should  say  that  the  space  was  n  function  of  the 

time : 


780.  When  more  than  one  unknown  or  indeterminate  l 
symbol  presents  itself  in  an  equation,  the  solution  of  the  d 
equation  with  respect  to  any  one  of  them,  and  tlierefore  the  "■ 
exhibition  of  its  dependence  upon  the  others  must  be  u 
effected  by  the  general  methods  which  have  been  taught  "' 
in  the  last  Chapter,  and  must  be  limited  by  the  limitation 
of  those  methods:   thus  the  equation 

^  +  y  +  -/{^  +  y)  =12 
may  be  reduced  to  the  equivalent  equation 
,.  =  9-!,, 

where  the  actual  dependence  of  .t>  upon  g  is  exhibited: 
ft  similar  manner  the  equation 


fr 


to  the  equivalent  equation 


20  - 


Ikne:  aiid  if  nc  should  agree  to  denote  the  ipacc  b)'  i,  and  the  time  by  (,  we 
shoald  expreu  Ihe  Hme  propocitioa  by  means  of  Uie  eqnahon  i  —/(.*),  wbere 
the  letter/ prefixed  to  the  independent  syinlMil  (f),  ii  uied  to  EUpreu  the  tern 

We  hiTc  on  >  former  occuion,  (Note  to  ArLTSS.}.  »hcwn  that  if 
i)-=\afix,  then  x  =  log-  '  ji,  if  y  =  un  x,  then  x  =:  lin^ '  y,  if  p  =  tan  r, 
then  X  =un-'  y,  aod  toon;  If  initead  of  ti^,  or  nii,  or  Ian,  which  are  u>ed 
to  deODte  patlicular  modlficitioDt,  or  rather /aiwIiaM,  of  the  (ymbal  which 
■Dcceeill  tbem,  we  hid  uaed  the  conunon  letleryi  this  recipTBtatiaa  of  the  de- 
pendent and  uidependent  aymbol,  would  have  been  cxpi-cited  b>'  tlie  e(|ua- 
(ioni  y  ^/(t)  and  x  =/'  '  (y):  nidi  fnnctioDS  are  laid  to  be  the  ixreru  of 
each  other:  Ihe  eiuilence  of  thlt  relation  U  a  ncceuary  con  sequence  of  tbe 
equation  by  which  tbey  are  t'xprcMed,  and  Iti  preiumed  ulution  with  reapect 
to  any  of  its  lymbok,  and  the  principles  of  Ihe  notation  hy  which  it  Is  expressed 
may  be  wen  in  the  Note  to  which  we  have  jnit  referred. 

Qoantilies  and  their  symbols  may  be  dlitinpiithed  from  each  other  as 
knownandimknowD,  but  more  commonly  when  their  values  are  indeterminate, 
as  variable  ud  invariable:  it  is  in  fliis  latter  character  that  they  are  con- 
sidered in  many  of  the  moil  important  applications  of  mafhcmatlct,  and  the 
■yroboli  which  denote  them  when  involved  in  an  oquatioa,  or  presumed  to  be 
10,  assome  Ihe  relation  of  dependent  and  independent  Tariablei:  it  is  suffi- 
cient for  our  purpose  on  the  present  occasion  merely  to  notice  these  termi,  and 


pendent 
VBilablH. 


4L 


8M 


'  and  tfletH^uatiDTi 


-2.T'y''  +  y'. 


Contributa 
nothlog  (n 
Ihedclet- 

roinalion  of 


Proceub^ 

rtichiuch 
cqiutiDD) 


SCnau 


^  =  («'  +  6'  +  yV- 

781,  It  is  obvious,  however,  that  this  exhibitioa 
the  dependence  of  one  symbol  upon  one  or  more  other  io- 
deterniinatc  symbols  leaves  them  necessarily  as  indetermi- 
nate ai4  in  the  primitive  equation :  and  however  importAiiI 
such  reductions  may  be  for  many  of  the  purposes  for 
which  such  equations  may  he  applied,  it  can  only  be  by 
the  aid  of  other  liypotheses  or  conditions,  that  their 
values  can  be  absolutely  determined :  such  conditions, 
however  various  when  considered  in  connection  with  the 
problems  from  which  they  arise,  will  generally  resolve 
themselves  into  the  simultememis  existence  of  as  many  in- 
dependent equations,  as  there  are  indeterminate,  and  iu 
this  case,  unknown  quantities  involved  in  any  one  of  them. 

782.  Thus,  if  we  have  two  equations  involving  .v  and  y, 
possessing  simultaneous  values  in  both  of  them :  then  it  is 
obvious  that  tile  value  of  .1;'  determined,  in  terms  of  y,  from 
the  first  equation,  must  be  the  same  as  that  of  x  determined 
in  terms  of  t/  from  the  second:  if  we  equate  these  values, 
we  get  an  equation  involving  y  only  :  the  solution  of  this 
equation  gives  the  absolute  value  or  values  of  5,  and  leads 
Us  therefore  necessarily  to  the  absolute  value  or  values 
of  x :  the  following  are  examples  1 

(1)    1x-  9y  =7     )  ^^^ 

3«4-10jf  =  looi'  .^^H 

The  first  equation,  solved  with  respect  to  x,  give  us         ^^^B 
.  _  ■?  +  9^. 


The  second  equation,  solved  with  respect  to  x, 
-  lOy 
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The  values  of  x  and  y  in  the  two  equations  being ,  attumed.  to  be 
identical,  we  must  have 

7  +  9y  _  100  -  lOjr 
"^7 3 ' 

21+87jr  =  70O-7Oy, 

91  9  =  679, 
y  =  7, 

«Hl therefore *=  I±»*  =  L+6?  =  70 ^  ,^ 

7  7  7 

(2)    a«+6y  =  c| 

From  the  first  equation^  we  get 

a 
From  the  second  equation^  we  get 

a 

Equating  these  values  of  a;,  we  get 


{aP^ah)y  =  ay -^  ac, 

ay  —  ac 

*-o/8 -.06' 
and,  therefore, 

c  -^  by \^p  —  Qo^ 


dpss 


by- fie 
ab-afi' 


-  w  =  2.  I 


(3)^--+-^  = 
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If  we  mAve  the  first  equation  with  retpect  to  «v  we  gK 

,=  (2  +  (l)»5)jr. 

If  we  solve  the  second  equation  with  respect  to  x,  we  get 
If  we  equate  these  values  of  x,  we  get 

and  therefore  v  =  S  cr  ^. 

7 
The  corresponding  values  of  «r  are  5  and  "^ . 


(*) 


2 


5  8  10  > 


Reducing  the  first^uation^  and  solving  it  with  respect  to  jr« 
we  get 

_  5^  — 42  4-24 
' 8  • 

From  the  second  equation,  we  get 

a:  =  12  —  ^  —  2. 

Equating  these  values  of  x,  we  get 

5v— 4S  +  24 

-^ g    ^        =12-j^-2, 

or  13^  4-  42  —  72  =  0. 

We  have  thus  reduced  the  two  primitive  equations  to  one^  in- 
volving two  unknown,  and  in  this  case,  indeterminate  quantities: 
the  third  unknown  quantity  has  been  eliminated  from  tiiem,  and 
by  the  process  necessary  for  that  purpose,  we  have  reduced  the 
number  of  the  primitive  equations  by  1. 

If  we  had  commenced  by  eliminating  y,  instead  of  x,  from 
the  primitive  equations,  we  should  have  obtained  the  equation 

13x  +  92  —  84  =  0: 


te  had  eliminated  z,  in 
obtained  the  equation 

783.  The  elimination  of  symbols  or  unknown  quan-  Kliminu- 
tities,  whether  determinate  or  indeterminate,  from  equa-  '''">  =  .*"'J 
tions  in  which  they  are  involved,  is  one  of  the  most 
important  operations  in  Algebra,  and  the  process  which  is 
necessary  for  that  purpose  is  identical  with  the  process  fur 
the  solution  of  such  equations,  or  rather  for  their  re- 
duction to  a  single  final  equation :  if  this  final  equation 
involves  one  unknown  quantity  only,  its  value  may  be 
determined  absolutely  by  means  of  it :  if  it  involves  two 
unknown  quantities,  they  are  both  of  them  indeterminate, 
and  one  of  them  is  independent  and  perfectly  arbitrary : 
if  the  final  equation  involves  more  than  two  unknown  atid 
indeterminate  symbols  or  quantities,  then  all  hut  one  of 
them  are  independent  and  arbitrary. 

784.    In  the  preceding  examples,  the  elimination  of  one  The  niuD-    ^ 
unknown  quantity  has  reduced  the  number  of  unknown  ,y,„^^ 
quantities  from  two  to  one:  iind  a  vcrv  little  consideration  '■qu»[i<wi> 

11.  ,  ..  ,  I  I.     1  ■     •.■        dimlnuheJ 

would  shew  that  if  n  was  the   number  of  the  primitive  bj  ibt 

equations  InvoIvinK  an v  number  of  unknown  quantities  of  n"™!*"^ 

J  o        J  "1  _         unbioBn 

which  X  was  one,  then  the  number  of  independent  equations  quuiiiik. 
which  would  result  from  the  elimination  of  x,  would  be  "ooinucd. 
«—  1 :  for  if  each  of  these  equations  be  solved  with  respect 
to  .r,  (and  we  as.sume  the  practicability  of  such  Bolutions) 
and  if  we  should  thus  obtain 


where  ji,,  J,,  J„ .<*,  ore  the  symbolical  values  of 

■t'  derived  from  the  several  e<iuatJons,  then  we  should  ob- 
tain, by  equating  the  first  value  of  ,v  with  each  of  the 
others,  the  following  (n  — 1)  equations, 

A^~A,  =  0,  A,-J^  =  0,  A,-At  =  0 A.-A^^O. 

AU  oliter  similar  combinations  of  the  quantities  A,y  Aj, 


J„  •••  A^  with  each  other,  though  equally  admifisiblel 
with  the  preceding,  will  lead  to  equations  immediately  de^  ! 
rivablo  from  tlieni,  and  therefore  presenting  no  new  i 
independent  conditions  for  the  determination  of  1 
known  symbols  which  tliey  involve:  thus 

A^     ~A,  =  {J,-Jt)-iJi-A;)     =0, 

A,     -Ai  =  (A,-A,)-{A,-A^     f=0,  ■ 

J^_^-A,  =  iA,-A,)-iA,~A,.,)  =  0,  , 


in  other  words,  the  equation  corresponding  to  any   sudi  ' 
combination  will  always  arise  from  subtracting  from  each 
other  some  two  of  the  (n— 1)  equations,  which  resulted 
f^m  the  first  series  of  combinations  which  we  thought  it 
proper  and  convenient  to  select. 

Inasmuch  as  the  elimination  of  one  unknown  quantity 
^om  any  number  of  (n)  equations,  diminishes  the  number 
of  independent  equations  by  1,  it  will  follow  that  the  suc- 
cessive elimination  of  (7*  —  1)  unknown  quantities  will  di- 
minish the  number  (n)  of  equations  by  («  — 1),  and  will 
therefore  leave  a  single  final  equation  remaining :  if  the 
number  of  unknown  quantities  be  the  same  as  the  number 
of  equations  which  involve  them,  the  final  equation  will  in- 
volve one  unknown  quantity  only,  which  will  admit  of 
determination  by  any  methods  which  enable  us  to  solve  the 
equation  itself:  but  if  the  number  of  unknown  quantities 
exceeds  the  number  of  equations  by  (m),  the  final  equation 
will  involve  (m-|- 1)  unknown  quantities,  which  are  there- 
fore indeterminate  in  common  with  all  the  others,  and  (m) 
of  them  are  independent:  but  if,  on  the  contrary,  the 
number  of  equations  exceeds  the  number  of  unknown  quan- 
tities (h)  by  (m),  all  the  unknown  quantities  may  be  de- 
termined  from  any  combination  of  n  of  those  equations, 

...  (n  +  m)(n  +  m-\) (m  +  \)  .  . 

which  are - ^^ m  number : 

the  values  of  the  unknown  quantities  which  would  thus- be 


obtained  would  or  might  hv  different  for  different  eotnbi- 
nations,  and  tlierefort;  m  out  of  the  n  +  m  equations  arc 
at  least  superfluous. 

785.    When  we  speak  of  equations  as  independent  of  ^ 
eacli  other,  we  mean  such  equations  as  severally   contain  di 
conditions  for  the  determination  of  the  unknown  quantities  "* 
which  they  involve,  which  are  not  supplied  by  the  other 
equations,   nor   derivable   from   them :    we   must   exclude 
therefore  all  equations  which  are  multiples  of  any  other 
of  the  equations  proposed,  when  the  multiplier  is  an  as- 
signed quantity,  and  independent  of  the  unknown  quantities 
considered  in  the  equations :  for  such  a  factor  can  express 
no  new  condition  for  the  determination  of  the  quantities 
or  symbols  which  are  involved  in  it:    again,  we  must  ex- 
clude equations  which  are  multiples  of  other  equations,  when 
the  multiplier  involves  one  or  more  unknown  quantities,  if 

I  such  a  multiplier  be  a  factor  of  another  equation :  for  in 
Itacli  a  case,  this  midtiplier,  (by  which  alone  the  equation 
hi  question  differs  from  another  equation  proposed)  will 
^press  no  condition  which  is  not  already  involved  in  the 
Btlier  equations :  lastly,  we  must  exclude  all  such  equations 
n  are  the  sums  or  differences  or  products  of  the  other 
equations,  or  of  assigned  multiples  of  them,  inasmuch  as 
all  such  equations  are  satisfied,  by  any  values  of  the  un- 
known quantities  which  satisfy  the  several  equations  which 
are  involved  in  them,  and  consequently  express  no  new 
and  independent  conditions  for  their  determination. 

786-  It  is  not  necessary  that  every  equation  should  in-  Ii 
volve  all  the  unknown  quantities  which  are  required  to  be 
determined:  thus  one  equation  may  involve  one  unknown 
quantity,  when  its  value  is  determined  by  means  of  it,  or 
two  unknown  quantities  or  more:  two  equations  may  in- 
volve two  unknown  quantities,  whose  values  will  then  be 
determined  by  means  of  them,  or  they  may  involve  three 
unknown  quantities  or  more:  three  equations  may  involve 
three  unknown  quantities,  when  their  values  are  determined 
by  means  of  them,   or  they   may  involve  four  unknown 
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qusntities  or  more:  but  the  number  of  equations  io  my 
■eries  of  connected  equations  must  not  exceed  the  nunibv 
of  unknown  quantities  involved  in  them,  inasmuch  as  in 
Hucit  a  case,  some  of  these  equations  would  be  superfluous, 
or  would  pve  difFerent  values  of  those  unknown  quantities 
when  differently  combined  with  eacli  other. 

787-  Any  common  factor,  involving  one  or  more  un- 
known quantities,  of  two  or  more  of  a  system  of  equations]  ■ 
may  be  detected  by  the  methods  employed  for  finding  the 
highest  common  divisor,  and  must  be  excluded  from  diem 
as  foreign  to  the  determination  of  the  unknown  quantities 
involved  in  them :  for  if  such  a  factor  involve  one  unknown 
quantity,  any  value  of  it  which  makes  this  factor  zero,  (and 
therefore  determines  it)  will  verify  the  equations  which 
involve  it,  whatever  be  the  values  of  the  other  unknown 
quantities ;  thus  if  there  were  two  equations  with  two  un- 
known quantities  possessing  such  a  factor,  the  other  un- 
known quantity  would  remain  perfectly  indeterminate,  and 
similarly  in  other  cases.  Again,  if  such  a  factor  involve 
two  or  more  unknown  quantities,  there  are  an  infinite 
number  of  values  which  make  this  factor  zero,  and  which 
therefore  verify  the  equations  which  involve  it,  without 
any  reference  to  the  values  of  the  unknown  quantities 
which  the  equation  divided  by  this  factor  contain,  and 
without  contributing  therefore  in  any  respect  to  their 
determination;  equations  therefore  which  involve  such 
common  factors  cannot  be  considered  as  independent  of 
each  other  as  long  as  such  factors  exist, 

788.  It  remains  to  consider  the  particular  methods 
which  are  requisite  for  the  elimination  of  unknown  or  in- 
determinate quantities  from  a  system  of  equations :  we  shall 
confine  our  attention  almost  exclusively  to  a  system  of  two 
equations  with  two  unknown  quantities,  and  to  the  follow- 
ing method,  which  is  of  all  others  the  most  general,  though 
not  always  the  most  expeditious. 

If  there  be  two  equations  E,=Q  and  £^  =  0,  involving 
IP  and  y,  and  possessing  simultaneous  values  of  them,  then 
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for  every  proper  value  of  y,  there  must  correspond  a 
proper  value  of  x :  in  other  words,  a  proper  value  of  y 
must  be  of  such  a  kind,  that  if  substituted  in  both  the 
equations,  the  resulting  equations  involving  ai  only,  will 
have  a  common  value  or  values  of  x:  consequently,  if  E^ 
and  E^  become  X^  and  .V.^  upon  the  substitution  of  a 
proper  value  of  y,  then  Jl^  and  ^V,  must  have  a  common 
factor,  which,  when  made  equal  to  zero,  will  give  the  cor- 
responding proper  value  or  values  of  ,v :  in  order,  there- 
fore, to  find  such  factors,  we  institute  upon  £,  and  E, 
arranged  according  to  powers  of  x,  the  process  for  finding 
their  highest  common  divisor,  and  continue  it  (excluding 
throughout  fractional  quotients  and  remainders)  until  we 
obtain  a  remainder  I',  which  involves  y  only :  whatever 
value  of  p  makes  r=0  will  make  the  last  divisor,  which 
involves  ,r,  a  common  factor  of  E^  and  E.,  which  upon  this 
substitution  become  X,  and  A\ :  if  we  find  therefore  all 
the  values  of  y  which  make  y=0,  we  shall  obtain  all  the 
corresponding  values  of  .v,  and  we  shall  thus  he  enahleS  to 
form  all  the  sets  of  proper  roots  of  the  equations  £,  =  0 
Old  £,=0. 

B  789-  l^he  preceding  is  the  statement  of  the  general  ^ 
process  which  must  be  followed  in  such  cases,  without  re- 
ference to  circumstances  which  may  sometimes  modify  the 
results  which  are  obtained,  or  which  may  apparently  cause 
to  fail  in  obtaining  them :  for  in  the  first  place,  the 
less  of  finding  the  highest  common  divisor  of  £,  and 
may  introduce  factors  into  1',  and  therefore  values  of 
yin  l'=0,  which  are  foreign  to  the  system  of  equations: 
in  the  second  place,  two,  three  or  more  values  of  x  may 
correspond  to  the  same  value  of  y,  in  which  case  the  com- 
mm  factor  of  X^  and  X..  will  be  of  the  form 

,t"  +  cr  +  A  or  «*+«»''  + 6* +  d, 

1  so  on,  and  therefore  the  last  divisor  in  the  first  case, 
■  (wo  last  divisors  in  ihe  second,  and  so  on,  will  become 
^ual  to  Kero,  for  the  corresponding  proper  value  i>f  y : 
4M 
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these  cases  and  their  theory  will  be  more  particularlj 
noticed  amongst  those  examples  which  follow,  in  whidi 
they  first  occur. 

790.  Again,  the  systeni  of  equations  may  be  them^ 
selves  inconsistent  with  the  existence  of  simultaneous  valua 
of  ,E  and  (/;  this  would  be  indicated  by  the  final  remainder! 
or  the  last  divisor  becoming  a  numerical  quantity  whichl 
cannot  be  made  equal  to  zero ;  circumstances  which  wouH  I 
indicate  in  one  case  that  there  was  no  value  of  *,  whidtj 
would  give  a  common  value  of  y,  and  in  the  set^nd  case^ 
that  there  was  no  value  of  y,  which  would  give  a.  common 
value  of  f .  I 

791.  Lastly,  the  6nal  equation  ¥=0,  may  become  4^( 
identical  equation,  in   which  case  the  last  divisor,   it  not  | 
itself  identically  equal  to  zero,  or  the  last  divisor  which  ia  \ 
not   so,   must  be  a  common  factor  of  E^   and  E^.      Thi» 
common  factor  must  be  excluded  from  the  two  primitive 
equations  and  the  process  instituted  again  with  the  quo- 
tients which  result  from  its  exclusion,  which,  when  made 
equal  severally  to  zero,  become  the  independent  eqi 
which  are  the  proper  objects  of  consideration. 

792.  The  following  are  examples: 
(1)    ax  +  by  -c  =  0  =  E„ 

ai  +  /3_y  —  7  =  0  =  £„ 


"h  - 


ay  {a.     (Art  171 


If  r=0,  wefindjf 


a0  ~  <,&)!,- (ay -ac)=Y. 

=     ,.  _ — v>  and  therefore  ax  +  by  - 


BT-OC. 

,0/3  -  ab/ 


=  0,  which  give 


-by 


ab' 

If  00  —  ab  =  O,  and  if  07  —  oc  be  not  equal  to  aero,  there 
is  no  common  value  of  x  in  the  two  equations,  which  are  Uiere^ 
ft>re  incompatible  with  each  other. 


t 
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If  a/9  —  a6  =  0,  and  also  07  —  ac  =  0,  then  the  two  equa- 
tions have  a  common  measure  which  is  independent  of  the  par- 
ticular Talues  of  X  and  y :  under  such  circiunstances  the  equations 
are  not  independent  of  each  other,  and  the  values  of  j?  and  3^ 
continue  indeterminate. 


(2)    X   -hj^  =    51     ^  r  +^  -    5  =  0=£, 
«2  +^  =  133        ^+!^-  13  =  0=  i; 


-(y-5)x+y-13 

2^  - 10^  + 12  =:  y. 

If  F  =  0,  or  2^.-  10^+12  =  0,  we  find^  =  3  or  2:  if 5^=  3, 
we  have  j;  +  ^  —  5  =  0,  and  therefore  or  =  2 :  if  ^  =  2,  we 
have  X  ^  y  —  5  =  0,  and  therefore  or  =  3. 

(3)    x+^=aorar   +^  —  a  =  0=  Ex, 
ar»+y  =  6orj:3  +  y»-&  =  0=£„ 


-  (^  -  «)  ^ 

{y^ayx  +  {y^af 


If  y  =  0,  we  find 
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The  equation  Ei  is  o£  three  dimensions,  but  the  final  eqoatun 
Y  ss  0  is  of  two  dimensions  only :  it  is  obvious,  howeyer,  thit 
the  second  equation  is  reducible  to  the  independent  equation  of 
two  dim^isions 

by  dividing  x'  -f-^  by  x  —  ^,  and  6  by  a:  the  same  remark  is 
applicable  to  the  dimensions  of  the  final  equation  deducible  from 
the  two  equations  x+jf  =  a,  and  x^  +  i^  =  6,  or  to  that  of 
the  two  equations  x  —  y  sO,  jr^— y^  =  0,  and  similarly  in  other 
cases,  where  such  a  division  of  the  equal  members  of  one  equa- 
tion by  the  corresponding  equal  members  of  the  other  is  found 
to  be  practicable. 

(4)  x^  =  a,  or  ary  —  a  =  0  ss  Ei, 

x'+y  =  6,  or  r»    -hy-6  =  0  =  £,. 
^x  -a)x»  +y»  — 5 

yx*  —  ax* 


ax*  +  y  —  bi/ 
atfji^  +  fy^  -  by^  {ax 
ay  X*  —  a*x 

a^x  +  y*  —  by^ 
a^yx  -f  y«  —  6/ (a* 
a^yx  —  a^ 

y^^by^  +  a^=  Y  =z  0. 
If  p  and  p'  express  the  arithmetical  values  of 

and  if  1,  a,  a*  be  the  three  cube  roots  of  1,  then  the  correspond- 
ing values  of  ^  and  x  are 

y  =  p,     up,  a^p,  pi,  api,  a^pi; 
X  =^  pi,  (tpi,  a^pi,  p,   ap,  a^p. 
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(5)    jry +jty»-12  =  0  =  iS:il 

y(i+y)«-i2(i-y +/)  (y 
y(i+y^*"i8^ 


Therefore 


- 12^«  +  30y  — 12  =  y  =  0. 


jr  2 


If  ^  s  2^   then  x  «=    2. 
If  y  =  J,   then  X  =  16. 

In  this  case,  the  coefficients  of  the  first  terms  of  the  divisor  and 
dividend  have  a  common  factor  I  •{•  y,  and  therefoie  ^  (1  +  ^) 
is  their  lowest  ocnnmon  multiple :  if  this  circumstance  was  not 
attended  to^  the  final  equation  would  become 

(^  +  i)(y-^  +  i)  =  o, 

and  would  involve  a  foreign  factor  ^  +  1^  and  therefore  a  value 
of  ^  to  which  no  value  of  x  would  correspond. 


(6) 


y*»  -  7*  +  2  =  01 


yjc»  -  7*  +  8)  (y  —  1)  «»  -  3*  -  « 

^(y-l)x»-7(3>-  l)x+2(j^-l) 

(4y  -  7)  *  -  (4y  -  2) 

k5-7)*-(4^-2))ya!«-7«+2 

(4j,_7)*,x«_7  (4y_7)»*  +2  (4j>-  7)» 
(4j^-7)*y*»-(4y-2)  (4y-7)y* 

(4y  ^  7)  (43»»-  SOjf  +  49)  * + 2  (4y  -  7)* 

(4y-7)  (4y*-S0y+49)*-(**-2)  (4^-30.y+49) 

l6y»_96/  +  144.y=0=K. 
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iTflquation  is  reducible  to  the  fomi  l6y  (jr^S)*^ 
if  i/=J,  we  have  x=2:  but  if  y  =  0  which  is  tlie  third  value 
jr  in  Y=0,  vre  find  na  correspunding  value  of  t:  Cor  under  suAi 
circumatances  E,  and  £,  become  —7^  +  2  and  — j^  —  3j  —  2,' 
which  have  no  common  measure :  but  E,  and  ifEi  become,  un- 
der the  same  circumstances,  —  7^^  +  ~  nnd  0,  which  are  equally 


aero,  when  x  ^  ~:  it  appears  tlierefore  that  y  = 


No  funigD 


the  fiiu] 
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the  final  e(]uation,  which  is  introduced  by  the  process  of  boIu- 
tion,  and  which  is  altogether  foreign  to  the  equations  £,  =  0, 
and  £,  =  0  which  were  originally  proposed. 

If  we  consider  thiK  process  generally,  it  would  appear  that 
1'=  0,  would  necessarily  cant4iin  the  values  of^,  which  MTcrally 
give  common  factors,  not  merely  of  £,  and  £,,  but  of  £i  uad  E, 
one  or  both  of  tliem,  or  of  any  of  their  successive  remaindafi^ 
multiplied  by  such  factors  as  are  necessary  to  avoid  tlie  introdoc*  ' 
tion  of  fractions:  or,  in  other  words,  the  final  equation  will  be  the 
same,  as  if  such  factors  had  existed  as  essential  parts  of  the  pri- 
mitive equation  or  equations:  if  to  the  values  of  t/  which  belong 
to  such  factors,  there  are  found  corresponding  values  of*,  then 
such  values  of  ^  must  necessarily  present  themselves  azjiirtign 
roots  of  the  final  equation:  but  if  there  is  no  value  of  .r  corre- 
sponding to  the  values  of  y  which  belong  to  such  factors,  then 
the  final  equation  cannot  comprehend  such  values  of  j  among  its 
roots,  and  will  be  the  same  therefore  as  if  such  factors  had  never 
been  introduced.  It  is  for  this  reason,  that  the  factors  introduced  I 
for  the  last  division,  if  the  divisor  involves  the  first  power  of  x 
onli/,  will  never  affea  the  degree  of  the  final  equation ;  for  the 
values  of  X  which  belong  to  the  factor  whose  introduction  may 
be  necessary  in  this  case,  will  make  the  first  term  of  the  divisor 
equal  to  zero,  and  will  leave  therefore  no  term  in  which  .r 
exists:  thus,  in  the  example  wliich  we  have  been  considering,  I 
if  we  make  (4y  —  7)*  =  O,  the  last  divisor  becomes  —  5,  wfaiob"  \ 
is  a  numerical  quantity. 

For  the  same  reason  likewise,  it  follows,  that  if  the  primitive 
equations  do  not  exceed  the  second  degree,  no  Jbrcign  root  or 
factor  can  appear  in  the  final  equation ;  for  if  the  first  terra  of 
both  of  them  involves  j^,  it  must  present  itself  with  a  numerical 
coefficient  only,  and  will  not  require  therefore  the  introductimi  of 
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suy  factor  involving  y:  ami  it  is  nl)viou»  that  tlie  necond  divisor 
can  involve  j  to  the  first  degree  only. 

It  will  frequent]y  happen  that  a  factor  involving  onlyy  may  Suppna. 
be  suppressed  in  the  first  or  some  subsequent  remainder,  and  by  "i^^  ^ 
such  means  the  operation  which  is  otherwise  necessary,  may  be  the  primi- 
greatly  shortened:  If  a  value  or  values  of  j  correspond  to  tliis  Jj™^'3ie 
factor,  the  simple  factor  itself,  or  powers  of  it,  would  appear  in  remautdn*. 
the  final  equation,  if  not  suppressed,  according  as  the  remainder 
in  which  it  first  appeared,  was  the  remainder  immediately  pre- 
ceding the  final  equation  or  not:  for  if  it  appeared  in  the  last  re- 
mainder  but  one,  its  square  would  be  involved  in  the  final  equa- 
tion; if  in  the  last  remainder  but  two,  its  cube,  and  so  on:  if 
therefore  it  is  required  to  determine  the  complete  final  equation, 
such  powers  of  this  factor  must  be  restored  to  it,  at  the  con- 
clusion of  the  operation:  but  if  it  is  merely  proposed,  as  is  most 
commonly  the  cose,  to  determine  the  different  systems  of  values 
of  X  and  y,  it  will  be  merely  necessary  to  consider  the  value  or 
values  of  ^  deduced  from  this  factor  in  connection  with  those 
which  are  deduced  from  the  final  equation  which  results  from  its 
suppression;  these  observations  would  equally  apply,  if  the  factor 
in  question  was  a  factor  of  one  of  the  primitive  equations. 

If  in  the  example  which  has  given  occasion  to  these  remarks, 
we  had  made  (y  —  I)  ^  —  Sjc  ~  S  the  divisor,  and,v>t*  —  7*  +2 
the  dividend,  the  final  equation  at  which  we  should  have  arrived, 
would  have  been  {jf  —  I)  (j  —  ,1)'=  0,  where  y  —  1,  and  not  v. 
would  be  the  foreign  factor  introduced  by  the  operation, 

(7)    T»  +  (2^  -7)^-|-y-7.y-8  =  0, 
*«  +  (S^  -  5)  j:+y»- 5^-6  =  0. 
If  we  snbtract  these  equations  from  each  other,  we  get 


-l)a:^  +  (2j,-5)^+.y' 
^  +  (   .V+l)* 


(y  -  6)  '  +  J^  -  5J  - 

Cv  -  fiJ  ■*  +  -V*  -  flj'  - 
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In  this  case  there  is  no  final  equation^  inasmuch  as  «  -f  jr  -f  1  is 
a  common  factor,  and  therefore  x  and  y  are  indeterminate;  but 
if  we  take  the  equations 

x+y  —  6=0, 

*+jf- 8  =  0, 

which  result  from  the  suppression  of  this  fiictor,  they  are  obfi- 
ously  incompatible  with  each  other. 

In  a  similar  manner  it  will  be  found  that  the  equations 

5^*'  +  jf*^  +  (/  +!f)yx  +y  +  7^  =  0, 
x*  —  ^x  +  7x  =s  0, 

are  incompatible  with  each  other. 

(8)    To  find  the  conditions  which  must  be  satisfied,  in  order 
that  4:^  -|-  ax  -f-  ^  may  be  a  fiictor  of  the  equation 

X*  —  qx  —  rx  —  *  =  0. 

x*+flx-f6)  x^-^qx^—rx—s  (x*— iix-f fl*— &— ^ 


— flx"— (6  +  ^)x*— rx 
—  flfx'  — a'x*— a6x 

(a*— 6— g)  x*+(a6 — r)x^s 

(a«-6-^)  j:«+  {fl'-fl  (b+q)}  x+a^'b^-b^-qb 

—(a^'-2ab'-qa  +  r)X'-'d'b'{-b^+qb'-s. 

Therefore,  in  order  that  x*  +  ax  +  6  may  be  the  factor  required,  we  must 
^*^®  (^  —  2a6  -  ^a  4-  r  =  0, 

a^b  -  l^  —  qb  +  s  =  0. 
If  we  eliminate  b  from  these  equations,  we  find 
2a6—  flr»  +  ^a  —  r)  6«  —  (a*  —  g)  6  -  J  ( 

2a6»  —  2a  (a*  ^q)b  —  2as 
2ab^^(d^  ^  qa  +  r)b 

"  (a^  —  qa  ^  r)  b  ^  2as 
2a  (a'  -  ^fa  —  r)  6  +  4a*j  ( 
2a  (a'  —  ^rt  _  r)  6  —  (a'  —  ^fa  —  r)  (a'  —  ^a  +  r) 

/?^  -  29^1^  +  (^^  +  4.y)  a^  -  r*  =  0 
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This  final  equation  of  six  dimensions  becomes  the  reducing  cubic 
in  Descartes's  solution  of  a  biquadratic  equation,  which  is  given 
in  the  Note  to  page  621,'  if  we  make  a*  ssu:  the  elimination  c£ 
a  from  the  same  two  equations,  would  lead  also  to  a  final  equa- 
tion of  six  dimensions  in  b,  which  is  the  quati  recurring  equation 
noticed  in  the  same  Note. 

793.    When  three  equations,  involving  three  unknown  or  Pioeen  for 
indeterminate  quantities  are  proposed  for  solution,  we  commence  ^^^^^^ 
by  reducing  them  to  two  equations  with  two  unknown  quantities,  equations 
and  subsequently  to  a  single  final  equation,  by  a  process  similar  an^thrce 
to  the  one  which  has  been  employed  in  the  preceding  examples :  quantities. 
thus  let  it  be  proposed  to  find  the  values  of  x,  y  and  z  in  the 
following  equations  : 

xj^- 2«+10  =  ol; 
ar«+y  +  2«-  29  =  0) 

X  —  y  +  2  —  3)  ^ar  —  2*  +  10 

yx  --  y*  +  zy  -  3y 


y  —  (2  -  3)^  —  2«  +  10  =  Fj  =  0. 
x-y  +  2-3)  x«+y  +  2'-29  ( 

JT*  —  ^«  +  ZX SX 


(y- 

■  z  +  S)x 

+  y  +  ^ 

-«9 

(jf- 

z  +  S)x 

-(y-» 

+  sy 

2y*  —  2  (s  —  S)y  +  2s«  —  62  —  20=  0 
or  y  -  (2  —  3)  jf  +  2*  —  32  —  10  =:  Y,  =0. 

If  we  now  proceed  to  eliminate  y  from  Fi  =  0  and  Yt  =  0,  we 
find,  by  subtracting  one  equation  from  the  other, 
y  -  (2  —  3)^  +  2«  -  32  -  10  =r  0 

y  —  (2  -  S)jf-  2*  +  10=0 


22*  -  32  -  20  =  Z  =  0 

4N 
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If  we  solve  the  final  equation  /  =  0,  we  get  z  =  *, 
the  substitution  of  the  first  value  of  i  in  K,  =  O  or   ^,=0,  givM 
y  =  3  or  —  2:     the   substitution  of  the    second    value  of  ^ 

gives  g  ^  ^^^^^ —  ±  ^ —  :  the  substitution  of  the  corresponding 
pairs  of  the  values  of  z  and  y  in  any  one  of  the  primitive  etfut- 
dons,  gives  jr  =  2or—  3or  —  ± . 

The  values  of  .r  and  —  j  are  symmetrically  involved  in  the 
three  equations,  and  the  values  of  x  and  y,  which  are  four  in 
number,  are  therefore  the  same  with  different  signs  j  if  we  had 
begun  therefore  by  eliminating  z  from  the  three  equations,  we 
should  have  arrived  at  the  following  final  biquadratic  equations, 
according  as  the  final  equation  was  formed  in  -t 


PtOuiDD 

tot  the  un. 

qiundtics' 

tiuee  equa. 


9x^_  3_lj*       U7^ 


-^  =  0. 


/  +  ^ 


I 


79*-  T**^  process  followed  in  the  Example  just  given  uaay 
serve  as  a  guide  to  that  which  might  be  followed  in  other  cases, 
when  the  number  of  unknown  quantities,  and  of  tlie  equations 
which  involve  them  was  greater  than  three:  under  such  circum- 
stancea,  however,  the  results  which  are  obtained,  when  pre- 
sented in  general  terms,  are  extremely  complicated:  if,  however, 
the  equations  be  of  the  first  degree,  it  will  be  possible  to  exhibit 
the  values  of  the  unknown  quantities  under  symmetrical  fortos, 
and  to  point  out  the  law  of  their  construction :  for  this  purpose, 
we  will  consider  in  the  first  instance,  the  three  equations  of  the 
first  degree 

ajX  +  biy  +  Cit  —  i,  = 


o,x  +  4,jf  4-  c,i  —  i,  =  0  . 

If  we  replace  c,z  —  k,  by  -  K, 
—  Ki,  these  equations  become 


(1), 

(2), 
(S). 


!  +  b^  —  K,  =  o  . 

■  +  bst/  —  K,  =  0  . 


If  we  now  solve  the  two  first  of  these  equations  (+)  and  (5)  with 
respect  to  x  and^y,  we  get  (Art.  783.  Ex.  2). 


KA- 

-X,*, 

n,K, 

-n,A', 

«,6. 

-»A' 

■  y  = 

-„,J, 

-  a,6i 

expressions  which  have  the  Bame  denominator:  if  we  substitute 
these  values  of  jrand^  inequation  (6),  and  replace  JiT,,  K.,,  X,  by 
the  values  for  which  they  were  assumed,  and  clear  the  equation 
from  fractional  terms,  we  shall  find 


—  (a,bttj  —  ttibit,  —  o,4,*j  +  fl,fij*,  +  asb,t, 
«nd  therefore 


fflj6,c,)  I 


a,6,t, 


[  ^nd  in  a  similar  manner,  we  shall  find 


a,6,c,  - 

-  ai6,c,  ■ 

-»,»,0: 

,  +  0,6,1 

Ci  +  "jfiiC,  - 

-M,c, 

i,V.- 

-  *,v,  ■ 

-  i,i.'. 

+  *,S,c 

,+*,«,«,- 

-»,4,«, 

-  aibjC,  —  OtbiC,  +  Ol/'jC|    +   ChbyCt  —  "jAiCg  " 


79d.     It  remains  to  ascertain  and  enunciate  the  law  of  the  Emn- 

'  formation  of  these  expressions  for  x,  y,  :,  and  the  principle  upon  '".'■''j""  "^ 

'  which  it  may  be  extended  to  express  the  unknown  quantities  in  ibrnution 

four  or  a  greater  number  of  such  equations.  of  ihc  pre. 

"  '  wding  n. 

In  the  first  place,  the  numerator  of  each  fraction  differs  from 
its  denominator  in  having  i  with  its  different  subscript  numbers 
n  the  ])1acc  of  the  coeflicjcnt  (with  the  same  subscript  uumlxTs) 
I  of  the  unknown  quantity  whose  value  it  expresses. 
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In  the  second  place,  the  number  of  terms  in  each  numentor 
and  denominator  is  6,  or  is  equal  to  the  number  o£  permutatioDs 
of  the  subscript  numbers  1,  2,  3,  (Art  229). 

In  the  third  place,  the  algebraical  sign  of  any  term  of  the 
numerator  or  denominate  wiU  be  the  same  with^  or  diffarad 
from,  the  first  term  in  eadi,  according  as  it  inToIves  an  odd  or 
an  even  number  of  quantities  which  are  different  fi-dm  those  in 
the  first:  thus,  the  terms  aibtc^  and  Oih^c^,  which  involve  two 
quantities,  h^,  c,,  and  6,,  c,,  which  are  different  fi-om  each 
other,  have  different  signs,  whilst  the  terms  aib^k^  and  Otlnkx, 
each  involving  three  quantities  which  are  different  from  eadi 
other,  have  the  same  sign. 

It  will  follow  as  a  consequence  of  the  last  observation^  that 
the  corresponding  terms  in  the  numerator  and  denominator,  that 
is,  the  terms  with  the  same  subscript  numbers  in  the  same  order, 
will  have  the  same  algebraical  signs. 

Determi-  ^96.     We  shall  now  proceed  to  consider  the  formation  of 

theexpres-  corresponding  expressions  for  the  unknown  quantities^   when 
■J«>»  for      there  are  four  or  a  greater  number  of  such  equations. 

'^^^  N  N  N 

quantities  l^^  j,  _.  ^     V  =  ^,    2  =  -y.-,   be  assumed  to  represent 

m  a  system  D  D  D  *^ 

M  equations.  ^®  expressions  for  the  three  unknown  quantities  in  three  equa- 
tions which  are  given  above ;  and  let  the  four  equations  be 

OiX  -\-  h^y  +  ciz  +  f/iM  —  Ai  =  0 (1), 

a<iX  +  h^  +  c^z  -f  d^u  —  ^2  =  0 (2), 

^3^  +  ft.i^  +  C32  -(-  rfjtt  -^3  =  0 (3), 

a^x  +  h^y  +  C42  +  d^u  —  ^4  =  0 (4). 

If  in  the  expressions  A'^,,  N^y  N^  we  replace  ki,  k^,  k^  by 
r/,  u  —  Ati,  d-iu  —  k<iy  dsu  —  ks  respectively,  and  if  ni,  fij,  n^  be 
taken  to  represent  the  values  ofNi,  N^,  N3,  when  ki  is  replaced 
by  di,  ki  by  d^,  k^  by  d^,  then  we  shcall  find,  from  the  three  first 
equations  (1),  (2),  (3), 


■lul  substituting  these  values  in  the  lost  equation  (4),  iiml  sup- 
pressing tractions,  wc  get 

(«< «,  +6.«,  +  c.nj  +  d.  /))  «  -  a.  A',  -  b,  A',  -c,S,-  t,D=0, 
and  therefare 

a,B,    +  6,n,   +  CtH,    +  d,D' 
and  if  N',  N",  A'"'  with  their  proper  subscript  numbers  be  suc- 
cessively tiiken  to  represent  the   values  of  the   numerators  of 
the  expressions  for  any  other  three  amongst  the  four  unknown 
quantities  in  the  three  equations  (l),  (2),  (3),  namely,  of 

',  St  ">  when  c  is  replaced  by  d  and  d  by  c, 
J,  t,  II,  when  A  is  replaced  by  c  and  c  by  b, 
y,  =,  u,  when  a  is  replaced  by  6  and  hby  a; 
and  if  the  corresponding  values  of  n  and  D  be  denoted  by 
n'.  n".  «'",  D-,  D",  D"', 
shall  find 


_  a.  S,'  +  6.  AT,'  +  c,  JV,'  +  it.  g 
~a,«.'    +6,B,'  +c,«j'  +rf.D''       ' 

~a^nr"  +6,fi,"   +c,ni"  +d.D"' 

a,  Nr  +  6.  y,"'  +  c.  y,'"  +  *.  ly 

^«.a."'   +(■.«,'"  +r.B/"  +rf.i/"' 


"    The  number  of  terms  in  the  numerator  and  denominator  of 

each  of  these  expressions  is  four,  or  is  cijual  to  tlie  number  of 

unknown  quantities:  and  if  similar  expression:)  wtrre  formed  for 

flvc  unknown  quantities  and  five  equations,  they  would  severally 

terms  in  their  nuroerator  and  denominator;    and 

ilarly  for  whatever  number   of  equations   such  expressions 

■estigated :    for    the    substitution    of   the    expressions 

■jy ,  ■  ■ .  — Tj —  for  (b  —  1 )  unknown  quantities  derived  from 
'  1)  equations  but  adapted  Id  a  system  of  n  equations  and 
Unknown  quantities,  in  the  nth  nr  additional  equation,  wilt 
to  an  expression  for'  the  new  imknowii  quantity,  whosc- 
leratot  and  denonuRator  consist  of  n  teniu ;  or  if  j.  denote- 
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I  qoMitity  introduced,  nnd  I  and  in  { 
proper  subscript  numberB)  be  the  coefficients  of  t._i 


then  ^ 


shdl  find 


,.p,  +  j.p,-t-c.r,+  ■■■  I.P,_-,  +  k.Q 


■^■- a,Q  +t,Q  +c.a  +--.  KQ    +  ™.a 

and   it  is  obviouR  that   corresponding  symmetrical 

may  be  obtained  for  all  the  other  unknown  quantitieii^ 

*._,, Ji  in  the  inverse  order  of  their  inttoduction.' 


expreMgowj 

(acfcS^n 
ator  of  the  * 


quwititln 


797-     '^  appears  therefore  that  the  number  of  (acfon 
ench  product  involved  in  the  numerator  and  denominator  of  the 
I  expression  for  j-.  will  be  n  ;  for  an  additional  factor  is  introduced   j 
for  every  additional  unknown  quantity  or  additional  equation. 

Again,  the  number  of  terms,  when  they  ate  completely  ex-    i 
hibited,  in  the  numerator  and  denominator  of  the  expression  for    ' 

, J.  is  1  X  2  X  S  X    ...  n,  or  is  equal  to  the  number  of  permu- 

V  J^>!^"*^  tations  of  the  subscript  numbers  1,  2,  3,  . . .  n,  (Art  229-) :  for 
the  number  of  terms  in  the  numerator  and  denominator  of  the 
expression  for  r,  is  n  times  the  number  of  them  in  the  expre»< 
sionfor  x,_,  in  a  system  of  (n  —  1)  equations,  »  (n  —  1)  times 
the  numbe»  of  them  in  the  expression  for  j^.  _ ,  in  a  system  of 
(n  —  3)  equations,  and  so  on,  until  we  descend  to  the  expression 
for  the  unknown  quantity  in  a  system  of  two  equations. 

Again,  the  number  of  positive  and  negative  terms  in  the  nu- 
merator and  denominator  being  the  same  for  the  expression  in 
the  imknown  quantity  in  a  system  of  two  and  three  equations, 
will  continue  the  same  likewise  in  the  corres]>onding  expressions 
in  a  system  of  n  equations:  for  the  new  numerators  of  these 
expressions  are  formed  by  multiplying  the  series  of  literal 
numerators  (which  are  the  same  as  far  as  the  letters  in- 
volved and  their  signs  are  concerned)  of  the  (»  —  1}  first  un- 
known quantities  and  also  their  common  denominator,  into  a,, 
i.,  c.  ...  A;  respectively,  and  comiecUng  their  results  with 
the  sign  -(- :  if  therefore  the  number  of  positive  and  negative 
terms  be  the  same  in  the  numerators  and  denominators  of  those 
expressions  for  (n  —  I)  unknown  quantities  and  (n  —  1)  equa- 
tions, it  must  continue  the  same  therefore  when  there  are  n  un- 
known quantities  and  n  equations :  and  inasmuch  as  this  number 
was  the  same,  when  there  were  two  equations  and  two  unknown 
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quantities,  it  must  continue  the  same  therefore  whatever  be  their 
number :  the  same  observations  apply,  with  a  very  trifling  modi- 
fication, to  the  number  of  positive  and  negative  terms  in  the  de- 
nominators. 

Lastly,  the  same  law  which  was  noticed  as  determining  the 
negative  and  positive  terms  in  the  case  of  the  expressions  for  the 
unknown  quantities  in  three  equations,  will  prevail  likewise  for 
any  number  of  such  equations :  for  whatever  condition  deter- 
mines the  sign  of  the  separate  terms  in  the  numerators  and 
denominator  of  the  expressions  for  the  unknown  quantities, 
when  there  are  (»  ~  1)  unknown  quantities,  will  determine  their 
signs  likewise  when  there  are  it  unknown  quantities:  for  the 
series  of  terms  involved  in  their  numerators  and  denominator 
are  multiplied  into  new  factors 

and  therefore  the  condition  for  the  determination  of  the  signs  of 
the  resulting  products  in  each  series  remain  the  same  as  before. 


798-  The  solution  of  problems,  by  means  of  Algebra, 
„  will  require  the  expression  in  algebraical  language  of  the 
quantities  which  they  involve,  and  of  the  conditions  to 
which  they  are  subject,  aiid  their  reduction,  in  conformity 
with  such  conditions,  to  the  form  of  an  equation  or  ctjua- 
tions,  whether  identical  or  not :  for  this  purpose,  it  will  be 
requisite  to  consider,  firat,  the  data  or  things  given,  and 
secondly,  the  qutBaita  or  things  sought  for  or  required  to 
be  determined,  and  thirdly,  the  conditions  and  consequent 
operations  by  which  the  connection  between  them  is  esta- 
blished, and  through  the  medium  <jf  which  the  problem  is 
required  to  be  solved. 

The  dau.  ygg     fhe  data  may  be  abstract  or  concrete  numbers, 

to  which  specific  values  are  assigned,  or  quantities,  whether 
numerical  or  not,  whose  values  are  supposed  to  be  given  or 
determinate,  but  whose  values  are  not  assigned :  in  one  case 
they  will  be  expressed  by  the  specific  numbers  tliemsclves, 
and  in  the  other  by  the  earlier  letters  of  the  alphabet  or 
alphabets,  which  are  commonly  appropriated  for  this  pur- 
pose :  in  neither  case  however  can  such  numbers  or  symbols 
express  generally  the  speci/ic  qualities  of  the  magnitudes 
they  represent :  thus  7  pence,  7  shillings,  7  feet,  7  yards, 
7  hats,  7  horses,  and  so  on,  are  all  equally  denoted  by 
the  same  abstract  number  7 ;  and  in  a  similar  manner  any 
determinate  number  (not  assigned)  of  pence,  shillings,  feet, 


I 


I 


yards,  UuXs,  homes,  wuuki  be  equally  ilenoteti  by  the  samf 
genersl  symbols  such  aa  a  or  b  or  c:  the  connection  be- 
tween the  number  or  symbol,  and  the  specific  quality  of 
the  corresponding  magnitude,  is  merely  preserved,  for  the 
most  part,  in  order  to  connect  the  results  which  are  ob- 
tained with  the  problem  in  whose  solution  they  present 
themselves. 


800.  The  queeaitn,  whether  expressible  by  numbers  Tl 
or  not,  must  be  denoted  in  the  first  instance,  by  symbols, 
vhich  are  usually  the  last  letters  of  the  alphabet  or 
al{^iabets;  and  it  is  obvious  that  they  must  correspond 
to  the  datft :  if  the  data  are  espreased  by  specific  numbers, 
the  quceaita  are  required  to  be  expressed  by  specific  num- 
bers or  numerical  quantities  likewise :  tf  the  data  are  ex- 
pressed by  general  symbols,  the  quasUa  can  oidy  be 
expressed  in  general  symbols:  for  it  is  assumed  as  the 
primary  condition  for  the  solution  of  the  problem,  that 
the  quasita  must  be  dependent  upon  the  data,  and  ex- 
pressible by  means  of  them ;  and  therefore  they  are  expres- 
vble  by  numbers  or  numerical  quantities,  if  the  data  are 

Lpressed  in  numbers  and  in  the  general  symbols  which 
press  the  data,  if  the   data   are    expressed    by    general 
'"^mbols. 

801.  The  conditions  of  the  problem  establish  the  con-  T 
nection  of  the  data  and  qtiasiftt,  and  their  necessary  de- 
pendence upon  each  other,  and  must  be  of  such  a  kind  as 
may  admit  of  being  expressed  by  arithmetical  or  algebraical 
{^rations,  whatever  those  operations  may  be:  it  is  the 
sdection  and  adaptation  of  those  operations  which  constitute 
the  reduithn  of  the  problem  to  algebraical  language,  and 
in  which  the  chief  difficulty  of  its  solution  generally  con- 
nsts:  for  the  subsequent  solution  of  the  equation  which 
results  from  this  reduction,  is  a  process  altogether  inde- 
poident  of  the  problem  itself,  the  consideration  of  which  in 
only  resumed  when  the  values  of  the  qwrtita  or  unktumn 
ifuanHtus  which  result  from  the  solution,  are  required  to 

f  interpreted  with  reference  to  t) 
40 


L-  prt>bleni  pitiposed. 


Thcnum-  802.     luosinucli   as    the   quasila    of  the   prnblfDi    sat 

Um^i^roi  "W*"""^*  (luantities,  thdr  determination  will  require, 
pcrly  ihc  and  therefore  the  reducfioH  of  the  prohlem  will  lead  to.  &« 
numtwrof  ">«">  equations  as  there  are  qutBsila:  if  it  shotild 
jBuriiw.  appear,  however,  as  is  very  frequently  the  case,  thet  one 
of  those  equations  involves  one  unknown  quantity  onlvt 
admitting  of  immediate  determination  from  it.  it  may  be 
at  once  replaced  by  tins  value  or  values,  and  considered 
as  a  datum  of  the  probtem :  or  if  one  or  more  of  such 
equations  involve  two  unknown  quantities,  where  one  is 
immediately  expressible  in  terms  of  the  other,  such  an 
expression  may,  if  convenient,  be  substituted  for  it  in  the 
other  equation  or  equations,  and  we  shall  thus  advance 
one  step  towards  the  final  equation  of  the  problem  :  it  is 
difficult  however  to  give  any  useful  general  rules  for 
such  simplifications  of  the  solution  of  the  equations  which 
the  reduction  of  problems  leads  to,  and  the  adoption  of 
them  must  generally  be  left  to  the  experience  and  tact  of 
the  student  himself. 


1 


Truitbiian  803.  The  principles  of  the  translation  of  the  conditions 
atdnnninio  "^  a  problem  into  the  corresponding  algebraical  conditions 
■^ebnicBi  ^re  tlie  converse  of  those  which  have  been  already  considered 
as  regidating  the  interpretation  of  the  algebraical  signs  of 
affection  or  of  operation  :  thus  if  the  sign  +'placed  between 
two  magnitudes  a  and  b  of  the  same  kind  means  their  arith- 
meticaJ  sutn,  and  the  sign  —  their  arithmetical  difference, 
then  conversely,  the  terms  sum  and  difference,  however 
variously  expressed  or  indicated,  wliether  by  the  terms 
more  or  fewer,  or  greaier  by  or  less  than,  increased  by  or 
diminished  bf/,  added  to  or  subtracted  from,  will  be  sym- 
bolized by  the  signs  +  and  —  placed  between  the  symbols 

which  are  their  representatives:  again  If  ab  or  -   means 

the  product  or  quotient  of  two.magnitudes  a  and  b,  in  the 
saise  in  which  such  operations  are  interpreted  for  specific 
values  of  n  and  b,  or  their  arithmetical  product  and  quo- 
tient, when  their  specific  nature  is  not  required  to  be  con- 
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sidered,  then  sucli  combination u  must  replace  the  terma 
product  and  (juotient,  or  any  equivalent  expressions,  in 
the  problem  proposed :  similar  observations  may  be  ex- 
tended to  the  symbolization  of  other  operations,  such  as 
jwwers,  roots,  Sec.  which  the  verbal  conditions  of  the 
problem  may  include. 

80i.     In  most  cases,  the  temis  in  which  the  problem  is  ■* 
expressed  will  exclude  the  conddcration  of  the  afl'ections  of  ^ 
the  magnitudes  which  are  introduced  into  them,  and  the  " 
reduction  of  the  problem  may  taite  place  without   any  re-  ic 
ference   to   them:    but   when   magnitudes   are   considered" 
which  difl'er  from  each  other  in  such  afi'eitions  merely  as 
may  be  symboU/ed  by  the  signs    +   and   —    prefixetl  to 
them  or  by  the  more  general  sign  cos  Q  -|-  ,^  —  1  sin  Q  or 
its  equivalents,  and  when  the  conditions  of  the  problem  do 
not  supersede  their   usage,  such  signs  will  present   them- 
selves in  the  reduction  of  the  problem,  in  common  with 
the  signs  of  operation :  tlttis  property  or  debt,  gain  or  loss, 
time  past  or  future,  parallel  lines  with  different  directionn 
may  be  denoted  by  symbols  with  the  signs    +   and   —  , 
previously  to  their  combination  by  the  signs  of  operation 
which  wilt  be  necessary  in  the  reduction  of  the  problem : 
and  if  the  term  direction  be  used  in  its  most  general  sense 
H«B  applied  to  lines  or  planes,  it  may  be  symlwlized  by  the 
ngn  cos  0  +  y/  —  I  sin  9,  where  0  is  the  angle  made  by 
'  tlie  line  or  plane  in  question,   with  the  assumed  primitive 
line  or  plane:  examples  will  occur  in  the  problems  which 
follow,  of  the  original  introduction  of  sucli  signs,   both 
when  necessary  and  not  necessary  for  their  reduction. 

805.    The  results  which  are  obtained  from  the  solution  ^ 
of  the  etjuations  to  which   the  problems  are  reduced,  may  ), 

^be  interpreted  ahaolntely,  with  reference  to  the  specific 
nature  of  the  quantities  which  tlwy  denote  and  without  any 
reference  to  the  problems  in  jvhich  they  occur,  or  relatively, 
with  reference  to  both:  this  distinction  is  extremely  im- 
portant, inasmuch  as  the  absnlute  interpretations  of  the 
mults  will  always  include  the  relative,  but  not  conver»ely : 


i 


which  oc 


Sot  the  terms  t^  the  problem  will  in  most  cases,  though  txn 
in  all,  exi-ltidc  all  results  but  one,  as  not  aaswering  tlie 
rooditionfl  which  it  fxpreeMes,  in  the  sense  in  which  its  teniu 
lire  used  in  ordinary  languajre ;  whilst  the  number  of  re- 
sultSf  which  may  or  may  not  admit  of  absolute  interpr^ 
tation,  will  be  equal  to  the  number  which  expresses  the 
degree  of  the  final  cf^uation :  under  such  circumstances, 
there  is  only  one  proper  solution  of  the  problem,  all  other 
solutions  being  algelirmcal  solutions  only. 

80C'  We  shall  now  proceetl  to  the  solution  of  a.  few 
problems,  for  the  puqwse  of  illustrating  the  principlca  em- 
ployed in  the  translation  of  problems  into  algebraical 
language,  and  of  interpreting  the  results  which  are  thus 
obtained  with  reference  to  the  problems  proposed. 

(1)  The  sum  of  two  numbers  is  30,  and  the  irdr  (Terence  is  6; 
what  are  the  numberg? 

The  daJa  arc  30  and  6. 

The  qiufiita  are  the  two  unknown  numbers,  which  vre  denote 
hy  .r  and  y.     The  first  condition  gives 

■^  +  .y  =  3o (1). 


and  the  » 


V  -  11  = 


?  used  in  thei 


ordinary  arith- 


where  the  signs  +  ,   —  ai 
roetical  meaning. 

The  solution  of  these  equations  (1)  and  (2)  (by  adding  and 
subtracting)  gives  ua  i  =  18  and  _y  =  12,  which  answer  the 
conditions,  and  satisfy  the  language,  of  the  problem. 

If  the  problem  proposed  had  been,  "  to  find  two  numbers 
whose  sum  is  6  and  whose  tliSerence  is  30,"  we  should  find  for 
the  equations  resulting   from  the  reduction  of   the  probleaj 
without  any  reference  to  its  possibihty, 
.r-fy=    a. 


which  would  give  ii 


,  as  the  algebraical  values  of  x  and  i/, 
=  18,  and^=;—  iS. 


There  is  no  euch  abstract  number  as  — 12,  and  there  is,  therelbre, 
no  proper  eolutioii  of  the  problem  in  the  sense  in  which  it  wm 
prapoeed:  ifiioweverwc  should  consitter  numben  as  the  sym- 
bols of  concrete  quantities,  admittitig  the  iiiterpret»tion  of  the 
relation  to  each  other  expressed  by  +  and  —  ,  then  a  problem 
might  be  adapted  to  the  solution  vhieh  is  thus  obtained :  thus, 
"if  the  joint  property  of  A  and  B  was  £6,  but  A  was  richer 
than  Bby  XSD,"  then  the  properly  ot  .4  would  be  £18.  andS's 
i^(  would  bej£l3:  in  sudi  a  caie,  the  absolute  interpretation 
of  -I-  18  and  -~  12  would  become  relat'tee  or  congruent  likewise  to 
the  problem  proposed. 

(2)    A's  property  is  m  times  that  of  B:  bnt  after  gainnig 
sum;  of  money  denoted  by  a  and  b  respectively,  A's  property  be- 
comes n  times  thai  of  B:  what  were  their  respective  properties 
.«t  first? 

p      The  data  are  a,  b,  n,  n, 

^      The  quamla  are  t]ie  respective  original  properties  of  A  and  B 
denoted  by  x  and  if. 

The  condilioHS  translated  into  algebraical  Inngua^,  furnish 
the  equations 


■r  +  a  =  «  C'/  +  l>)- 
^  If  in  the  second  equation,  we  replace  a;  by  my,  we  get  the  single 
r  final  equation 

my  +  a  ^niy  +  b) 
and  ifaerdbre 


"("A-") 


|The  verbid  conditions  of  the  problem  would  require  the$e  volim 
f  X  and  1/  to  be  positive:  if  not,  the  original  property  both  of 
4  and  B  must  be  replaced  in  the  problem  as  proposed  or  inter- 
Fpreted,  by  the  term  debt. 

If  n  ^  H,  and  h6  bc  not  equal  to  a,  then  j;  and  y  become  in- 
finite, and  thcrefori-  admit  uf  no  values  sullicicntly  grcxt  to  satisfy 
Um  conditions  of  tlic  problem. 


under  such  circuinstAiices  —  a  and  —  6  will  express  the  nuf;- 
nitudes  of  those  loBses  with  reference  to  x  anil  ,v  ■  '^  however 
u  and  b  under  a  positive  form  are  assumed  to  express  negative 
(luantities,  the  second  equation  will  retain  its  original  form. 


(3)  Two  couriers  leave  two  places  A  and  B,  distant  d  atSet 
from  each  other,  and  travel  a  and  0  miles  a  day  respectivelj'; 
what  is  their  distance  at  the  end  of  {I)  days,  and  when  will  they 


The  qruetita  are  their  distance  {i)  at  the  end  of  /  days, 
the  value  of  (  when  x  =  0. 

The  space  travelled  by  the  first  courier  in  I  days  s 
The  space  travelled  by  the  second  courier  in  (  days  =  6 
If  they  travel  in  the  same  direction,  the  excess  of  the  space 
r  by  the  first  courier  above  tlie  second  in  I  days  is 
at  -  bl  =  {a  -  b)l: 
and  this  expresses  the  diminution  of  the  tUstance  of  the  couriers 
at  the  end  of/  days:  consequently 

,=d-(a-4)(i 
and  if  X  =  0,  then 


Ma  =.  b,  their  original  distance  from  each  other  remains  un- 
dtered,  and  '  is  infinite:  in  other  words,  there  is  no  value  of  t 
however  great,  which  satisfies  the  conditions  of  the  problem  :  it 
may  be  considered  as  expressing  the  extrctne  limit  of  the  con- 
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lUally  increasing  values  of  (  (.■otrespondiiig  to  tlie  continually 
Inlshed  excesg  of  a  above  h,  or  of  tlie  rate  of  travelling  of  one 
.bove  the  other  :  in  such  a  sense,  in  this  and  similar  cases, 
the  occurrence  of  such  a  value  may  be  considered  as  one  of  the 
sy;nbols  of  inijiosabiliti/ :  but  if  J = 0  at  the  same  time  that  0=6, 


tlien  the  interpretation  of  tlie  result  / 
epl. 


-  ,  will  indicate  that  the 

e  time,  and  travel  in  the 
same  direction  at  the  same  rate,  and  that  all  values  of  I  will 
equally  satisfy  tlie  conditions  of  the  problem. 

If  A  be  less  than  b,  then  I  is  negative:  if  the  problem  be 
taken  literally  in  the  sense  in  which  it  is  proposed,  it  will,  under 
such  circumstances,  be  impossible:  but  if  the  places  A  and  B  ex- 
preM  their  positions,  in  the  course  of  Iheir  Journey,  corresponding 
to  the  zpro  of  time,  then  tlie  negative  value  of  (  will  express  the 
number  of  days  preceding  that  zero  (Art  J)-i.)  when  the  couriers 
were  t(^ether.  If  n  be  positive,  and  6  be  negative,  the  cou- 
riers are  moving  in  opposite  directions  to  meet  each  other  from 
A  and  B  respectively  ;  but  if  a  be  negative,  and  b  positive,  then 
they  will  be  moving  at  the  zero  of  time,  in  opposite  directions 
/roni  each  other,  an<l  I  will  express  Xhe  number  of  days  preceding 
tliat  »ero  when  tliey  were  at  tlie  same  place. 

The  following  numerical  values  of  d,  a,  h,  and  therefore  of  /, 
'ill  illustrate  this  problem  more  iully. 


\ 


the  couriers  will  meet  at  the  end  of  90  days. 
If  <i  =  100,  a  =  15  and  6  =  —  1 


travel  towards  each  other,  and  will  n 


\(  d=  100,  a  =  10  and  6  = 


W4 


dicateil  in  tlie  prublem. 

U  d=  100,  ■ 


c  together  SO  days  berore  the  zero  of  time  in 


=  -  10  and  t  =  13: 


or  the  couriers  n'er 
problem. 

If  rf  = 

then  I  = 


ro  ol'  tlie 


together   4  days  before  the  zero  of  tlie 

100  a  =  -  16  and  6  =-  I 

100  _ 
-10+15~  ' 
T  the  couriers  will  meet  SO  days  after  the  zero  of  the  pK^ilemr  ' 
they  move  also  in  the  same  direction,  which  is  opposite  to  that  in 
which  they  moved  when  it  was  10,  and  b  =  15,  and  opposite  to 
that  likewise  in  which  il  is  measured. 

This  problem,  which  has  been  commonly  deeignUed  the 
problem  of  the  couriers,  may  be  stated  somewhat  more  generallj 
as  follows. 

"  Two  couriers  leave  two  places  distant  d  miles  from  each 
other,  and  irarel  each  day  in  given  directions  a  and  of  miles 
respectively :  to  find  their  distance  from  each  other  and  tbeir 
position  at  the  end  of  (  days,  and  the  circumstancea  under 
which  they  may  meet." 

If^  and  6'  represent  the  directions  in  which  they  move  with  ' 
respect  to  their  primitive  distance,  then  cos  9  -j-  \^  —  I  sin  0  and 
cos  e*  +  V—  1  sin  6'  will  be  the  algebraical  signs  of  those  direc- 
tions, and  al  (cos  0  +  V"  ~  1  sin  0)  and  n't  (cos  6'  +  V^^  sm  B) 
will  represent  algebraically  the  actual  spaces  over  which  ihey 
travel,  (Art  50i.) :  their  distance  therefore  at  the  end  of  /  days 
will  be  represented  in  quantity  and  direction  by 

d  +  (fl'  cos  fl  -  fl  cos  0)  (  +  (a'  sin  fl'  —  a  sin  6)  I V^, 

Of  p  (cob  ^  +  V  - 
where 

p=V'{'P  +  2(o'eoefl'-acosfl)(fi+fl2  +  fl«-2a«'cos(e'-fl)/»J 


n*) 
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The  conditions  of  their  meeting  woulci  be  expressed  by  the 
equations 


:i 


l£j  therefore,  the  travellers  recede  from  the  direction  oS  the  pri- 
mitive line  with  equal  rapidity,  they  will  meet»  or  will  have  met, 
when 


/  = 


a  cos  $  ^  of  cos  $" 


according  as  the  value  of  t  is  positive  or  n^pitivf :  ttnder  no  other 
circumstances  can  they  ever  meet,  or  ever  have  met,  with  each 
odier. 

(4)  A  labourer  is  engaged  for  n  days,  upon  condition  of 
receiving  a  pence  for  every  day  he  works,  and  of  paying  b 
ptnoe  £ar  every  day  he  is  idle:  at  the  end  of  the  time  he  receives 
c  pence:  How  many 'days  did  he  work,  and  during  how  many 
days  was  he  idle? 

The  data  are  it,  a,  b,  c. 

The  qwuUa  are  the  number  of  days  («)  he  worked,  and  the 
number  of  days  (^)  during  which  he  was  idle. 


The  omditions  of  the  problem  give  us  the  two  equations 

ax 

from  the  solution  of  which  we  find 

6»  -f  c 

•"'■ST*- 

If  It  =  0,  we  find  «  =s — r^.,  and  y  =  — -—. ,  values  which  are 

a  +6  "^      a  +  6 

not  relative  or  cangruini  to  the  problem  proposed,  inasmuch  as 

the  supposition  is  incompatible  with  the  existence  of  the  other 

conditigiia  and  the  consequences  which  are  supposed  to  follow 

firom  them. 

4P 
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l£  anszc,  ^  =zO  and  x^n,  and  he  labours  during  tke 
whole  period. 

If  hnps—cxxO,  andjfsjiy  and  he  ia  idle  during  the  wbok 
period :  under  sudi  circumatanoes  he  pa^s  a  sum  c,  and  its  re- 
lation to  the  same  sum  received  is  aymbdiaed  by  a  ehange  of  aign 
from  -{•  to  ~  :  without  such  a  change  of  the  oonditiaiUy  the 
problem  would  be  imposMk. 

If  an  be  less  than  c,  then  y  is  negative^  and  the  problem  b 
impossible:  for  under  such  drcumstanoes,  he  would  receive  a 
greater  sum  than  he  would  have  been  entitled  to,  if  he  had 
laboured  during  the  whole  period. 

Ctoomedieal        (5)    To  divide  aline  a  into  two  such  parts,  that  the  rectangle 
l*'''*^*"''      contained  by  them  may  be  equal  to  i*. 

The  data  are  a  and  6^. 

The  qwBsiia  are  the  two  parts  x  and  y,  whose  sum  is  equal  to 
the  given  line. 

The  conditions  of  the  problem  give  us  the  equations 


:'.}■ 


X  +  Jf=a 

The  final  equation  in  x  is 

X  (a  —  jr)  =  6*. 
Therefore  ax  —  a^=:  &*, 

j:*  —  ax  =  —  6*. 

or^—  fljr  +  —  = b^ , 

4       4 


Since  x  and  y  are  symmetrically  involved  in  the  two  equations, 
|heir  values  are  interchangeable:  in  other  words,  x  as  well  as  jf 
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may  represent  either  of  tiie  two  parts  whose  sum  is  equal  to  the 
given  line,  and  therefore  the  general  solution  of  the  problem 
nust  fumisli  equally  both  ibese  values  of  2  and  of  ^. 

Aa  long  u  -—  is  grfeater  than  6^,  the  problem  admits  of  solu- 
tion in  the  sense  in  which  it  is  propos«<l ;  but  if  -  be  less  than  6*, 
language  be 


then  the  problem  becomes  impossible,  unless 
interpreted  in  an  algebraical  and  not  in  an 
geometrical  sense. 

In  this  last  case,  we  have 


arithmetical    or 


L 

where  ^  c 


liKcrpre. 
tstion  ot  tlw 

involK  the 


j=  6(cos^  iV"—  1  sin^), 
J  =  i  (coa  ^  :f  ^  —  1  sin  ^), 

consequently  if  AC  be  aritli- 


'-^,  (Art.  725.); 
metically  equal  to  b,  and  in- 
clined lo  AB  or  a  at  an  angle 
0,  and  if  an  equal  line  AE 
or  CB  which  is  equal  and  al- 
gebraically parallel  (Art.  559.) 
to  it,  make  an  angle  —  ip 
with  the  same  line  AB,  then 
the  algebraical  sum  (An.  511.) 
of  AC  and  AE,  or  of  the  two 
sides  AC  and  CB  of  the  isos-  '\e 

cetes  triangle  ACD  is  equal 

to  AB,  the  third  side  of  the  triangle:    the  conditions  of  the 
problem  would  be  thus  satisfied  in  the  general  sense  to  which 
1.  lU  terms  have  been  adapted. 


\ 


If  it  had  been  proposed 
into  two  parts,  such  that  their  prodi 
numbers  7  and  3  would  be  found 


problem  to  divide  the  number  10  A  tlmllu 
igh.bee,uJlo21,theJ^S, 
cr  the  conditions  of  the  d>u  nc 


question:  but  if  it  had  been  proposed  to  divide  the  number  10  " 


•   laictfn*- 
o  +  ftV^" 
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a  two  n<£'  parts,  dwt  their  product  shmikl  be  e^aal  «bII 
then  the  rescilting  Tftlun  ot'thepBit«  5-(-V'—  1  and  S  —  V'^1. 
which  satisfy  the  algebrxicsl  equntion  to  wliioh  <fae  proliloa  • 
reduced,  would  shew  that  probleni  itself  to  be  impossible,  iiM»- 
much  as  V  —  1  and  the  sign  +  which  connects  it  with  5,  vmild 
admit  of  no  interpretation  in  conformity  with  its  terms :  if,  how- 
ever, the  units  in  the  number  10  were  inches,  feet  or  any  other 
equal  nieamres  of  length,  then  10  would  be  a  line,  tind  the  »• 
solts  5  +  l/—  I  and  5  -  V' -  I  would  admit  of  intetpretatiaB 
in  conformity  with  a  certain  enlarged  sense  of  the  term*  of  tbt 
problem,  such  as  we  have  considered  above. 

In  a  similar  manner,  if  a  and  &  denoted  property,  and 
t  +  bV  —  1  denoted  property  whose  absolute  ma^itude  wai 
vbut  e  and  %/{f^  4-  /^),  but  which  was  so  constituted  that  a  portion  of  it 
equal  to  a  oiili/  belongs  to  me,  or  is  available  to  my  use,  then  we 
should  arrive  at,  and  be  able  to  interpret,  the  results  a  +  b  \^—  I 
and  a  —  b  V —  I ,  if  the  problem  proposed  should  require  us  to 
find  two  properties  so  constituted,  that  their  sum  (taken  in  this 
enlarged  sense)  shall  be  equal  to  9.a,  and  their  product  nume- 
rically equal  ^  i^  ^l?. 

Such  interpretations  however  are  not  nccettary  (Art.  442.), 
and  only  become  ^plicable  by  extending  to  the  ordinary  terms  in 
which  the  problem  is  expressed,  a  meaning  beyond  their  simple 
and  obvious  import:  sach  problems,  indeed,  if  strictly  inter- 
preted, are  properly  speaking  imposa'dile,  whether  such  ititpoi^ 
sibiUlif  be  indicated  by  the  independent  mgn  —  ,  or  by  the  sign 
v'  —  1  or  (cos  6  +  v'—  1  sin  6)  and  its  equivalents,  or  by  any 
other  defect  of  congriKnce  between  the  result  obtained  and  the 
terms  of  the  problem. 

Congiiicm  Thus  if  it  was  proposed,  "  to  find  a  number,  the  double  of 

and  idcon.    ^.hogg  square  exceeded  three  times  the  number  itself  by  5",  we 
Toots  not      should  gel,  by  assuming  j'  for  the  miknown  number,  the  equation 

n«T!»arilj 

ronnccied  2 J*  —  3j-  -  5  =  0, 

prewnoc  ot    ,ju,  goiution  of  whidl  gives  us 


j-=  -   or  -  I: 


469 

^t  neither  of  these  values  is  congruent  to  the  problem  prt^wsei!, 
wasniuch  as  one  ot'them  is  a  iraction,  ant)  ^e  other  negative,  and 
therefore  the  problem  is  impossible  in  the  aense  in  which  it  was 
proposed  :  but  if  by  the  term  number  in  the  problem  we  mean 

fractions  equally  with  whole  numbers,  then  the  first  root  j  is  con- 
gruent to  the  problem,  which  becotnes  possible  therefore  io  tlua 
enlarged  meaning  of  its  terms :  but  there  is  no  proper  iuterpre- 
CMk>n  of  the  ser»nd  root  —  1,  or  modified  meaning  of  the  terms 
rfthe  problem,  which  can  make  it  congrtieat  with  respect  to  it 

Again,  the  reduction  of  the  following  problem  will  lead  to  « 
eoignicut  and  incongrucnt  result,  which  are  both  allected  with  the 
avse»gi). 

"  There  is  a  number  cimsisting  of  two  digits,  which,  when 
divided  by  the  sum  of  its  digits,  gives  a  quotient  greater  by  2 
than  the  first  digit  Bnt  if  the  digits  be  inverted,  and  the  re- 
Mittir^  number  be  divided  by  a  number  greater  by  unity  than 
the  sum  of  the  digits,  the  quotient  is  greater  by  2  than  the  pre- 
ceding quotient     Required  the  number." 

If  «  be  ilic  first  digit,  and  y  the  tecond,  then  iO*  +  ,v  ex- 
prcsMs  the  number,  which  becomes,  when  its  digits  are  inverted, 
10^  +  ^:  the  iirst  nuidition  gives  the  equation 


:  «  +2, 


lO-r  +.y 
and  the  second,  the  equation 


*+j  +  I 
orT»  +  (j  +  4)*- 
ITie  rHmiaation   of  x  from  these  equations,  givt 


=  :r-|-*, 
6j  +*  = 


I33,y'  -  632_v  +  400  =  0. 
dtc  rmte  of  which  are  A  and  --- :  and  the  cor 
of  ir  arc  S  and     —^  ■ 


psponding  value* 


The  first  pair  of  values  S  and  4  are  amgruenl  to  the  problen, 
aiid  the  number  required  b  24:  the  second  pair  of  values  — 

and  — — r  are  Incongrvent  with  the  tenns  of  the  problem,    in«- 

much  as  the  term  dig'u   confines  the  values  of  the    qucciUa  to 
whole  numbers  only. 

The  examples  which  we  have  just  given  would  sbew  that 
the  possibility  of  a  problem,  or  the  congntence  of  the  roots  of  the 
equation  to  which  it  is  reduced,  ha»  no  necessary  connection 
with  the  absence  or  presence  of  the  signs  —  or  V—l,  but  ia 
determined  by  the  accordance  of  the  absolute  interpretstion  of 
the  results  which  are  obtained,  with  the  terms  of  the  problem 
in  whatever  sense  they  can  be,  or  may  be,  understood. 

(I!)  To  Rod  a  point  in  a  line  produced,  such  that  the  rect- 
angle contained  by  the  whole  line  produced  and  the  part  pro- 
duced may  be  of  a  given  magnitude. 

Let  AB  (a)  be  the  given  line,     i;  * B  p 

»nd  P  the  point  to  which  it  is  pro-      ~~^        '■ 
duced  in  the  same  direction  with  AB :  then  the  conditions  of  the 
prolilem  express  that  the  rectangle  under  AP  (a  +  x)  and  BP  (i) 
shall  be  of  a  given  magnitude  {1^}. 

Therefore 


I 


The  values  of  i 


a  this  result  have  different  signs,  the  positive 

value  —  5  +  \  /  {—  +  i^j  denoting  BP,  drawn  in  the  same 

direction,  and  having  the  same  sign  therefore  with  AB  or  a;  and 
the  negative  value  denoting  Bp  drawn  in  a  contrary  direction  to, 
and  having  therefore  a  different  sign  from,  AB :  the  rectangles  of 
AP  and  BP,  and  of  Ap  and  Bp  equally  answer  the  conditions  of 
the  problem  proposed:  but  one  only  of  these  values  would  be 


ft  to  tlie  problem,  if  the  line  m  required  to  be  produced  in 
B  direction  only  in  which  it  is  originally  reckoned. 

problem  just  considered  will  be  found  to  coincide  in  its 
conditions  and  its  solution  with  the  following. 

"  To  draw  from  a  point  P  without 
B  circle,  a  line  PAB  cutting  the  circle, 
BO  that  the  chord  AB  intercepted  may 
be  of  a  given  length." 

If  PC  be  ■  tangent  to  the  circle, 
it  follows  from  a  well  known  propo- 
■ition  in  Geometry  thut  PC  (A*)  is  equal  to  the  rectangle  under 
PA  sad  Pli:  if  we  make  PJ  =  *,  and  therefore  PB=*+a,  w» 
get  the  equation 

>(:r +  „)=»•, 


■V(?+'-)- 


h  is  the  first  of  these  values  of  x  whicit  has  the  same  sign  with 
«,  and  which  is  therefore  congruent  to  tJie  problem  proposed :  the 
second,  or  negative  value  of  j,  would  ilenote  iJP  drawn  in  a  con- 
trary direction  to  AB,  and  differing  from  it  therefore  in  sign ;  but 
if  the  problem  was  reduce<l  in  accordance  with  this  hypothesis, 
the  equation  would  become 

■whose  positive  root  -  +  *  /  I—  +  i*l  is  the  value  of  i  which 
ii  congruent  with  the  conditions  of  the  problem. 

(7)    By  selling  a  horse  for  a  £'9  I  lose  as  much  per  cent,  as 
tbe  horse  coat  me :    Eequired  the  prime  cost  of  the  horse. 

The  datum  is  n,  the  price  for  which  the  horse  was  sold. 

The  qutrsilui'i  (.1)  is  the  prime  cost  of  the  horse. 

The  conditions  of  the  problem  express  that  the  loss  (r  —  a) 
upon  the  sale  bears  to  (i)  the  prime  cost,  the  same  ratio  which 
cort  (j)  bears  to  £100:  cgiuequently,  we  get 


U 
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X  —  a  ^    X 

X     ""Too' 

100*  -  100a  =s  dF», 
«*  —  1004P  +  2500  =  2500  -  lOOfl, 
ar  =  50  ±  v^(250O  -  100a). 

^^i^thit         ^®  ^^  "®^  consider  the  coniiectioQ  between  this  problem 

problem  is    ^<1  its  solutions  for  different  vidnes  of  a. 

amUgcioiu. 

If  a  =  24,  then 

«=  50  ±  10  =  60  or  40. 

In  this  C8se>  both  the  values  of  x  are  eongruent  to  the  jiroblcm 
proposed*  which  is  therefore  ambiguous,  there  being  two  values 
of  the  prime  cost  of  the  horse  which  equally  answer  to  its  con- 
ditions: 

I    ! 

i         I      I      £ 


60  -  24  :  60  ::  60  :  100 
40  —  24  :  40  ::  40  :  100 


}•• 


*  In  tills  case,  and  in  others  similar  to  it,  the  process  to  be  followed  in  a 
system  of  purely  arithmetical  algebra  would  be  as  follows : 


J-  —  a 

X 

.r 
-ilOO' 

100  OTr 

—  100a 

=  x». 

100 

X  — x» 

=  100tf. 

and  subtracting  both  members  of  this  equation  from  8600,  the  square  of  half 
the  coefficient  of  x,  we  get 

ar*  —  lOOx  +  2500  =  2500  >-  100a, 
and  extracting  the  square  root 

X  —  60  =  t/(2500  -  100  a), 

x  ==  60  + 1/(2500  -  100  a) 
=;:60,  if  a  =  24. 

Tlie  square  root  of  x'  —  lOOx  +  2600,  would  be  x  —  60  or  50  —  x,  according 
as  X  was  greater  or  less  than  60,  inasmuch  as  it  may  be  arranged  in  the 
order  x^  -  100  x  +  2500  or  2600  <-*  lOOx  +  x'  indificrently,  without  alteriag 

its 


W9 


In  this  cu«e,  the  problem  proposed  ceases  to  be  ambiguous,  there 
being  only  one  value  of  ^,  or  of  the  prime  coBt  of  the  horse,  by 
which  it.s  conditions  can  be  satislied. 


If  rt  =  Sfi.  then  we  get 


^\1Knlbe 

piublcm  ii 
impouible. 


J  =  -W  ±  t/^  100  =  50  ±  10  V'^ . 

In  this  cue,  the  values  of  x  are  not  ctmgnaml  to  the  problem 
^opoaed,  which  is  therefore  imfmiiiOlr,  there  being  no  prime 
St  of  the  horse  which  can  satisfy  the  conditions  required. 

If  the  problem    proposed    had    been   the   following;    "by  ThepnA- 
lelling  ahorse  for  a  £'«,  I  gtuned  as  much  per  cent-  a»  the  horse  n,[i-,„^i, 
^  cost  me :  required  the  prime  cost  of  the  horse ;"  where  the  letrn 
in  the  former  problem  is  changed  into  gain,  we  should  have 
t  Hot  the  equation 

I  r       ~~  Too' 

'md  therefore  it*  solution  would  give  us 

J-  =  -  M*  ±  (/(35O0  +  iOOn). 
If  rt  =  !.■*,  we  get 

J  =  10  or  —  no. 

,  The  first  of  these  values  only  in  amgruent  t^i  the  problem,  which 
admits  but  of  one  solution :  there  is  no  proper  interpretation 
which  can  make  the  second  value  congrtieui  to  the  problem  pro- 
posed :  but  if  we  should  propose  a  new  problem  of  the  following 
kind:  *'  I  sold  a  horse  an  as  to  lose  £  1.^-  more  than  his  prime 
St,  and  by  so  doing.  I  lost  as  much  per  rent,  as  the  prime  cnst 


A 


I    or  (hooM  tliiiB  br  riiNlilpil  to  ul 
L  Ibr  Indcyeiulcnt  mc  ul  Ui( 
I'  iiiriuiliie  ct  jJdiiiDi 


«T4 


oT  the  hone :  required  the  ; 
reduction  of  the  problei 


luld  lead  to  the  equation 


^^^  -10.     It  would  thus  appear  that  ihe 

11  and    congruent  value  of  j  in  this  equation,  was  the  incongruenl  value  of 
incongnicnt  j.  j„  j|)p  former  equation  ;  the  equations  themselves  however  are 
different  from  each  other,  and  the  transition  from  one  to  the  other 

»is  not  such  as  can  be  effected  by  a  change  of  the  terms  of  the 
problem,  so  that  the  data  and  qu(esila  may  change  their  signs: 
it  is  the  change  of  the  conditions  which  leads  to  an  equation 
whose  roots  are  the  negative  roots  of  the  former,  and  which  pro- 
duces this  interchange,  therefore,  under  such  circumstances,  of 
the  congruent  and  incongruent  roots- 
Aeon.  In  some  cases,  however,  the  terms  of  the  problem  will  ni- 
tiniblcm  turally  suggest  the  change  of  the  conditions  which  are  requisite 
to  produce  this  change  of  the  signs  of  the  roots  :  an  example  of 
this  kind  occurs  in  the  following  problem. 

"  A  person  bought  some  sheep  for  £72,  and  fount!  that  if  he 
had  bought  6  more  for  the  same  money,  he  would  have^i'ii  £l. 
/cm  for  each :    How  many  sheep  did  he  buy  ?" 

If  we  convert  buying  into  telling,  more  intojetver,  paging  into 
receiving,  lea  into  mure,  relations  which  are  all  symbolized  by 
the  signs  +  and  —  ,  we  shall  get  the  following  problem. 

"  A  person  sold  some  sheep  for  £72,  and  found  that  if  lie  had 
sold  6  Jewer  for  the  same  money,  he  would  have  received  £l. 
more  for  each;    How  many  sheep  did  he  sell?" 

The  equation  which  results  from  the  reduction  of  the  first 

T*  +  6x  -  Ma  =0 (l): 

and  that  which  results  from  the  reduction  of  the  second,  is 


J*  —  6*  -  MS  =  0 

riie  roots  of  the  first  equation  (1)  ai 
the  first  r»  congriienl,  and  the  seconc 
the  second  equation  (a)  are  24  and  - 


(2)- 

;  18  and  -  24,  of  which 
iHcongruriU :  tha  roots  of 
-  I»,  of  which  the  first  is 


^  amgnuml  and  the  second  inamgmeiU :  it  is  the  numbfl*  6  to 
which  the  term  more  is  attached  in  the  first  problem,  and  which 
s  the  coefficient  ol'  the  second  term  in  the  equation  result- 
ing from  its  reduction,  which  suggests  the  change  of  the  requisite 
conditions  in  passing  from  one  problem  to  the  other:  for  the 
change  of  the  sign  of  this  term  determines  the  change  of  the 
•igns  of  the  roots  of  the  equation,  and  this  will  result  from  the 
change  of  the  term  more  into  Jcifer,  which  changes  its  relative 
■ign :  it  will  then  be  necessary  to  accommodate  the  other  con- 
ditions of  the  problem  to  the  change  which  has  thus  been  mode, 
md  upon  which  they  are  in  some  measure,  if  not  altogether, 
dependent. 

(8)    There  are  two  square  surfaces,  one  of  whose  sides  ex- 
ceeds the  other  by  2  feet,  and  the  sum  of  their  areas  is  1  square  ^ 
foot :    Uequired  the  sides  of  the  squares,  and  their  position. 

If  X  and  x  +  2  represent  the  sides  of  the  squares,  then  the 
ccmditions  of  the  problem  give  us  the  equation 


'=— v/(^)' 


obtained  for    j;  and   x  - 
xprcssions 

y/?  (cos  (-  -  *)  ±  \^^l  sin  (.  -  ^)t. 


The  expressions  obtained  for    j;  and   x  ■\-  2  are  convertible 
I  into  the  equivalent  expressions 


■nd  \/5  (cos *  ±  v'^  sin  0). 

where  p  =  cos^ '  */-  =  35"  - 16'    nearly :  and  they   may    be    , 
interpreted  to  represent  lines,  equal  in  length  to  \/  xi  >nd   I 
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making  angles  of  3^°  ,  Iti'  and  144° .  44'  with  the  {nimjtire  Uae 
(Art.  504.)  or  axis,  and  whose  algebraioU  iliflierence  is 

y/g  {cos  ,!.  -  cos  (■»  -  ^)}  =  y  y/-  cos  ^  =  2- 

Thr  squRrcH  cun^tructed  upon  those  sides  are  represented  by 

or  their  equivslents  ^^| 

-(coea^  ±  l^"^sin2#)  and  -  (cos  2^  ^  v'^  fin  S^), 
where  ^  =  cos-'  v/-;  and  i<p  =  cos-'  -  =  70*>.3a': 
and  they  may  be  inteqireted  to  represent  two  squitrea,  con- 
structed upon  sides  equal  in  length  to  \/ z  >  ""**  inclined  at 
angles  of  1(f> .  32'  and  _  70"  .  32'  to  the  primitive  plane  (Art. 
611-);  the  sum  of  their  projections  upon  this  plane  (Art-  612.)  is 
equal  to 

a  result  which  satisfies  the  conditions  of  the  problem  proposed. 

(9)    Given  the  sum  (j),  the   first   term    (a),    the  common 
difference  (6)  of  an  arithmetical  aeries,  to  find  the  number  of 

Thercla-  An   arithmetic  series  is  one  whose  successive  terms  have    { 

twem'the  ^^^  differences,  and  the  equalion  which  connects  the  sum  («),    | 

first  term,  the  first  term  (a),  the  common  difference  (£),  and  the  numbra*  of  * 

^^^  terms  (»)  may  be  investigated  as  follows.  > 

^^a^d  The  r-"  term  ofthe  series  is  fl  +  (r-l)6;  for  the  first  term 

lum  ofui  is  a,  the  second  a  +  h,  the  third  term  a  -(-  2b,  und  so  on,  the 

anthmeiic  multiple  of  b  in  any  term  being  equal  to  the  number  of  terms 

"""■  after  the  first,  which  in  the  r^  term  is  (r  -  1):  the  last,  or  »"' 
term  of  the  series  is  therefore  n  +  (n  —  1)  fi  (Art.  2S6.  Note). 

The  sum  of  the  r*  and  (h  —  r  -|-  l)*  terms,  which  are  equi- 
distant from  the  first  and  last  terms  respectively 

=  n+(r-  l)4  +  «  +(n_r)ft  =  2«  +  (n  -  l)fi; 


the  first  and  la»t  terms  of 


If  a  second  aiid  identical  series  (»)  be  combined  with  the  first 
and  the  r""  term  of  one  be  added  to  the  (h  —  r  +  1)"  term  of 
the  other  continually,  taking  all  values  of  r  from  I  to  ii,  we  shall 


get  a  series  of  n  terms  equal  t 
whose  auni  h  etjual  therefore  ti 


each  other  and  tc 


con8«]uently 


,  |ao  +  («-i)*l» 


In  the  problem  proposed, 
required  to  be  determined : 
be  solved  with  respect  to  n, 


consequently  if  the  equation  (I)  „ddi„u,. 
we  get 


-{i-i)^\/{{l-i)'  +  l 


■ion  of  ihe 
meuilng  of 
different 


If  both  the  values  of  n  be  positive  and  whole  numbers,  they  are 
equally  congruent  10  the  problem,  and  there  are  therefore  2  series 
which  satisfy  the  required  conditions.  Thus,  iff  =  100,  a  =  28 
_  and  b  =  —  *,  we  find  n  =  5  or  10,  which  are  coiigruenl  values 
\  to  the  two  series 
28,  24,  20,  l6,  13, 
and    28,  2*,  20,   l6,   12,  8,  4,  0,    -  4,    -  8. 

e  value  of  n  be  positive  and  the  other  negative,  but  both 
Kof  them  whole  numbers,  then  the  first  value  is  congruent,  and  the 
other  incongrvenl,  though  adaptable  to  the  sum  of  a  number  of 
terms  of  the  same  series  reckoned  in  an  inverse  order,  whicli  is 
equal  to  this  incongruenl  value  with  its  sign  changed. 

^V  Thus  if  1  =  100,     (/  =  12,  and  £  =  4, 

Hr  then  we  find  »  =  S  or   -  10: 

^'Iplfa)  nmncl  valui 


!  which  eKpreoses  the  number  of  terais  of 


t 


28,  24,  20,  16,  12,  8,  4,  0, 
the  last  term  of  the  serie* 

12,  m,  20,  24,  26, 


-  *.   -  «, 
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becomes  the  first  term  of  the  other,  and  the  terms  are  reckoned 
in  an  inverse  order. 

If  one  otAy  of  the  yalnesof  ii  be  a  wholenmnber  and  poshive, 
and  the  other  be  fractional,  whether  positive  or  negative,  it  is 
the  only  value  which  is  congruent  to  the  problem  proposed. 

Thus,  if  1  s  33,  a  r=  18  and  6  ss  —  5,  we  find  »  =  6  or  --: 

o 

the  first  value  is  alone  congruent  to  the  proUem;  there  is  no 

adaptation  of  the  problem  which  can  enable  us  to  give  a  mffming 

or  interpretation  to  the  second. 

If  neither  of  the  values  of  a  be  a  whole  number,  whedier 
positive  or  negative,  they  are  altogether  incongrueni  to  the 
problem  proposed,  which  is  therefore  imposnble:  or,  in  other 
words,  there  is  no  series,  which  can  satisfy  the  required  con- 
ditions. 

Thus,  if  1  B  35,  a  =  20  and  6  s  —  8,  we  shall  find 

7        5 
n  =  -  or  -  : 
2        £ 

there  is  no  series  therefore  such  as  the  problem  supposes,  the 
sum  of  any  number  of  whose  terms  can  be  equal  to  35. 


ADDITIONS 


CORRECTIONS. 


Ch«p.  I.    Thk  exposition  of  the  (pounds  upon  which  many 

[itf  these  defiititions  or  first  principles  rest,  and  the  justification  of 

the  form  under  which  they  are  exhibited,  will  be  found  in  the 

Third  Chapter,  and  we  shall  therefore  add  some  references  to  tlie 

Articles   in  that  and  also  in  other  Chapters,  in  which  the  dis- 

'    cussion  of  them  is  resumed :  it  ought  to  be  observed,  likewise, 

I  tfut  Arithmetic  throughout  is  considered  as  the  science  of  Sug- 

'  gestion  (see  Preface),  and  that  the  operations  coincide  with  those 

in  Arithmetic,  which  Ijear  the  same  name,  when  the  quantities 

which  are  subjected  to  them  are  arithmetical :  it  has  been  thought 

proper  to  adopt  this  course,  in  order  to  avoid  the  very  abstract 

L  form  under  which  those  definitiond-  and  principles  would  other- 

r  wise  present  themselves. 

Page  1,  Art.  1.    See  Art.  47-  and  those  which  immediately 


Art.  i 


See  Art  49-  72,  73,  74. 


—  Art.  5,  The  operations  denoted  by  +  and  —  are 
atumed  to  be  identical  with  those  termed  Addition  and  Sub- 
traction, according  to  their  ordinary  meaning  in  Arithmetic,  when 
the  quantities  which  are  subjected  to  them  are  of  the  same  kind; 
■ee  Art.  79:  under  such  circumstances,  the  specific  nature  of  the 
magnitudes  which  the  symbols  denote,  will  neither  limit  their 
application,  nor  affect  their  meaning.  It  is  for  this  reason,  that 
the  result  of  the  addition  of  a  symbol  a  (whatever  it  may  denote) 
ti>  itself,  will  be  denoted  by  a  +  a,  and  will  mean  the  double  of 
a ;  if  the  same  quantity  or  symbol  be  added  to  the  result  just 
obtained,  the  result  will  be  represented  \>y  a  ■\- a  ■\- a,  and  will 
be  equivalent  to  ihrice  a,  or  three  times  a  as  expressed  in  onlinarj' 
language :  in  a  similar  manner  a  4-  a  -(-  m  +  a  will  be  equivalent 
U>JiiHr  times  a,  and  so  on,  to  whatever  extent  we  choose  to  repeat 
I  this  operation :  the  same  series  of  results  are  re[iresentcd  by  2«, 

and  so  on,  where  3,  .'),  4,  &c.  denote  the  numl>cr  of  times 


I 
I 
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that  0  is  repMted  in  each  result:  such  numbers  are  called  ihr 
coefficients  of  a,  and  the  results  2a,  Sa.  4«.  Stc.  are  equivaleM  ] 
in  meaning  to  the  aritJimetical  products  of  a,  by  2,  3,  4,  and  u 
on,  whatever  be  the  arithmetical  quantity,  whether  integrsl  or 
fVactional,  which  is  thus  combined  with  a ;  in  thus  interpreting 
therefore  the  meaning  of  Burfi  numerical  coefficients,  we  assume 
that  the  operation  termed  muUiplkalioit  in  Algebra,  will  coincide 
in  meaning  with  arithmetical  tniiltipliealhn,  when  one  or  botb  of 
the  symbols  in  each  product  is  arithmetical :  see  Art.  80. 

The  term  coefficient  is  mentioned  in  Art.  14,  without  being 
accompanied  by  a  sufficient  definition  of  its  meaning :  and  the 
use  which  is  made  of  it  in  the  simplification  of  the  results  of  tlie 
operations  of  Addition  and  Subtraction  in  the  second  Chapter, 
requires  to  be  justified  by  some  eKplanation  similar  to  the  one 
just  given. 

Page  2.  Art.  (i.  See  Art.  74.  75.  7(J,  77:  the  independent 
existence  of  the  signs  +  and  —  ,  is  nn  asitimplion  which  i* 
necessary  in  order  that  the  values  of  the  general  symbols  may  be 
unlimited,  and  the  operations  indicated  by  the  same  signs  + 
and  —  universally  possible:  the  identity  of  those  signs  which  we 
call  signs  of  alTection,  with  the  signs  of  operation,  is  likewise  a 
necessary  consequence  of  the  symbolicnt  definition  of  those  ope- 


Page  3.  Art.  7-  See  Art.  25.  aS.  rH.  fiS.  7J,  lf>,  77-  80.  and 
Note:  the  rule  of  the  concurrence  of  signs  contains  the  symbo- 
lical definition  of  those  operations  which  are  called  Addition  and 
Subtraction,  and  which  are  denoted  by  +  and  —  ;  In  other 
words.  Addition  is  the  affectation  of  symbols  (with  their  proper 
signs)  with  the  sign  +  (Art,  25.),  and  Subtraction  is  their  affec- 
tation with  the  sign  — ,  (Art  25-),  in  conformity  with  this  rule: 
the  definition  of  those  operations,  when  considered  with  reference 
to  each  other,  is  contained  in  Art.  10,  when  they  are  assumed  to 
be  the  inverse  of  each  other ;  it  is  only  by  means  of  a  partial  in- 
terpretation of  those  operations  that  we  are  enabled  to  combine 
lite  terms  Into  one,  and  thus  to  simplify  the  results  which  we 
obtain. 

The  rule  for  the  incorporation  of  signs  contributes  to  define 
tile  operation  called  Multiplication  and  Division,  but  not  to  the 
same  extent,  nor  in  the  same  manner,   that  the  operations  of 


Additton  and  Subtraction  arc  defined  by  the  rule  Tor  their  con- 
currence:  for  thege  operations  sre  symbolically  defined  by  the 
mode  of  denoting  them  (Art.  8.),  and  by  being  considered  as  the 
inverse  of  each  other  (Art.  10.),    and  by  this  rule:    it  is  the 
partial  interpretation  of  the  meaning  of  those  operations,  in  cou-    ' 
formity  with  those  definitions  and  the  result);  of  the  science  g^  | 
tuggcstion,  which  enables  us  to  incorporate  the  numerico]  coeffi-    , 
cients  of  the  symbols  which  are  subject  to  them. 

Page  +.  Art.  9-  The  principle  stated  in  this  Article,  is  S 
consequence  of  the  assumed  io variableness  of  the  operations  of 
Addition,  Subtraction,  Multiplication  and  Division:  if  the 
effect  or  result  of  such  operations  was  in  any  way  dependent 
upon  the  order  of  their  succession  with  respect  to  other  opera- 
tion«,  whether  of  the  same  or  of  a  different  kind,  the  nature  and 
extent  of  the  influence  of  that  portion  must  be  comprehended 
in  the  definitions  of  the  operations  themselves :  it  is  the  absence 
of  any  such  conditions  in  those  definitions  which  leads  to  the 
conclusion  or  principle  stated  in  this  Article  as  a  necessary  con- 
sequence: and  it  is  the  accordance  of  this  conclusion  with  the 
results  of  the  operations  with  the  same  names  in  the  aatvce 
qf  mggatioa,  which  is  essential  to  the  transfer  by  interpretation 
of  the  conclusions  of  the  more  general  sdence  to  the  science 
which  is  subordinate  to  it.  I 

Page  5.  Art.  12.  The  general  prindple  of  indices  which  u 
stated  in  this  Article,  will  be  noticed  again  in  Art.  LSI,  where  it 
will  be  shewn  to  be  a  consequence  of  the  principle  of  the  per- 
manence of  equivalent  formt:  the  complete  developeroent  of  it« 
consequences  will  form  the  subject  of  Chapter  VI. 

The  sign  ^  which  is  used  in  this  Article  is  defined  in 
Art.  22. 

Poge  (i.  Art.  l.t.  It  might  be  more  correct  to  say  a  root 
rather  than  l/ir  nml ;  the  phra3e()logy  will  then  be  adapted  to 
the  multiplicity  of  roots,  the  existence  of  which  will  be  nfter- 
wds  established:  see  Chap.  XII. 

Page  7-  Art.  14.     We  have  explained  more  particularly  the 

meaning  of  a  numerical  coefficient  in  our  observations  on  Art.  5 : 

the  same  observations  will  explain  likewise  llie  sense  in  which  it 

is  uncd  in  Art.  20,  when  we  a.ssert  that  a  numerical  coefficient 

4R 
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(loea  not  effect  the  dimensions  of  the  quantity  denoted  hf  At 
symbols  with  which  it  i»  connected. 

Page  8.  Art.  21.  Like  quantities  as  defined  in  this  Artide 
are  not  necessarily  quantities  of  the  same  nature,  inasmuch  as 
their  signs  of  afTection  may  be  different  from  each  other. 

.    8.  Art.  22.    See  Art.  1 17-  120, 121, 128, 127,  128, 129. 

11-  Art  25.  Ex.  3,  4.  15:  the  disappearance  of  symbols 

by  oppontion  of  signs  is  a  consequence  of  the  defined  relation  of 
operations  of  Addition  and  Subtraction,  as  inverte  operations, 
(Art.  10). 

21.  Art.  3*.      The  meaning   which   is  agreed   to  be 

attached  to  the  term  coeffitienl,  and  their  treatment  in  the  ope- 
ration of  multiplication,  as  defined  by  this  rule,  are  stated  in  our 
observations  on  Art.  5. 

21.  Art.  35.  line  1:  /or  a  X  — 6  =n6    read  ax6=aB. 

£2.  Art.  35.  Ex.  13.  line  3;  /or  Art.  II.  read  An.  9- 

27-  ArL  35.  Ex.  2.     The  prindple  of  symmetrical  ccnn- 

binations  which  is  used  in  this  and  the  following  examples,  is 
stated  gentraUy  in  Art  186. 

35.  Ex.  II.    See  Art.  243.  and  Chapter  10. 

3fi.  Ex.  12.     See  Art  241.  for  the  law  of  formation  of 

H  binomial  factors  with  the  same  first  term. 

43.  Ar^  42.  Ex.  5.  last  line  but  1 :   for  ab  x  ~    read 


62.  Art  52.     Or  more  accurately  thus;  Multiplication 

is  equivalent  to  the  result  of  the  addition  of  the  same  number, 
which  is  called  the  muUiplicand,  repeated  as  often  as  unity  is 
contained  in  another  number  which  is  colled  the  muUipUer. 

m.  Art  65.  (1):  fora-x  (c-d)  read  ax  (c  +  d). 

79-  Art.  9Zt  for  A'  in  the  figure  read  A. 


Fafc  80.   Art.  ! 


Note;    the    cotisideratioit    of   th»   i 


M$  +  l/—  1  flin  6  fonnB  ihe  prindi>al  subject  of  Chap.  XII-  1 

90,  Art.  110.  line  11 :  velocity  in  this  plate  means  the  I 

number  of  feet  described  in  a  unit  of  time:  see  the  third  pan-1 
graph  in  this  Article. 

96.  Art.  115.     This  subject,  which  iHoneof  the  most 

difficult  »nd  embarrassing  which  occurs  in  the  elements  of 
Algebra,  is  resumed  in  Chap.  X.  Art.  321.  and  those  which 
follow  it,  as  far  as  Art.  342. 

101.  ArL  138-  and  129.     See  Art.  733.  and  those  which 

follow  in  Chap.  XV. 

——  105.  Art.  ISS.  line  3 ;  Jbr  algebraical  read  e<jnivaieiU. 

107.  Art  ISg.  Note,  last  line  but  3;  for  °'  read  a"" ■ 

- —  111.  Art.  145.  Note.     The  subject  of  this  note  is 
suined  at  great  length  in  Chap.  XII.  Art.  528 — 578. 

124.  Art  170 :  after  the  words  "  which  is  obviously  not 

a  divirar  both  of  A  and  B,"  add  "  and  which  has  no  &ctor  whidl 
is  cmnmon  to  them." 

Art.  173.  Ex.7.    Wlien  the  same  divisor,  as  : 

case,  is  employed  twice,  it  would  have  been  convenient  ti 
multiplied  the  original  dividend  by  4*  instead  of  4 :  we  shouUt 
thus  have  avoided  the  necessity  of  multiplying  the  (irst  rem^ndetTi 
and  of  interrupting  by  so  doing  the  process  of  division. 

14(i.  Art.  180.  line  JO:  Jbr  a—  read  a". 

162.  Art.  184:    bottom    of  page:  for     7,14  =  ^   rf 

169.  Art.  194.  line  9:  ybr  Art.  193.  read  Art.  I92. 

179-  Art  205.    first   line:  for   define   read  determlj 

187-  Art.S08.EK.+.  liile4:>--,4'-«w<^-4j-^i 

194.  Art.  813    Ex.  10.  first  line:  >r  J  read  i\Ji 


rtmd  X*,  for  x'  read  x^. 
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Fagt  212.  Arc  239.  racdi  line  from  the  top  of  the  fMge:  fir 
fburth  rtad 


215.  Alt.  245.  sixth  line:  Jar  ai  -h  «t  road  a«  +  a,. 
217-  Art.  247-  first  line  fitn  the  top  of  the  page:  >r 

218.  Art.  258.  line    7:  for  their  muf  it. 

line    8 :  .^  them  ren^  it. 

— ^— ^— — —    line  11 :  for  o*  read  Oi*. 

line  15:  fiw  «  —  r  +  2  read  «  +  r  — 2. 

Page  282.  Art  270.  Ex.  7  in  margin:  for  tetrahedial  read 
tetrahedral. 

in  Note:  ^  Art.  126.  rwiii  Art  136. 


290.  Art  335.  last  line  but  2 :  for  the  v/5  read   the 
value  of  |/5. 

304.  Art  345.    Note,    line    7  from    bottom:   for  a>* 


rani  fli%  and  for  a**  read  a,». 

SO6.  Art  347»  line  5 :  for  fraction  read  fracture. 

330.  Art  393.  line  Bifor-^j'  read  | . 

337*  Art  403  :  The  chapter  on  continued  fractions  and 
their  applications  to  the  theory  of  incommensurable  magnitudes, 
to  which  a  reference  is  made  in  this  article,  has  been  necessarily 
omitted  in  consequence  of  the  great  and  unexpected  extent 
which  other  and  more  important  parts  of  this  work  were  found 
to  occupy. 

355.  Art.  436.  Ex.  8.     If  however  we  consider  \/b  and 

^fi  as  representing  the  arithmetical  values  of  t/—  6  and  \/  -~  fS, 
they  will  cease  to  admit  of  the  double  sign  -|-  and  —  :  the  same 
remark  applies  to  \/b/3, 

356.  Art  436.  Ex.  20 :  for  occur  read  recur. 

358.  Ex.  41 :  for  (a-6 1/^)  4-  read  (a-6  V"^)  x  . 
375.  Art.  456 :  The  same  conclusion  is  otherwise  obtained 


Art.  497. 
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Page  380.  Art.  462.  Note :    the  subject  of  the  measure  of 
angles  is  resumed  in  Art  549,  666  and  667. 

387.  Art.  470.  line  10  from  bottom: 

for  sin  6  =  sin  (  -  6)  read  sin  6  =  —  sin  (—  6). 

429.  Art  532.     It  will  likewise  follow  from  this  de- 


finition, that  a  straight  line  will  be  symmetrical  in  all  its  parts : 
for  any  one  part  of  it  may  be  transferred  (Art  539)  to  any 
other  part,  and  if  any  two  points  of  one  part  be  made  to 
coincide  with  any  two  points  of  the  other,  they  must  coincide 
throughout,  however  &r  they  may  be  produced:  it  will  thus 
appear  also  that  whatever  property  is  proved  to  belong  to  one 
point  of  a  straight  line,  must  belong  likewise  to  every  other 
point  of  the  same  or  of  any  other  straight  line. 

522.  Art  644.  Note,  line  3  from  bottom :  far  •■■  q\   o 


read  * 


1.2.1.2 

618.  Art  768.   line  3:  for  tr»  +  Ptt«  +  Qu  +  /2  =  0 
read  u^-Pt^+Qu'-R  =  0. 

1 620.  Art  768.  Note,  line  11 :  for  Qa  read  Qii. 

I line  3  from   bottom: 

for  {a  +  cf  =  (6  +  c)«  read  (a  +  cf^{h  +  df. 

621.  Art.  768.  Note,  line  5:  for  (a  +  6)  +  (fl  +  6)  + 

(a  +  c)  read  {a  +  h)  -^  {a -^  c) +  (a  +  d). 

638.  Art  784.  line  l6  from  top:  /or  of  (»)  read  (»)  of 
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